
HAL Id: dumas-00597434
https://dumas.ccsd.cnrs.fr/dumas-00597434

Submitted on 31 May 2011

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

One dimensional Saint-Venant system
Ngoc Tuoi Vo Thi

To cite this version:
Ngoc Tuoi Vo Thi. One dimensional Saint-Venant system. Analysis of PDEs [math.AP]. 2008. �dumas-
00597434�

https://dumas.ccsd.cnrs.fr/dumas-00597434
https://hal.archives-ouvertes.fr


UNIVERSITY OF ORLEANS

————oOo————

MASTER 2 PUF HCMC
MATHEMATICS

2007-2008

Subject

ONE DIMENSIONAL SAINT - VENANT SYSTEM

Advisor: François James

Co-Advisor: Olivier Delestre

Student: Vo Thi Ngoc Tuoi

Orleans , France

June 2008



Contents

Introduction 2

1 The Saint - Venant equation 4

1.1 The Saint - Venant equation in 2D . . . . . . . . . . . . . . . . . . . . . . . 4
1.2 The Saint - Venant equation in 1D . . . . . . . . . . . . . . . . . . . . . . . 7

1.3 Steady state . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.3.1 The case no rain R = 0 . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.3.2 Rain R 6= 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.3.3 Energy and specific charge . . . . . . . . . . . . . . . . . . . . . . . . 10
1.3.4 Hydraulic jump . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.3.5 Test problems with smooth solutions . . . . . . . . . . . . . . . . . . 14
1.3.6 Test problems with hydraulic jumps . . . . . . . . . . . . . . . . . . 14

2 Examples 16

2.1 Manning friction in 1D and 2D . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.2 Manning and Darcy - Weisbach friction . . . . . . . . . . . . . . . . . . . . 32

2.3 Rain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
2.4 Depth is periodic functions . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
2.5 Example with small depth . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.6 Bed Slope is constant . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

References 45



CONTENTS 2

Introduction
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The study of free-surface water flow in channels has many important applications, one of the

most significant being in the area of river modelling. Using numerical methods to compute
the water surface profile and discharge, for both unsteady and steady open channel flows,

is now very common in civil engineering hydraulics. The Saint-Venant equations, first for-
mulated by De St. Venant (1871), are almost always used to model the flow. Very often in

nature a flow will approach a steady state, that is where the flow is essentially unchanging
in time. The case of steady flow is considered in this report. Under steady conditions the

Saint-Venant equations reduce in complexity yielding a single nonlinear ordinary differential
equation which describles the variation of the free surface. Finding analytical solutions are
very useful to understand model and structure of the equation. It is also useful to construct

test problems for numerical schemes. Using some measure of the difference between the nu-
merical solution and the exact solution, the performance of a particular numerical scheme

can be evaluated.

A simple method for constructing test problems with known analytical solutions to the

steady Saint-Venant equation in 2D is presented in MacDonald [5]. The method is an ”in-
verse method” in that some hypothetical depth profile is chosen and the bed slope that

makes this profile an actual solution of the steady equation is then found. This method can
be used to construct test problems with almost any desired features, including hydraulic
jumps. Hence these test problems can be used to compare the numerical results, for any

algorithm, with an exact solution. In this report, we will consider the ”inverse method” for
the steady Saint-Venant equation in 1D, including friction term and hydraulic jumps. The

results in 1D are compared with the results in MacDonald [3] and [5]. Especially, we will
pay attention to another friction law (Darcy-Weisbach friction) and the case rainfall.



Notation

x Distance along channel(m)

t Time (s)
L Length of channel (m)
g Acceleration due to gravity (m/s2)

h(x, t) Height of water or Depth (m)
u(x, t) Velocity of water (m/s)

z(x) Bed level or Topography (m)
Sf(x, h, Q) Friction slope

S0(x) = −dz/dx Bed slope
Q(x, t) Discharge (m3/s)

A(x, h) Wetted area (m2)
T (x, h) Free surface width (m)

q(x, t) = hu = Q/T Discharge (m2/s)
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1 The Saint - Venant equation

1.1 The Saint - Venant equation in 2D

From the principles of mass and momentum balance, we obtain the Saint - Venant equations
(MacDonald [5])

∂A

∂t
+

∂Q

∂x
= R, (1.1)

∂Q

∂t
+

∂

∂x

(

Q2

A

)

+ gA
∂h

∂x
− gA(S0 − Sf ) = 0. (1.2)

where x is the distance along the channel, t is the time, h(x, t) is the height of water, Q(x, t)

is the discharge, T (x, h) is the free surface width, A(x, h) is the wetted area, S0(x) is the
bed slope, Sf (x, h, Q) is the friction slope, R is the lateral inflow per unit length and g is

the acceleration due to gravity.
The bed slope, S0, is given by

S0 = −dz

dx
,

where z(x) is the bed level, the elevation of the bed above some horizontal datum.
The friction slope, Sf , is given by

Sf =
Q |Q|n2P 4/3

A10/3
,

where P (x, h) is the wetted perimeter and n is the Manning friction coefficient.

We only consider the steady flow problem, so it is assumed that h = h(x) and Q = Q(x).

Under these steady conditions equations (1.1) and (1.2) reduce to

dQ

dx
= R, (1.3)

d

dx

(

Q2

A

)

+ gA
dh

dx
− gA(S0 − Sf ) = 0. (1.4)

To simplify, the lateral inflow R is assumed to be zero. So, equation (1.3) becomes trivial
with solution Q ≡ constant. Since the discharge can have no jumps it must be constant

throughout the entire channel reach. From now on x will be measured in the direction of
this constant discharge and hence Q > 0.

Differentiating the momentum term in equation (1.4) and dividing by gA then yields the
equation

dh

dx
− Q2

gA3

∂A

∂x
− S0 + Sf = 0. (1.5)
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Suppose that for some reach 0 ≤ x ≤ L the functions T and P, representing channel width
and wetted perimeter respectively, are arbitrarily defined for 0 < h ≤ hmax.

We will consider a rectangular channel with A = Th and P = T + 2h. The equation (1.5)
become

(

1 − Q2T

gA3

)

dh

dx
− Q2h

gA3

∂T

∂x
− S0 + Sf = 0. (1.6)

It is convenient to re-write this equation as

S0(x) = f1(x, h(x))h′(x) + f2(x, h(x)), (1.7)

where

f1 = 1− Q2T

gA3
= 1 − Fr2, (1.8)

Fr is the Froude number and

f2 =
Q2n2P 4/3

A10/3
− Q2h

gA3

∂T

∂x
. (1.9)

To have the smooth solution, it will be required that T, P, ∂T/∂x, ∂T/∂h are continuous.

These requirements are sufficient to ensure that differential equation (1.6) is valid and can
be obtained from the integral form of the steady Saint Venant equation. If the discharge Q

and the Manning friction coefficient n are chosen, then the function f1 and f2 have been
defined by equations (1.8) and (1.9).

We will choose some function ĥ for 0 ≤ x ≤ L, with 0 < ĥ(x) ≤ hmax and having a
continuous first derivative. This function will be referred to as the hypothetical depth

profile. Finally, if the bed slope of the channel is given by

S0(x) = f1(x, ĥ(x))ĥ′(x) + f2(x, ĥ(x)), (1.10)

then it is easy that ĥ satisfies the differential equation (1.7) for the entire reach 0 ≤ x ≤ L.

From the above, a complete test problem can be specified by the length L of the reach, the

functions T, P (and hence A) which define the cross-sectional shape throughout the reach,
values for the discharge Q and manning coefficient n, and the bed slope of the channel given

by equation (1.10). The analytic solution to the steady problem is now given by h ≡ ĥ.

For many computational models, the bed level z is required rather than the bed slope. This
cannot normally be found analytically from S0, so we can use numerical method to compute

z and a starting value such as z(L) = 0 is required.

bedslope2D := proc(T, Q, n, g, ĥ)

S0 =

(

1− Q2T

gA3

)

dĥ

dx
− Q2ĥ

gA3

∂T

∂x
+ Sf

end proc.
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Remark: The Froude number, Fr, is a dimensionless value that describes different flow
regimes of open channel flow

Fr =

√

Q2T

gA3
,

or

Fr =
u√
gh

.

When

Fr = 1: the type of flow is critical flow and occurs when inertial forces and gravitational
forces exactly balance.

Fr < 1: the type of flow is subcritical flow (slow or tranquil flow) and occurs when gravi-
tational forces dominate over inertial forces.

Fr > 1: the type of flow is supercritical flow (fast rapid flow) and occurs when inertial

forces dominate over gravitational forces.

Critical flow is unstable and often sets up standing waves between supercritical and sub-
critical flow. When the actual water depth is below critical depth, it is called supercritical

because it is in a higher energy state. Likewise actual depth above critical depth is called
subcritical because it is in a lower energy state.
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1.2 The Saint - Venant equation in 1D

We only consider the rectangular channel with A = Th, P = T + 2h and Q = Tq.
from equations (1.1) and (1.2), we obtain

∂(Th)

∂t
+

∂(Tq)

∂x
= R, (1.11)

∂(Tq)

∂t
+

∂

∂x

(

T 2q2

Th

)

+ gTh
∂h

∂x
− gTh(S0 − Sf ) = 0. (1.12)

Dividing equation (1.11) by T
∂h

∂t
+

∂q

∂x
=

R

T
= R1. (1.13)

Changing equation (1.12)

(1.12) ⇔ T

[

∂q

∂t
+

∂

∂x

(

q2

h

)

+ gh
∂h

∂x
− gh(S0 − Sf )

]

= 0

⇔ ∂q

∂t
+

∂

∂x

(

q2

h
+

gh2

2

)

− gh(S0 − Sf) = 0. (1.14)

Finally, the Saint - Venant equation in 1D is obtained from equations (1.13) and (1.14)







∂th + ∂x(uh) = R (a)

∂t(uh) + ∂x(u2h +
gh2

2
) = gh(S0 − Sf ) (b)

(1.15)

where q = uh, h(x, t) ∈ R
+ is the height of water, u(x, t) ∈ R is the velocity of water,

S0(x) = −∂xz is the bed slope, Sf(x, h, Q) is the friction slope, R is the rainfall intensity
and g is the acceleration due to gravity.

The Manning friction slope in 2D is given by

Sf =
Q2n2P 4/3

A10/3
=

Q2n2(T + 2h)4/3

(Th)10/3

=

Q2n2T 4/3

(

1 +
2h

T

)4/3

T 10/3h10/3
=

q2n2

(

1 +
2h

T

)4/3

h10/3
.

Because T >> h, we can approximate

(

1 +
2h

T

)4/3

≈ 1 +
4

3

2h

T
+ ...

Let

n2
1 = n2

(

1 +
2h

T

)4/3

= n2

(

1 +
4

3

2h

T
+ ...

)

. (1.16)
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It follows the Manning friction slope in 1D

Sf =
n2

1
q |q|

h10/3
=

n2
1
u |u|

h4/3
.

Besides, the Darcy - Weisbach friction is also used

Sf =
fq |q|
8gh3

=
fu |u|
8gh

,

where f is Darcy - Weisbach coefficient.
The value of f can be determined by

f ≈ 8gn2
1

h1/3
.
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1.3 Steady state

In this report, we only consider the steady flow problem, so we have

∂th = 0 and ∂t(uh) = 0.

Under the steady condition, equation (a) and (b) reduce to

(a) ⇒ ∂x(uh) = R where R is constant,

(b) ⇒ ∂x(u2h +
gh2

2
) = −gh∂xz − ghSf . (1.17)

1.3.1 The case no rain R = 0

We have
∂x(uh) = 0 ⇒ q = uh = constant,

(1.17) ⇔ u∂x(uh) + uh∂xu + gh∂xh = −gh∂xz − ghSf

⇔ gh∂xz = −ghSf − u∂x(uh) − uh∂xu − gh∂xh

⇔ gh∂xz = −ghSf − uh∂xu − gh∂xh

⇔ ∂xz = −Sf − u

g
∂xu − ∂xh

⇔ ∂xz = −Sf − q

gh
∂x(

q

h
) − ∂xh (u = q/h)

⇔ ∂xz = (
q2

gh3
− 1)∂xh − Sf .

We obtain

S0(x) = f1(x, h(x))∂xh + f2(x, h(x)), (1.18)

where f1(x, h(x)) = 1− q2

gh3
and f2(x, h(x)) = Sf .

For each formula of the friction slope Sf , equation (1.18) become

• Manning friction : Sf =
n2u|u|
h4/3

S0 = (1− q2

gh3
)∂xh +

n2q2

h10/3
, (1.19)

where n is Manning friction coefficient.

• Darcy - Weisbach friction: Sf =
fu|u|
8gh

S0 = (1 − q2

gh3
)∂xh +

fq2

8gh3
, (1.20)

where f is Darcy - Weisbach friction coefficient.
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1.3.2 Rain R 6= 0

We have
∂x(uh) = R ⇒ q = uh = Rx + q0,

q0 is discharge at x = 0.

(1.17) ⇔ ∂x(
q2

h
+

gh2

2
) = −gh∂xz − ghSf

⇔ gh∂xz = −ghSf − 2q

h
∂xq +

q2

h2
∂xh − gh∂xh

⇔ ∂xz = −Sf − 2qR

gh2
+

q2

gh3
∂xh − ∂xh

⇔ ∂xz = (
q2

gh3
− 1)∂xh − 2qR

gh2
− Sf .

We obtain
S0(x) = f1(x, h(x))∂xh + f2(x, h(x)), (1.21)

where f1(x, h(x)) = 1− q2

gh3
and f2(x, h(x)) =

2qR

gh2
+ Sf .

We consider the friction slope Sf

• Manning friction: Sf =
n2u|u|
h4/3

S0 = (1 − q2

gh3
)∂xh +

2qR

gh2
+

n2q2

h10/3
, (1.22)

• Darcy - Weisbach friction: Sf =
fu|u|
8gh

∂xz = (1− q2

gh3
)∂xh +

2qR

gh2
+

fq2

8gh3
. (1.23)

1.3.3 Energy and specific charge

For the case R = 0, Sf = 0 and steady state (∂th = ∂t(uh) = 0).

The equation (1.18) become

∂xz = (
q2

gh3
− 1)∂xh

⇔ ∂xh − q2

gh3
∂xh + ∂xz = 0. (1.24)

Integrate equation (1.24) from x = a to x = b, we obtain

h(a) +
q2(a)

2gh2(a)
+ z(a) = h(b) +

q2(b)

2gh2(b)
+ z(b) = constant.
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Define the energy

H(x) = h(x) +
u2(x)

2g
+ z(x).

Then we have the conservation of energy.

The specific charge is defined by

HS(x) = h(x) +
u2(x)

2g
= h(x) +

q2(x)

2gh2(x)

⇒ q =
√

2gh2(HS − h) = h
√

2g
√

HS − h.

Assume that HS is constant,

∂q

∂h
=
√

2g
√

HS − h −
√

2gh

2
√

HS − h
=

2
√

2g(HS − h) −√
2gh

2
√

HS − h
=

√
2g(2HS − 3h)

2
√

HS − h

⇒ ∂q

∂h
= 0 ⇔ h =

2

3
HS.

The value of q can vary between 0 and qmax, where

qmax =
2

3
HS

√

2g

√

HS − 2

3
HS =

2

3
HS

√

2g

√

1

3
HS =

√

8gH3
S

27
=
√

gh3.

We will consider the case q = constant and 0 < q < qmax.

Take again

HS(x) = h(x) +
q2(x)

2gh2(x)
.

• HS → ∞ as h → 0.

• HS → ∞ as h → ∞.

• ∂HS

∂h
= 0 at h =

(

q2

g

)1/3

= hc.

• Fr = 1 or u =
√

gh at h =

(

q2

g

)1/3

= hc.

HS obtain a minimum value as h = hc and hc is called critical depth.
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O h

Hs

Hs−h

hc

Figure 1: Specific charge

For a subcritical flow: Fr =
u√
gh

< 1 with za < zb.

We have H(x) = constant,
H(a) = H(b) ⇒ HS(a) + z(a) = HS(b) + z(b)

⇒ HS(b) = HS(a) + z(a)− z(b),
so HS(a) > HS(b): the specific charge is decreasing,

and ha > hb.

O h

Hs

Hs(a)

Hs(b)

hahb O

z(b)

z(a)

h(a)
h(b)

z

z+h

x

Figure 2: Subcritical flow

For a supercritical flow: Fr =
u√
gh

> 1 with za < zb.

We have H(x) = constant,
H(a) = H(b) ⇒ HS(a) + z(a) = HS(b) + z(b)

⇒ HS(b) = HS(a) + z(a)− z(b),
so HS(a) > HS(b): the specific charge is decreasing,

and ha < hb.
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O h

Hs

Hs(a)

Hs(b)

hbha O

z(b)

z(a)

h(b)

z

z+h

x

h(a)

Figure 3: Supercritical flow

1.3.4 Hydraulic jump

For the case ∂xz = 0, steady state and without friction.

Let q = uh = C1 and u2h +
gh2

2
= C2, where C1, C2 is constant.

Assume that there is a discontinuity with h1, u1 at upstream and h2, u2 at downstream.

We should have

u1h1 = u2h2 = q, (1.25)

u2
1h1 +

gh2
1

2
= u2

2h2 +
gh2

2

2
. (1.26)

A obvious solution is u1 = u2 and h1 = h2.
The other one isnot obvious, from condition (1.25) we have

u1 =
q

h1

and u2 =
q

h2

.

Then condition (1.26) become

q2

h2
1

h1 + g
h2

1

2
=

q2

h2
2

h2 + g
h2

2

2

⇔ (h2 − h1)

(

q2

h1h2

− g

2
(h1 + h2)

)

= 0

⇒ h1h2(h1 + h2) =
2q2

g
as h1 6= h2.

This is the hydraulic jump relation. It depend on discharge.

h1h2(h1 + h2) = 2h3
c with h3

c =
q2

g
.

We also have
u2

1
u2

2

u1 + u2

=
gq

2
=

u3
c

2
with uc =

√

ghc.
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1.3.5 Test problems with smooth solutions

The form of bed slope is given by

S0(x) = f1(x, h(x))h
′

(x) + f2(x, h(x)).

If values for the discharge q and the Manning friction coefficient n (or Darcy - Weisbach
coefficient f) are chosen, then the functions f1 and f2 have been completely defined. The

important problem is to choose a function ĥ for 0 ≤ x ≤ L, with 0 < ĥ ≤ hmax and having
a continuous first derivative. Finally, if the bed slope of the channel is given by

S0(x) = f1(x, ĥ(x))ĥ
′

(x) + f2(x, ĥ(x)),

then ĥ will satisfy the differential equation (1.18) for the entire reach 0 ≤ x ≤ L. The
analytic solution to the steady problem is now given by h ≡ ĥ.

bedslope1D := proc(q, n, g, ĥ)

S0 =

(

1− q2

gĥ3

)

dĥ

dx
+ Sf

end proc.

bedslope1DRain := proc(q, R, n, g, ĥ)

S0 =

(

1− q2

gĥ3

)

dĥ

dx
+

2qR

gĥ2
+ Sf

end proc.

When the bed slope S0 is found, we can compute the bed level z. However this cannot
normally be found analytically from S0 = −∂xz. We can approximate z by numerical

method with a starting value such as z(L) = 0. For example, we use a uniform grid,

xi = i△x, i = 0, 1, ..., N , of spacing △x =
L

N
, where N ∈ Z

+

. We have

zi+1 = zi + △x∂xz,

i = 0..N with z0 = z(L).

1.3.6 Test problems with hydraulic jumps

It is useful if test problems could be constructed where the known solution has a hydraulic
jump. Let the hypothetical depth profile 0 < ĥ(x) ≤ hmax, with a hydraulic jump at some

point x = x∗, be given by

ĥ(x) =

{

ĥL(x) 0 ≤ x ≤ x∗

ĥR(x) x∗ < x ≤ L
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the functions ĥL and ĥR having continuous derivatives respectively on the intervals 0 ≤ x ≤
x∗ and x∗ ≤ x ≤ L, with the derivatives being one-sided at the end points. The hydraulic

jump must satisfy a jump condition and there cannot be a gain in energy across the jump.
We should have

HS(x∗, ĥL(x∗)) ≥ HS(x∗, ĥR(x∗)).

The bed slope of the channel is also defined in a piecewise manner by

S0(x) =

{

S0L(x) 0 ≤ x ≤ x∗

S0R(x) x∗ < x ≤ L
(1.27)

with
S0L(x) = f1(x, ĥL(x))ĥ

′

L(x) + f2(x, ĥL(x)),

S0R(x) = f1(x, ĥR(x))ĥ
′

R(x) + f2(x, ĥR(x)).

We see that ĥ satisfies the equation (1.18) everywhere except at the jump. So the bed slope
is discontinuous at x = x∗,

S0L(x∗) 6= S0R(x∗).

At first sight this discontinuity may seem perfectly acceptable, since many valid test prob-

lems have such a feature. However, the hydraulic jump does not often occur at the same
position as the bed slope discontinuity. So we would like to construct problems where the

jump does not coincide with a bed slope discontinuity. For instance, we have chosen values
for ĥL(x∗) and ĥR(x∗), choose values for ĥ

′

L(x∗) and ĥ
′

R(x∗) satisfying the linear relationship

S0L(x∗) = f1(x
∗, ĥL(x∗))ĥ

′

L(x∗) + f2(x
∗, ĥL(x∗))

= f1(x
∗, ĥR(x∗))ĥ

′

R(x∗) + f2(x
∗, ĥR(x∗)) = S0R(x∗).

(1.28)

If the functions are smooth enough, equation (1.27) can be differentiated to find a linear

relationship between ĥ
′′

L(x∗) and ĥ
′′

R(x∗) in order to make the bed slope differentiable at the
jump

S
′

0L(x∗) = S
′

0R(x∗).

When the function ĥL is chosen arbitrarily, the bed slope is required to have a continuous
first derivative. We can determine the necessary values ĥR, ĥ

′

R, ĥ
′′

R at x = x∗ from hydraulic

jump relation and equations (1.27), (1.28). In particular ĥR have to always remain positive.
The obvious choice for ĥR is a cubic or higher order polynomial in (x− x∗). The examples

in MacDonald (1994) use this form. However, the difficulty with polynomials is that they
can be highly oscillatory and hence difficult to control and keep positive. There are many
order possible forms for ĥR. The examples in MacDonald (1995) [5] use sums of exponential

functions.
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2 Examples

Example 1: A 1km long rectangular channel of width T = 10m has a discharge of Q =

20m3/s. The flow is subcritical at inflow and is subcritical at outflow with depth 0.748409m.
The Manning roughness coefficient for the channel is 0.03.
We have the depth

ĥ(x) =

(

4

g

)1/3
(

1 +
1

2
exp

(

−16

(

x

1000
− 1

2

)2
))

,

and

ĥ
′

(x) = −
(

4

g

)1/3
2

125

(

x

1000
− 1

2

)

exp

(

−16

(

x

1000
− 1

2

)2
)

.

Then the bed slope with Manning friction is given by

S0(x) =

(

1 − 4

gĥ(x)3

)

ĥ
′

(x) +
4n2

ĥ(x)10/3
,

or the bed slope with Darcy - Weisbach friction

S0(x) =

(

1 − 4

gĥ(x)3

)

ĥ
′

(x) +
4f

8gĥ(x)3
,

where n = 0.033 and f = 0.093.

The solution for this problem is given by h(x) ≡ ĥ(x) and is shown in Figures 4 and 5.

Example 2: A 1km long rectangular channel of width T = 10m has a discharge of Q =

20m3/s. The flow is supercritical at inflow with depth 0.741599m and is supercritical at
outflow. The Manning roughness coefficient for the channel is 0.02.

We have the depth

ĥ(x) =

(

4

g

)1/3
(

1− 1

5
exp

(

−36

(

x

1000
− 1

2

)2
))

,

and

ĥ
′

(x) =

(

4

g

)1/3 9

625

(

x

1000
− 1

2

)

exp

(

−36

(

x

1000
− 1

2

)2
)

.

Then the bed slope with Manning friction is given by

S0(x) =

(

1 − 4

gĥ(x)3

)

ĥ
′

(x) +
4n2

ĥ(x)10/3
,



2 Examples 17

or the bed slope with Darcy - Weisbach friction

S0(x) =

(

1 − 4

gĥ(x)3

)

ĥ
′

(x) +
f

2gĥ(x)3
,

where n = 0.0218 and f = 0.043.

The solution for this problem is given by h(x) ≡ ĥ(x) and is shown in Figures 6 and 7.

Example 3: A 1km long rectangular channel of width T = 10m has a discharge of Q =

20m3/s. The flow is subcritical at inflow and is supercritical at outflow. The Manning
roughness coefficient for the channel is 0.02.

We have the depth

ĥ(x) =



















(

4

g

)1/3(

1 − 1

3
tanh

(

3

(

x

1000
− 1

2

)))

0 ≤ x ≤ 500

(

4

g

)1/3(

1 − 1

6
tanh

(

6

(

x

1000
− 1

2

)))

500 < x ≤ 1000,

and

ĥ
′

(x) =























−
(

4

g

)1/3 1

1000

(

1 − tanh

(

3

(

x

1000
− 1

2

))2
)

0 ≤ x ≤ 500

−
(

4

g

)1/3 1

1000

(

1 − tanh

(

6

(

x

1000
− 1

2

))2
)

500 < x ≤ 1000.

Then the bed slope with Manning friction is given by

S0(x) =

(

1 − 4

gĥ(x)3

)

ĥ
′

(x) +
4n2

ĥ(x)10/3
,

or the bed slope with Darcy - Weisbach friction

S0(x) =

(

1 − 4

gĥ(x)3

)

ĥ
′

(x) +
f

2gĥ(x)3
,

where n = 0.0218 and f = 0.042.

The solution for this problem is given by h(x) ≡ ĥ(x) and is shown in Figures 8 and 9.

Example 4: A 1km long rectangular channel of width T = 10m has a discharge of Q =

20m3/s. The flow is supercritical at inflow with depth 0.543853m and is subcritical at
outflow with depth 1.334899m. The Manning roughness coefficient for the channel is 0.02.
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We have the depth

ĥ(x) =



















(

4

g

)1/3( 9

10
− 1

6
exp

(−x

250

))

0 ≤ x ≤ 500

(

4

g

)1/3(

1 +
∑3

k=1
ak exp

(

−20k

(

x

1000
− 1

2

))

+
4

5
exp

( x

1000
− 1
)

)

500 < x ≤ 1000,

and

ĥ
′

(x) =







































(

4

g

)1/3 1

1500
exp

(−x

250

)

0 ≤ x ≤ 500

(

4

g

)1/3(

− 1

50

∑3

k=1
kak exp

(

−20k

(

x

1000
− 1

2

))

+

+
1

1250
exp

( x

1000
− 1
)

)

500 < x ≤ 1000,

with a1 = −0.348427, a2 = 0.552264, a3 = −0.555580.
Then the bed slope with Manning friction is given by

S0(x) =

(

1 − 4

gĥ(x)3

)

ĥ
′

(x) +
4n2

ĥ(x)10/3
,

or the bed slope with Darcy - Weisbach friction

S0(x) =

(

1 − 4

gĥ(x)3

)

ĥ
′

(x) +
f

2gĥ(x)3
,

where n = 0.0218 and f = 0.0425.
The solution for this problem is given by h(x) ≡ ĥ(x) and is shown in Figures 10 and 11.

Example 5: A rectangular channel, 0 ≤ x ≤ 100m, has a discharge q = 2m2/s. The flow
is supercritical at inflow and supercritical at outflow.

We have the depth

ĥ(x) =

(

4

g

)1/3
(

1 − 1

4
exp

(

−4

(

x

100
− 1

2

)2
))

,

and

ĥ
′

(x) =

(

4

g

)1/3
1

50

(

x

100
− 1

2

)

exp

(

−4

(

x

100
− 1

2

)2
)

.

Then the bed slope with Manning friction is given by

S0(x) =

(

1 − 4

gĥ(x)3

)

ĥ
′

(x) +
4n2

ĥ(x)10/3
,
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where n = 0.0328.
The solution for this problem is given by h(x) ≡ ĥ(x) and is shown in Figure 12.

Example 6: A rectangular channel, 0 ≤ x ≤ 100m, has a discharge q = 2m2/s. The flow

is subcritical at inflow and supercritical at outflow.
We have the depth

ĥ(x) =

(

4

g

)1/3(

1 − (x− 50)

200
+

(x − 50)2

30000

)

,

and

ĥ
′

(x) =

(

4

g

)1/3(

− 1

200
+

(x − 50)

15000

)

.

Then the bed slope with Manning friction is given by

S0(x) =

(

1 − 4

gĥ(x)3

)

ĥ
′

(x) +
4n2

ĥ(x)10/3
,

where n = 0.0328.

The solution for this problem is given by h(x) ≡ ĥ(x) and is shown in Figure 13.

Example 7: A rectangular channel, 0 ≤ x ≤ 100m, has a discharge of q = 2m3/s. The
flow is subcritical at outflow and subcritical at inflow.

We have the depth

ĥ(x) =























































(

4

g

)1/3(4

3
− x

100

)

− 9x

1000

(

x

100
− 2

3

)

x ≤ 200

3

(

4

g

)1/3
(

0.674202

(

x

100
− 2

3

)4

+ 0.674202

(

x

100
− 2

3

)3

−

−21.7112

(

x

100
− 2

3

)2

+ 14.492

(

x

100
− 2

3

)

+ 1.4305

)

x >
200

3
,

and

ĥ
′

(x) =



















































(

4

g

)1/3(−1

100

)

− 9

500

(

x

100
− 1

3

)

x ≤ 200

3

(

4

g

)1/3
(

0.02696808

(

x

100
− 2

3

)3

+ 0.02022606

(

x

100
− 2

3

)2

−

−0.434224

(

x

100
− 2

3

)

+ 0.14492

)

x >
200

3
.
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Then the bed slope with Manning friction is given by

S0(x) =

(

1 − 4

gĥ(x)3

)

ĥ
′

(x) +
4n2

ĥ(x)10/3
,

where n = 0.0328.

The solution for this problem is given by h(x) ≡ ĥ(x) and is shown in Figure 14.
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EXAMPLE 1

�✁✂✄☎✆✝✁✞✟✠✠✡☛☞✌☞✍✎☎✏✁✝✌✑✏✁✝✌✑
✒

✓✔✓✓✕✓✓✖✓✓✗✓✓✘
✙
✓✓✓

✓
✚
✓

✓
✚
✔

✓
✚
✕

✓
✚
✖

✓
✚
✗

✘
✚
✓

✘
✚
✔

✛✜✢✣✤✥✦✜✧★✩✩✪✫✬✭✬✮✯✤✰✜✦✭✱✰✜✦✭✱
✲

✳✴✳✳✵✳✳✶✳✳✷✳✳✸
✹
✳✳✳

✳
✺
✳

✳
✺
✴

✳
✺
✵

✳
✺
✶

✳
✺
✷

✸
✺
✳

✸
✺
✴

✻✼✽✾✿❀❁✼❂❃❄❄❅❆❇❈❇❉❊✿❋✼❁❈●❋✼❁❈●
❍

■❏■■❑■■▲■■▼■■◆
❖
■■■

■
P
■

■
P
❏

■
P
❑

■
P
▲

■
P
▼

◆
P
■

◆
P
❏

Figure 4: Depth and Bed Slope for Example 1, respectively results in 2D (n = 0.03), in 1D with
Manning friction (n = 0.033) and in 1D with Darcy Weisbach friction (f = 0.093) from left to right.
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Figure 5: Surface Level and Bed Level for Example 1, respectively results in 2D (n = 0.03), in 1D
with Manning friction (n = 0.033) and in 1D with Darcy Weisbach friction (f = 0.093) from left to
right.
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EXAMPLE 2
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Figure 6: Depth and Bed Slope for Example 2, respectively results in 2D (n = 0.02), in 1D with
Manning friction (n = 0.0218) and in 1D with Darcy Weisbach friction (f = 0.043) from left to
right.
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Figure 7: Surface Level and Bed Level for Example 2, respectively results in 2D (n = 0.02), in 1D
with Manning friction (n = 0.0218) and in 1D with Darcy Weisbach friction (f = 0.043) from left
to right.
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EXAMPLE 3

❋●❍■❏❑▲●▼◆❖❖P◗❘❙❘❚❯❏❱●▲❙❲❱●▲❙❲
❳

❨❩❨❨❬❨❨❭❨❨❪❨❨❫
❴
❨❨❨

❨
❵
❨

❨
❵
❩

❨
❵
❬

❨
❵
❭

❨
❵
❪

❫
❵
❨

❫
❵
❩

❛❜❝❞❡❢❣❜❤✐❥❥❦❧♠♥♠♦♣❡q❜❣♥rq❜❣♥r
s

t✉tt✈tt✇tt①tt②
③
ttt

t
④
t

t
④
✉

t
④
✈

t
④
✇

t
④
①

②
④
t

②
④
✉

⑤⑥⑦⑧⑨⑩❶⑥❷❸❹❹❺❻❼❽❼❾❿⑨➀⑥❶❽➁➀⑥❶❽➁
➂

➃➄➃➃➅➃➃➆➃➃➇➃➃➈
➉
➃➃➃

➃
➊
➃

➃
➊
➄

➃
➊
➅

➃
➊
➆

➃
➊
➇

➈
➊
➃

➈
➊
➄

Figure 8: Depth and Bed Slope for Example 3, respectively results in 2D (n = 0.02), in 1D with
Manning friction (n = 0.0218) and in 1D with Darcy Weisbach friction (f = 0.042) from left to
right.
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Figure 9: Surface Level and Bed Level for Example 3, respectively results in 2D (n = 0.02), in 1D
with Manning friction (n = 0.0218) and in 1D with Darcy Weisbach friction (f = 0.042) from left
to right.
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EXAMPLE 4
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Figure 10: Depth and Bed Slope for Example 4, respectively results in 2D (n = 0.02), in 1D with
Manning friction (n = 0.0218) and in 1D with Darcy Weisbach friction (f = 0.0425) from left to
right.
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Figure 11: Surface Level and Bed Level for Example 4, respectively results in 2D (n = 0.02), in 1D
with Manning friction (n = 0.0218) and in 1D with Darcy Weisbach friction (f = 0.0425) from left
to right.
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EXAMPLE 5
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Figure 12: Bed Slope and Bed Level for Example 5, the result is given in 1D with Manning friction
n = 0.0328.
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Figure 13: Bed Slope and Bed Level for Example 6, the result is given in 1D with Manning friction
n = 0.0328.
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EXAMPLE 7
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Figure 14: Bed Slope and Bed Level for Example 7, the result is given in 1D with Manning friction
n = 0.0328.
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2.1 Manning friction in 1D and 2D

When we use Manning coefficient n in 1D and in 2D are the same, the result of bed level in
1D is smaller than in 2D. Because formulars of friction slope Sf in 1D and 2D are different.

We can see the solution for example 1, 2, 3 and 4 in Figures 15, 16, 17 and 18. Where the
left figure is bed level in 1D and in 2D, the right figure is the error that compare between

two results of bed level in 1D and 2D.
Besides, Figures 19 and 20 also show error between results of bed level in 1D and 2D for
example 1, 5, 6 and 7 when using some values of n which is approximated from equaton

(1.16). We see that the value n = 0.0333 is better for example 1, but n = 0.0328 is better
for example 5, 6 and 7. Similarly, Figures 21 and 22 show error between results of bed level

in 1D and in 2D for example 2, 3 and 4 . We see that the value n = 0.0217 is better for
example 3, but n = 0.0218 is better for example 2 and 4.
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Figure 15: Bed Level for Example 1 with Manning coefficient n = 0.03, respectively results in 2D:
z(0) = 7.07287m and in 1D: z(0) = 5.73402m.
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EXAMPLE 2

0 200 400 600 800 1000
0

1

2

3

4

5

6

7

x /m

H
e

ig
h

t 
/m

Bed Level for example 2 (n = 0.02)

bedlevel in 2D

bedlevel in 1D

0 200 400 600 800 1000
0

0.2

0.4

0.6

0.8

1

1.2

1.4

x /m

e
rr

o
r

Compare error between Bed Level in 2D and in 1D (n=0.02)

Figure 16: Bed Level for Example 2 with Manning coefficient n = 0.02, respectively results in 2D:
z(0) = 6.58152m and in 1D: z(0) = 5.54832m.
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Figure 17: Bed Level for Example 3 with Manning coefficient n = 0.02, respectively results in 2D:
z(0) = 5.6245m and in 1D: z(0) = 4.71637m.
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EXAMPLE 4
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Figure 18: Bed Level for Example 4 with Manning coefficient n = 0.02, respectively results in 2D:
z(0) = 5.65672m and in 1D: z(0) = 4.82113m.
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Figure 19: Compare errors between the results of bed level in 1D and 2D when using different
Manning coefficients for example 1, 5, 6 and 7.
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Figure 20: Compare values of bed level at x = 0 when using different Manning coefficients for
example 1, 5, 6 and 7.
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Figure 21: Compare errors between the results of bed level in 1D and 2D when using different
Manning coefficients for example 2, 3 and 4.
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Figure 22: Compare values of bed level at x = 0 when using different Manning coefficients for
example 2, 3 and 4.
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2.2 Manning and Darcy - Weisbach friction

Now we will compare results when using Manning friction and Darcy - Weisbach friction.
Using the same values of Manning coefficinet n = 0.0328 and Darcy - Weisbach coefficient

f = 0.095 for example 1, 5, 6 and 7. We see that Darcy - Weisbach friction is better for
some examples, but Manning friction is better for another examples. However, when the

value of n is fixed, we can choose some values of f to have smaller error when using Darcy
- Weisbach ftiction. The results are shown in Figures from 23 to 27.
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Figure 23: Bed Level for Example 1 and Example 5 with Manning coefficient n = 0.0328 and Darcy
- Weisbach coefficient f = 0.095.



2.2 Manning and Darcy - Weisbach friction 33

0 20 40 60 80 100
0

0.2

0.4

0.6

0.8

1

1.2

1.4

x /m

H
e

ig
h

t 
/m

Bed Level for example 6

bedlevel 2D

bedlevel 1D (Manning friction)

bedlevel 1D (DW friction)

0 20 40 60 80 100
0

0.5

1

1.5

2

2.5

3

x /m

H
e

ig
h

t 
/m

Bed Level for example 7

bedlevel 2D

bedlevel 1D (Manning friction)

bedlevel 1D (DW friction)

Figure 24: Bed Level for Example 6 and Example 7 with Manning coefficient n = 0.0328 and Darcy
- Weisbach coefficient f = 0.095.
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Figure 25: Check the results when using the same Manning coefficient n = 0.0333 and Darcy -
Weisbach coefficient f = 0.092 for example 1, 5, 6, 7.
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Figure 26: Check the results when using the same Manning coefficient n = 0.0328 and Darcy -
Weisbach coefficient f = 0.092 for example 1, 5, 6, 7.
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Figure 27: Check the results when using the same Manning coefficient n = 0.0328 and Darcy -
Weisbach coefficient f = 0.095 for example 1, 5, 6, 7.



2.3 Rain 35

2.3 Rain

The results of bed slope and bed level will change when it is rain R 6= 0.
For instance, when R = 0.001m/s, the discharge will be q = Rx + q0 with q0 = Q/T =

2m2/s. The bed slope in example 1 and 2 are given by

S0 =

(

1 − (Rx + 2)2

gh3

)

h
′

(x) +
2(Rx + 2)R

gh2
+

n2(Rx + 2)2

h10/3
.

The results are shown in Figures 28 and 29.
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Figure 28: Bed Slope and Bed Level for Example 1 with Rain (R = 0.001m/s), the result is given
in 1D with Manning friction n = 0.033.
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EXAMPLE 2 (Rain)
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Figure 29: Bed Slope and Bed Level for Example 2 with Rain (R = 0.001m/s), the result is given
in 1D with Manning friction n = 0.0217.
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2.4 Depth is periodic functions

Example 8: A 5km long rectangular channel of width T = 10m has a discharge of Q =
20m3/s. The flow is subcritical at inflow and is subcritical at outflow with depth 1.125m.

The Manning roughness coefficient for the channel is 0.03.
We have the depth

ĥ(x) =
9

8
+

1

4
sin
( πx

500

)

,

and
ĥ

′

(x) =
π

2000
cos
( πx

500

)

.

Then the bed slope with Manning friction is given by

S0(x) =

(

1 − 4

gĥ(x)3

)

ĥ
′

(x) +
4n2

ĥ(x)10/3
,

for the case raining with R = 0.001m/s or R = −0.001m/s

S0 =

(

1 − (Rx + 2)2

gĥ3

)

ĥ
′

(x) +
2(Rx + 2)R

gĥ2
+

n2(Rx + 2)2

ĥ10/3
.

The solution for this problem is given by h(x) ≡ ĥ(x) and is shown in Figures 30, 31, 32.
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Figure 30: Bed Slope and Bed Level for Example 8, the result is given in 1D with Manning
coefficient n = 0.03.
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Figure 31: Bed Slope and Bed Level for Example 8 with Rain R = 10−3 m/s, the result is given in
1D with Manning coefficient n = 0.03.
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Figure 32: Bed Slope and Bed Level for Example 8 with Rain R = −10−3m/s, the result is given
in 1D with Manning coefficient n = 0.03.
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2.5 Example with small depth

Example 9: A rectangular channel of length L = 4m has a discharge q = 4 ∗ 10−5m2/s.
The flow is subcritical at inflow and is subcritical at outflow. The Manning roughness

coefficient for the channel is 0.03.
We have the depth

ĥ(x) =
1

500

(

4

g

)1/3
(

1 +
1

2
exp

(

−16

(

x

4
− 1

2

)2
))

,

and

ĥ
′

(x) =

(

4

g

)1/3 1

1000
(−2x + 4) exp

(

−16

(

x

4
− 1

2

)2
)

.

Then the bed slope with Manning friction is given by

S0(x) =

(

1 − 4

gĥ(x)3

)

ĥ
′

(x) +
16.10−10n2

ĥ(x)10/3
,

for the case raining with R = 10−5m/s or R = −10−5m/s

S0 =

(

1 − (Rx + 4 ∗ 10−5)2

gĥ3

)

ĥ
′

(x) +
2(Rx + 4 ∗ 10−5)R

gĥ2
+

n2(Rx + 4 ∗ 10−5)2

ĥ10/3
.

The solution for this problem is given by h(x) ≡ ĥ(x) and is shown in Figures 33, 34 and 35.

Example 10: A rectangular channel of length L = 4m has a discharge q = 4∗10−5m2/s.
The flow is supercritical at inflow and is supercritical at outflow. The Manning roughness

coefficient for the channel is 0.02. We have the depth

ĥ(x) =
1

500

(

4

g

)1/3
(

1 − 1

5
exp

(

−36

(

x

4
− 1

2

)2
))

,

and

ĥ
′

(x) = −
(

4

g

)1/3 1

1000

(

−9

2
x + 9

)

exp

(

−36

(

x

4
− 1

2

)2
)

.

Then the bed slope with Manning friction is given by

S0(x) =

(

1 − 4

gĥ(x)3

)

ĥ
′

(x) +
16.10−10n2

ĥ(x)10/3
,

for the case raining with R = 10−5m/s or R = −10−5m/s

S0 =

(

1 − (Rx + 4 ∗ 10−5)2

gĥ3

)

ĥ
′

(x) +
2(Rx + 4 ∗ 10−5)R

gĥ2
+

n2(Rx + 4 ∗ 10−5)2

ĥ10/3
.

The solution for this problem is given by h(x) ≡ ĥ(x) and is shown in Figures 36, 37 and 38.
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EXAMPLE 9 (R = 0)
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Figure 33: Bed Slope and Bed Level for Example 9, the result is given in 1D with Manning friction
n = 0.03.

EXAMPLE 9 (R > 0)
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Figure 34: Bed Slope and Bed Level for Example 9 with Rain R = 10−5m/s, the result is given in
1D with Manning friction n = 0.03.
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EXAMPLE 9 (R < 0)
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Figure 35: Bed Slope and Bed Level for Example 10 with Rain R = −10−5m/s, the result is given
in 1D with Manning friction n = 0.03.

EXAMPLE 10 (R = 0)
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Figure 36: Bed Slope and Bed Level for Example 10, the result is given in 1D with Manning friction
n = 0.03.
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EXAMPLE 10 (R > 0)
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Figure 37: Bed Slope and Bed Level for Example 10 with Rain R = 10−5m/s, the result is given
in 1D with Manning friction n = 0.03.

EXAMPLE 10 (R < 0)
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Figure 38: Bed Slope and Bed Level for Example 10 with Rain R = −10−5m/s, the result is given
in 1D with Manning friction n = 0.03.
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2.6 Bed Slope is constant

When the bed slope S0 = −∂xz is constant, the bed level is a line. If S0 is given, we have
to find a function h(x) such that the value of S0 that is computed from it is a constant. We

can use numerical method to find h(x) from equation (1.19) or (1.20) when q, ∂xz, n or f
and h(0) is given.

For example, we use a uniform grid, xi = i△x, i = 0, 1, ..., N , of spacing △x =
L

N
, where

N ∈ Z
+

. From equation (1.20), we have

(

1 − q2

gh3
i

)

hi+1 − hi

∆x
+ ∂xz +

fq2

8gh3
i

= 0,

i = 0..N with h0 = h(0).

Example 11: A rectangular channel of length L = 4m has a discharge q = 4 ∗ 10−5m2/s.

The bed slope is given by S0 = −∂xz = 0.05 and the Darcy - Weisbach coefficient f = 0.04.
The flow is subcritical at inflow with depth 0.01m and is subcritical at outflow. We can
approximate a function

h(x) = 0.0098 + 0.05x.

Then, we compute again the values of bed slope S0 and bed level z. The result is shown in

Figures 39 and 40.
Besides, the values of S0 and z don’t depend on choosing values of Manning or Darcy

Weisbach coefficient. If it is rain, the bed level also have no change in this case.
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Figure 39: Bed Slope and Bed Level for Example 11, the result is given in 1D with Darcy Weisbach
coefficient f = 0.04.
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Figure 40: Comparision between values of ∂xz = −0.05 and values of ∂xz is computed from h(x).



REFERENCES 45

References

[1] Bouchut F., Nonlinear stability of finite volume methods for hyperbolic conservation

laws, and well-balanced schemes for sources, Frontiers in Mathematics, Birkhauser
(2004).

[2] Edwige Godlewski, Pierre-Arnaud Raviart, Numerical approximation of Hyperbolic sys-

tems of Conversation laws, ISBN 0-387-94529-6 (1995).

[3] Ian MacDonald (1994), ”Test Problems with Analytic Solutions for Steady Open Chan-

nel Flow”, Numerical Analysis Report 6/94, Department of Mathematics, University
of Reading,UK.

[4] Ian MacDonald (1994), ”Analysis and Computation of Steady Open Channel Flow

using a Singular Perturbation Problem”, Numerical Analysis Report 7/94, Department
of Mathematics, University of Reading,UK.

[5] I. MacDonald, M. J. Baines and N.K. Nichols (1995), ”Steady Open Channel Test
Problems with Analytic Solutions”, Numerical Analysis Report 3/95, Department of

Mathematics, University of Reading,UK.

[6] Ian MacDonald (1996), Analysis and Computation of Steady Open Channel Flow (the-
sis), Department of Mathematics, University of Reading,UK.


