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Abstract

One of the most important requirements in modern engines design is the minimization of the clear-
ance between rotating and static components. It has been shown in several studies that this clearance
minimization increases the aerodynamic efficiency of the internal flow leading to significative im-
provement of the engine performances. During engine operation due to several phenomena such as
thermal dilatations of the parts, misalignment of the shaft due to centrifugal effects, gravity effects
during manouvers and unbalanced parts, contact interactions between the rotating blades and the
abradable seal of the surrounding casing can occur. It has been observed that these contact inter-
actions can lead to undesirable consequences that can affect significantly the performances of the
engine.

This thesis is concerned with the modeling of wear phenomena on an engine blade proposing an al-
ternative approach for the geometry update. The basic idea of this approach is instead of re-meshing
or eliminating at each iteration the worn out elements such as it is performed in the traditional re-
meshing and killing element methods for wear treatment problems, is to interpolate by a polynomial
function the structural matrices in correspondence of a small subset of interpolating points that cor-
respond to different amounts of wear and recover the structural matrices for all other configurations
by the build polynomial function.

The advantage of this technique is the simplicity of the operations involved at each iteration. Indeed
at each iteration a simple algebraic sum is performed on the constant interpolating matrices to re-
cover the solution for all the blade configurations due to wear evolution. Thus, there is no need to
keep memory of the whole wear evolution history and the simplicity of the involved operations leads
to significant decrease in the computational effort and memory storage.

In the performed analysis this proposed approach is fully validated in case of a 1D structure.

To perform such analysis a FEM model of a clamped beam has been exploited.

In the test conditions the beam undergoes to contact interactions with a rigid moving wall. The wall
is moving both in normal direction penetrating the blade tip and transversally with a constant upward
velocity inducing blade vibrations in both the directions. The contact interactions are modelled with
both Lagrange multipliers and Penalty methods.

In a second moment the wear is added to the analysis. Before implementing the proposed approach,
traditional re-meshing techniques have been applied to the problem in order to recover reliable re-
sults to use as term of comparison and validation for the proposed approach results.

Accuracy and reliability of the proposed approach is demonstrated by different test case results in-
volving different conditions, such as soft contact interactions and severe interactions. A focus have
been reserved also to the discussion of the important savings in the computational cost registered.
Finally, some suggestions and ideas for future developments and extension of such technique to 2D
structures are given.

All the above mentioned algorithms and simulations have been implemented exploiting Python lan-

guage.
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Nomenclature

A Lagrange multipliers vector
€ modal damping ratio
r body surface

Yi i-th modal stiffness

o frictional coefficient

i i-th modal mass

v Poisson’s ratio

p density

C damping matrix

G Restrained displacement matrix

gap function vector
Jacobian matrix
stiffness matrix

mass matrix

Zz 2 R — m

Shape functions matrix

external forces vector

=

P~ normal contact forces vector
p.r tangential contact forces vector
q generalized DoFs vector

qc condensed modes in GI

qr retained modes in GI

vrre Telative velocity vector



Cn
Cr

spatial coordinates
material coordinates

section area

Penalty coefficient in normal direction

Penalty coefficient in tangential direction

wear depth

Young’s modulus

i-th natural frequency
shear modulus
hardness

time step

critical element height
Archard’s constant
length

radius

sliding distance
temperature

time

thickness

volume

width
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Chapter 1

Introduction

Modern engines are subjected to continuous and radical improvements in the design to match the
basic requirement of operating in all atmosphere conditions, even the extreme ones, ensuring safety
and reliability with an optimization of the performances.

The basic functionality concept of a jet engine is the acceleration of a sucked fluid mass from the
external environment. This acceleration provide a thrust to the aircraft in the opposite direction
propelling it forward. The air is sucked through an in front fan and its pressure is raised by a
compressor, the compressed air is then guided to a combustion chamber in which fuel is sprayed in.
An electrical spark initialize the mixture burning and the hot gases expands through a turbine and
finally are ejected through a nozzle generating a forward thrust that propels the engine and thus the
aircraft. A schematic illustration of a jet engine components is given in Fig|[I.1]

INTAKE COMPRESSION COMBUSTION EXHAUST
Air Inlet/ Combustion Chambers Turbine
Cold Section Hot Section

Figure 1.1: Schematic illustration of jet engine components [33]].

The aim in an engine design is to keep as high as possible the ratio of such generated work with
respect to the consumed fuel. Thus, the operating conditions of the mechanical parts, of the com-
bustion chamber, of the injection and ejection parts and the conditions of the passage of the internal
flow through each component reveals to be crucial for the designer to improve such operating per-
formances.

One of the modern engine requirements and which will be a basic concept of such master thesis
research is the reduction of the clearance between the static and rotor components of the engine, i.e.

1



1.1. Objectives of the research

between the blade tips and the surrounding casing. From a mechanical point of view such clearance
is desired to be as high as possible to avoid any contact interaction between rotor and static compo-
nents which could lead to stress accumulation and thus to parts failure, while, from an aerodynamic
point of view, it has been shown in different studies that such clearance has to be reduced as much
as possible to lead to significant increase in the engine efficiency [1].

Under this basic requirement different experimental researches have been conducted to simulate the
effects of such clearance decrease. But experimental investigations revealed to be time consuming
and expensive, leading to the development of numerous numerical techniques.

These studies can be classified in two main categories, models that predict the contact interactions
and neglect the wear evolution in the structure, and models that take into account wear. The first
one can be used when the wear is very limited on the parts otherwise it has to be taken into account.
But the main restriction for the developed techniques that take into account wear is how to model
the abradable material and the high computational cost of the overall simulation limiting it to few
blade revolutions. This is the main reason behind the proposition of the polynomial interpolation
technique in this thesis.

1.1 Objectives of the research

The objective of this thesis research is to introduce and initialize the validation of an alternative
technique for wear treatment in contact interactions of rotor blades with the surrounding casing as
consequence of the clearance minimization. Due to these contact interactions material layers are
continuously removed from the blade tips leading to its geometrical change which has to be updated
at each iteration of the dynamic simulation.

Traditional wear treatment techniques that deals with this continuous update of the geometric con-
figuration can be classified in two categories: re-meshing techniques and element killing techniques.
Both the approaches require perpetual intervention on the structural matrices of the part to update its
geometry change leading to high computational effort and memory storage.

Thus, the motivation behind this research is to propose an alternative approach of treating with wear
problems that can be eventually extended to several applications and not limiting to aerospace field.
The basic idea is instead of computing directly new structural matrices at each time iteration, com-
pute them just in a small subset of geometrical configurations and perform an interpolation of such
“exact” solutions to recover the structural matrices in all other configurations by a simple polyno-
mial interpolation. Polynomial interpolation presents the important advantage of involving simple
algebraic operations that will lead to important savings in the computational time.

Another important objective of such proposed approach is to apply a reduction technique to the
model and interpolate the reduced structural matrices of the interpolating configurations leading to
further decrease in the memory storage since, as known, reduction model techniques reduce signifi-
cantly the model dimensions ensuring good accuracy of the results.

The proposed approach has to be first validated fully validated for a 1D structure. Once proved that
such idea can be exploited to give accurate results in 1D case, then it can be thought to be extended
to 2D structures and eventually to 3D structures.

In this master research the first point will be covered validating the approach for a 1D structure
proving that such proposed technique can be reliable. Therefore, the second point will be initialized
giving some inputs for the solution but further research is under development at LAVA laboratory at
Polytechnique of Montreal. To reach such goal of validating the proposed approach for 1D structures
some essential steps have to be covered to accurately model and analyze the vibratory response of
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the structure:

1. develop a simplified 1D model of the blade modeling it as a simple clamped beam exploiting
FE method;

2. implement a contact algorithm to simulate the contact interactions of the beam with a second
body. This second body has been selected to be a rigid moving wall.

3. select important parameters such as bodies penetration and frictional parameters to prepare a
basis for the next step;

4. add the option of wear in the dynamic simulation;
5. implement traditional geometrical update algorithms such as re-meshing techniques;

6. implement the proposed polynomial interpolation technique and compare its results with those
provided by the implemented re-meshing techniques algorithms that will be used as a term of
validation of such technique;

7. apply reduction model technique to the studied system;

8. analyze the provided results and discuss the reliability of the polynomial interpolation tech-
nique;

9. provide some ideas for the extension of the proposed approach to 2D structures.

All the enumerated goals will be implemented exploiting Python language for the development
of the algorithms.

1.2 Delimitations

As the aim of the thesis is to focus on the wear evolution and treatment of an engine blade, then
the surrounding casing is modeled as a rigid component. A parallel research at LAVA laboratory is
conducted dealing with abradable casing seals while modeling the blade as a rigid component. Once
both the models are fully completed, their coupling will be performed.

A second limitation is on the blade loads. Since the focus is on a mechanical vibratory response, a
CFD analysis will not be performed. Hence, aerodynamical loads which include lift and drag force
are not included. Furthermore, according to analytical calculations, the values of those forces are
minimum with respect to mechanical loads, thus, they are neglected along the thesis.

Finally, another delimitation is made restricting the analysis on 1D structures because only fully
validating the proposed approach for 1D structures that can be thought to be extended to more com-
plex models. However, a final chapter is dedicated to the introduction of such approach also to 2D
structures with the proposition of some inputs for the initialization of the analysis and the further
development.
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1.3

Structure of the thesis

This master thesis research is divided into two main parts. The first part treats the wear modeling
for 1D structures, in particular a clamped beam modeled by Finite Element Method (FEM). In this
part the proposed approach of Polynomial interpolation technique is discussed and validated. In the
second part the extension of such approach is initialized to 2D structures giving some inputs for
future and further developments.

The layout of the thesis is the following:

Chapter?] gives a global overview of theoretical concepts needed for the development of the
project such as dynamic time integration techniques in particular those exploited for contact
problems, available contact algorithms such as Lagrange multipliers, Penalty method and Aug-
mented Lagrangian method, wear models and finally widely used geometry update techniques
to adapt the FEM model to the wear evolution in the structure.

[l Wear modeling in 1D structures:

Chapter3| presents the model used and test conditions to simulate and analyze the desired fric-
tional contact interactions. Both Lagrange multipliers and Penalty methods are implemented
and relative results are presented.

Chapteid] introduces wear in the problem using Archard’s law to model it. Traditional wear
treatment techniques as local and global re-meshing are applied and relative results are pre-
sented. Then the proposed approach of Polynomial interpolation of the structural matrices is
introduced and its results are compared with those given by global and local re-meshing.

Wear modeling in 2D structures:

ChapterS|presents an attempt of extending the proposed approach to 2D structures giving some
ideas for future developments.

Chapter6| a summary of the founded results is presented with relative suggestions for future
works.
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Chapter 2

Literature review

In this chapter will be presented a generic theoretical overview of the concepts needed for the full
development of this thesis project.

A first section is dedicated to the tip clearance minimization requirement in engines design which
constitute the background for this performed research. One of the solutions adopted by designers to
overcome or at least decrease the drastic effects that could have the contact events that occur between
rotating and static components is the application of abradable linings on the internal casing surface
and thus the interactions occur between the blades tip and the abradable linings. A synthesis of the
properties and the abradable materials used in aerospace engines is given.

Then a focus is deserved to time integration techniques and in particular to Newmark’s method as it
is one of the methods used to solve dynamic simulations.

Some contact treatment methods and model reduction techniques are presented too.

The research is then extended to wear giving first a summary of the kind of wear phenomena that
exist and how they are modeled, then a presentation of the available techniques exploited by analysts
to adapt the FEM model to the evolving wear in the structure.

Finally, a section is dedicated to 2D structures and how they are modeled in the FE method.

2.1 Engines design requirements

In an engine design different requirements have to be accomplished to ensure optimal efficiency and
performances. Some of these requirements is a reduction in the consumed fuel, reduction in the
emitted gases into the atmosphere, lower demand of working level of pressure and temperature and
a maximization of the service life [[1]].

One of the solutions adopted to fulfill such requirements and increase the efficiency of a jet engine
is the minimization of the distance between the rotor and stationary components. This parameter is
normally called Tip Clearance in the literature.

But this clearance minimization can lead to numerous contact interactions between blades and the
surrounding casing. The criticity of these interactions is decreased applying abradable linings on the
internal surface of the casing.



2.1. Engines design requirements

2.1.1 Tip clearance design

From a mechanical point of view an increase of the tip clearance is desired because it decreases the
possibility of interaction between the engine components and thus decreases the stress accumulation
that could lead to failure of the parts.
However, such clearances are imposed from an aerodynamical point of view since it allows an in-
crease of aerodynamic performance such has been proven in the experimental investigation con-
ducted in Lewis Research Center [2]].

In this experiment the principal aim was to determine the effects of increasing rotor tip clearance
on the performance of a 5inch (13cm) axial-flow turbine. The clearances studied range from 1.2%
to 8.0% of passage height. The fluid used is Argon and the turbine was operated at constant design
pressure ratio while the speed has been varied in a certain range.
The results obtained by this experiment are presented in Fig[2.1], in which are shown both the static
and total efficiency in function of the blade-jet speed ratio and the tip clearance.

Tip clearance,
percent of
90— passage height
O 1.2
4 31
80— o 50
< B.0

Static efficiency, ny.4
——

I T R | B

2 .3 .4 .5 6 J0003 4 5 .6 N
Blade-jet speed ratio, v

{a) Static efficiency. {b) Total efficiency.

Figure 2.1: Variation of static (a) and total (b) efficiency with blade-jet speed ratio at design pressure
ratio for four tip clearances of 1.2, 3.1, 5.0 and 8.0, expressed in percentage of the passage height

2.

The figure shows an approximately linear decrease in both the efficiencies with increasing rotor
tip clearance. Indeed, for the analyzed turbine, a 1.0% increase in clearance to height ratio resulted

in approximately a 3.0% reduction in efficiency.
A comparison of the obtained results has been conducted with those of two reference reaction tur-

bines which has indicated similar effects of clearance on efficiency, proving that for an optimal
engine’s design, a clearance minimisation is a must.
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2.1.2 Abradable linings

The critical contact interactions that the tip clearance minimization could lead to between the rotat-
ing and stationary parts have to be taken into account as part of normal engine running conditions.
One of the solutions adopted to decrease the criticity of these interactions is to apply abradable lin-
ings to the internal surface of the casing (Fig[2.2)).

E'a sing segment

i_______.-—- Abradable Seal

Blade

Blade Root

—_— DS

Figure 2.2: Cross-section of a compressor stage showing the rotating blade and the location of the
abradable seal [3]].

The reason behind this choice is the introduction of surface casing material that can wear more
easily than the blade, leading to a local increase of the tip clearance and not global increase. As
FOIS showed in his research [3]], if the blade undergoes wear, the induced variation of clearance will
interest the whole circumference of the engine as the blade is a rotating component. While if the
wear interests the lining, this increase in the clearance will be a local increase.

This concept is shown in Fig[2.2] where it is possible to see the advantage of having abradable linings
in which the induced gap due to the contact interactions between the components is locally localized,
while in case of no abradable linings the induced gap increase interests the whole engine section. The
figure highlights three phases: prerubbing, interaction and clearance after rub interaction comparing
the two cases in which an abradable lining is used and the second case in which no abradable coating
is used.
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Abradable Linings Locally increase gap Il Abradable Linings

I “om Abradable
Limings

Gap

Overall increase gap

Ruotor  blades

a) Pre Rubbing by Interaction ¢) Clearance after rub

Figure 2.3: Evolution of tip clearance following contact interaction events. Three phases are shown:
a) Prerubbing; b) Rub interaction; ¢) Clearance after rub. It is highlighted the advantage of having
abradable linings where the induced clearance increase is locally concentrated, whereas, in case no
abradable linings are used the induced gap increase interests the whole engine section [3]].

2.1.3 Abradable materials

The abradable materials used as casing linings have to present a good abradability property and good
resistance to erosion. Among the materials that fulfill these requirements composites represents an
optimum choice. They are exploited because they are soft enough to wear more easily than the
blades and at the same time resistant enough to the damages that could occur as consequence of
these intense contact interactions. Moreover, they are sufficiently resilient to withstand the high
environment engine temperatures.

Typically the composite materials used as abradable linings are made by the following structural
components [3]]:

e metal matrix: responsible of the strength of the material and ensures a good resistance to
oxidation;

e solid lubricant: shears easily absorbing the loads and thus avoiding their transfer to the blade.
They ensure also that the debris are sufficiently small to not affect the engine operability
conditions;

® porosity.

An overview of the materials used for the abradable linings in an aerospace engine, according to
the compressor stage, is given in Fig[2.4] Starting from the fan and moving towards the high pres-
sure compressor stage the engine temperature increases significantly, thus different composites with
different properties are used.
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Temperature Abradable material Stage Compressor Blade
650 = e
NiCrAl-Bentonite Inconel / Tipped
450 *C -= - == High Pressure Compressor- - -
AlSi-hBN
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Figure 2.4: Shows the most used abradable materials in modern engines according to the compressor
stage and thus to the environment temperature conditions [3]].

2.2 Time integration techniques

The dynamic response of a structural body is normally described by a second ordinary differential
equation. Different techniques are exploited to compute this response in function of the time, one of
these is a direct integration of the equation that in case of a damped system assumes this form:

Mq(t) + Cq(t) + Kq(t) = p(t) (2.2.1)

where () is the vector of nodal displacements, M is a positive definite mass matrix, C is a non-
negative definite damping matrix, K is a non-negative definite stiffness matrix and p(t) is the vector
of external dynamic loads.

There are two general classifications of direct time integration methods:

e Explicit schemes;
e Implicit schemes.

In explicit methods the solution at time step t;,, can be determined in closed form from displace-
ments, velocities and accelerations at ¢;, contrary to implicit schemes in which the solution at a
certain time step depends on itself. Therefore, the equations involved in implicit schemes are more
complex and require more computational effort in each solution step.

The reason behind using implicit schemes is due to stability issues. Implicit schemes are indeed
unconditionally stable, which means that for any arbitrarily large values of the time step the solution
remains well behaved. This situation never occurs with explicit methods, which are mostly condi-
tionally stable.

Both these explicit and implicit schemes can be recovered by Newmark’s method according to the
selected values for the parameters + and f3.

An illustration of the method is given following the explanation given by GERADIN and RIXEN
in [5]].
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Considering Taylor’s expansion of a generic function f:

h2 hs 1 tn+h
flta+h) = f(tn)+hf’(tn)+?f”(tn)+...+?fs(tn)+—/ ")t +h—7)dr (222.2)

s!

The equivalent Taylor expansion of the displacements and velocities at time £, is then:

tn+1
qQni1 = qn + hqn + / q(T) (tn+1 - T)dT (223)
tn
tn+1
9,1 =4q, + / q(7)dr (2.2.4)
tn

Taylor expansions of q,, and q,,, around 7 € [t,, t,41]:

.. .. (3) (4) (tn — T>2
q, =q(7) +q“(1)(t, —7) +q (T)T + ... (2.2.5)

. (tn+1 B T)2

Uppr = A7) + 4O (7) (tpsr — 7) + qW(7) 5 T (2.2.6)

Multiplying eq.(2.2.5) by (1 — ) and eq.(2.2.6) by ~ and combining them it is possible to extract
G(7):
(1) = (1 =) +lyr + 42 (1) (7 = by = ta) + 0o(h*q™") (2.2.7)

Now, multiplying eq.(2.2.5) by (1 — 2/3) and eq.(2.2.6) by 2/ and combining them the following
expression is obtained:

Q(7) = (1= 28)jn + 264,41 + 4P (7) (7 — 218 — t,) + o(h*q™) (2.2.8)

Substituting the first expression of ¢(7) into ftt:“ q(7)dr and the second expression of q(7) into

tt:“ q(7)(tn+1 — 7)d7 the following expressions are recovered:

tn+1
[ i = (10 b, b 2.29)
tn
et 1 ). .
/ q(tpe1 — 7)(7)dr = (5 — B)h*q, + Bh°q,,, + 1, (2.2.10)
tn

where .
= (5 - QP (7) + o(h*qW) 2.2.11)

1
vy = (5 - BR*q® (7) + o(h'q™) (2.2.12)
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2.2. Time integration techniques

andt, < 7 <t,11

So it is possible to write:
Qi1 = G + (1 = 7)ha, + 704,44 (2.2.13)

. 1 . )
Qni1 = Qn + ha,, + h2(§ — B)d, + Bh d,. (2.2.14)

where v and 3 are parameters associated with the quadrature scheme. A summarized scheme of
Newmark’s method is shown in Fig[2.5]

M, C,K @ & )

il
Initial acceleration g, ]

¥
Time incrementation

tn.-l = 1t + h
( Predictian
:I:+l - EIH i {1 -:"_:I"I"a.'a
Tnp1 = Gy + b, + (05— 3R,

¥
Acceleration calculation
S = M+ivC+hiK

| 84,11 = Pur1 — Cingy — Koy _
Ll
Correction
Qny1 = @1t AT 8nn
Qi1 = Gy + P8

Figure 2.5: Flowchart of Newmark’s method [4].

It is possible to notice from the scheme that by this method there are no more integration operators
and they have been substituted by a discrete sum. However this scheme introduces some errors, so
it is important to check if it is stable or not. To have a convergence of the method it is necessary to
ensure both consistency and stability.

An integration scheme is said to be consistent if:

. qn+1 — qn .
lim S = g(t,) (2.2.15)

It is possible to show that effectively Newmark’s method is consistent [5]].
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Regarding the stability, a time-integration scheme can be considered stable if it exists a time step
ho > 0 in such way that for any positive h lower than hy (b € [0, ho)), a finite variation of the
state vector at time ¢,, induces only a non-increasing variation of the state-vector ¢, ; calculated at

a subsequent time 7,4 ; [4].

The stability conditions for Newmark’s scheme, obtained analyzing the spectral properties of its
amplification matrix, are shown in Fig[2.6]

5

0.5 _

0.25 _

Unconditional A\
stability

™
2 —_
5 |~
®
g Conditional stability

g 4
+0.5) -4,<
0.5 i 1'.5 ) Y

Figure 2.6: Stability Newmark plane [4]].

It is possible to notice from the graph that the algorithm is conditionally stable if v > % and it is
unconditionally stable if furthermore 3 > (v + 3)2.

But good stability of the solution does not ensure a good accuracy and this is what is summarized in

Fig27]
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Figure 2.7: Recovered time integration schemes by Newmark’s method by different values of v and
B, with relative stability limit, amplitude error and periodicity error [4].

It is possible to notice that for implicit schemes the stability limit is infinite, while for the other
schemes such stability is bounded to a certain limit.

2.3 Reduction techniques

In many engineering applications, the model of the analyzed dynamic system can be rather com-
plex. This complexity results in high order and complicated mathematical models, which accurately
represent the problem, but could be unsuitable for the desired application. Under the limitations of
computational, accuracy and storage capabilities, the necessity of developing simplified models that
conserve the main features of the original dynamic systems have evolved during the years leading to
important reduction methods available nowadays [7].

Model reduction techniques are applied on the original complex high-order system, to find an
equivalent simpler low-order system that approximates the first one conserving its features.
Thus, the original system is replaced by a much smaller one, and if this approximated one describes
the original one within a prescribed tolerance, then it will be the only one that is needed to be simu-
lated, leading to a significant decrease in the computational time and memory storage [8]].

The main characteristics of an order reduction model could be summarized as follows [7]]:
e "the approximation error is small, and there exists a global error bound,
e system properties (like stability or passivity) are preserved,

e the procedure is computationally stable and efficient”.
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2.3. Reduction techniques

The first reduction techniques development started in the structural dynamics field, due to the im-
portance of structures dynamic analysis.

The basic concept of reduction methods in structural dynamics field consists of building a subspace
R of dimension n X m (m < n) so that the solution of the reduced model (q) can be approximated
as:

q~ Rq (2.3.1)
Considering the variational approach [4]:
0(Trmaz — Vinaz) =0 (2.3.2)

in which 7" and V' are respectively the kinetic and potential energy of the system, which expressions
can be replaced leading to:

1 1
§(=q"Kq— —=q'Mq ) =0 (2.3.3)
2 w?

where K is the system stiffness matrix and M is the system mass matrix.
Substituting [2.3.1]into [2.3.4] the following relation is recovered:

1 1
) (§QTRTKR(1 — —2(1TRTMR(1> =0 (2.3.4)
w

The reduced eigenvalue problem is then:

(K—w’M)q=0 (2.3.5)

with:
M = R"TMR (2.3.6)
K = R"’KR (2.3.7)

There exist several reduction techniques and they differ substantially by the choice of the matrix R.
In the following sections two model reduction methods will be described, which differ indeed by the
choice of the matrix R and will be used in the studied case:

e Guyan-Irons (GI) static condensation method [Guyan 1968] [5];

e Craig-Bampton (CB) reduction method [Craig 1968] [3]].

2.3.1 Guyon-Irons static condensation method

Since the reduction model techniques consist of decreasing the system dimensions, then it is oppor-
tune to partition the degrees of freedom of the system into remaining ones (kept), denoted by qgr,
and condensed ones (eliminated), denoted by qc.

The undamped equations of motion are:

Mq+Kq=p (2.3.8)
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The system with the reorganized degrees of freedom can be rewritten as:

Mgrr Mgc| [qr n Krr Kgro| [ar| _ JPr (2.3.9)
Mcr Mcco| |4c Ker Kee| |qe Pc o

The corresponding eigenvalue problem is:

(K — w’M)q =0 (2.3.10)
which can be rewritten as:
Kq=F (2.3.11)
with F the vector of inertia forces:
F = w?*Mq (2.3.12)
The system is then:
Krr Kge| Jqr Pr
= 2.3.13
[KCR KCC} {QC Pc ( )

If the masses in the condensed system are zero or negligible, then it is possible to neglect the con-
densed inertia forces:
Fo=0 (2.3.14)

Under this assumption, it is possible to obtain this relation from the system:

qc = —K o Kergr (2.3.15)
It is then possible to write:
T e s R I P L (2310
The Guyan-Irons reduction matrix is then:
R = {—KciKC}J = |:R£‘R:| (2.3.17)

Practically, to avoid the inverse operation that appears in R, the second member is computed solving
the following static problem:
KccRer = —Ker (2.3.18)
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2.3.2 Craig-Bampton reduction method

Craig-Bampton method can be considered as an extension of Guyan-Irons method by giving a dy-
namic description of the condensed degrees of freedom.

The transformation matrix indeed is an extension of Guyan-Irons transformation matrix where part
of the condensed modes are added to it.

Thus, Craig-Bampton transformation matrix is:

I 0
R = _ _ 2.3.19
[—KCgKCR XC] ( )

where X¢ is a subset (m) of the eigenmodes associated to the following eigenvalue problem:

Kcecqe — wMecqe =0 (2.3.20)

2.4 Contact treatment

The development of methods for solving problems with moving interfaces is one of the major aims
of continuum mechanics.

Contact problems are inherently nonlinear since the contact area is a priori unknown. The main
difficulty lies in the constitutive laws of contact and friction expressed by non-smooth multivalued
force-displacement relationships [9]. From a mechanical engineering viewpoint, three groups of
methods are usually preferred for the numerical treatment of such laws since they directly provide a
physical sense to the quantities of interest:

e Lagrange multipliers method [9];
e Penalty method [11];
e Augmented Lagrangian method [10].

The main difference between the first two approaches consist in the fact that Lagrange multipli-
ers method enforces exactly the non penetration conditions, while Penalty method allows a loosely
controlled violation of the constraints between the structures, as shown in Fig[2.8] Augmented La-
grangian method is instead a combination of these two approaches.

Master Thesis -16- Khadija Masrour



2.4. Contact treatment

Lagrange multiplier method

Pressure
distribution

EERERR ~ \/

Penalty method \&Eenetration
S~ m\_\m:ﬁ_,\ -~
\_Penetration

Figure 2.8: Graphical comparison of the contact constraints fulfillment by Lagrange multipliers and
Penalty method. Lagrange method does not allow any penetration between the two bodies, while
Penalty does not fulfill perfectly the contact constraint allowing a certain amount of penetration [[12].

T Zoom

Following a contact event, the equations of motion of the system are modified in the following
way:
Mq(t) + Cq(t) + Kq(t) = peat(t) + Pe(t) (2.4.1)

where p.(t) is an added term and corresponds to the vector of contact loads.

Before proceeding with the contact treatment, it is opportune first to distinguish between the master
body and the slave body. Physically they cannot penetrate each other but numerically the master
body can penetrate the slave body while the contrary is not allowed. Normally the rigid body is set
to be the master.

Once made this distinction, the procedure consists in finding at each time iteration, for any ma-
terial point z belonging to the master surface (I'), its closest node y belonging to the slave surface
(I'*). According to this condition, the gap function between the two bodies surface is:

g(x, 1) = go(x, 1) + (" (x, 1) —q*(¥(x, 1)) - m (2.4.2)

Normal contact condition

The normal contact conditions, widely discussed in the literature, very often are expressed according
to Karush-Kuhn-Tucker conditions [13]]:

g(x,t) >0
Pen <0 (2.4.3)
Peng(x, 1) =0

The first condition of the system expresses the non-penetration constraint which does not allow the

bodies to penetrate each other, the second condition implies that no adhesive stresses occur in the
contact zone and the third condition ensures that the gap is closed when non-zero pressure occurs
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and the pressure to be zero when the gap is open.
A graphic representing these conditions is given in Fig[2.9]

P
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Figure 2.9: Are shown the contact conditions in normal direction. When the gap function is greater
than zero (no contact), the normal contact pressure is zero. While when the gap is equal to zero
(contact) a non-zero normal contact pressure occurs. No negative gap function is present because no
bodies penetration is allowed [13]].

Tangential contact condition
Models to describe frictional effects are several because it is a complicated phenomenon. In contin-

uum mechanics, the most used model is the one introduced by Coulomb, called frictional Coulomb
model. A graphical representation of such method is given in Fig[2.10]
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Figure 2.10: Frictional contact conditions in tangential direction according to Coulomb’s model
[13].
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Equivalently, Coulomb’s model can be set as follows [[13]:

[Perll = p2[pen| <0
[perll — plpen| <0 = vipa(x,t) =0 (2.4.4)
Iperl — plpen| <0 = FBERY : Vo (X, t) + Bper =0

where vr,.; is the relative velocity between the contact surfaces and . is the frictional coefficient.

2.4.1 Lagrange multiplier method

The principal characterization of Lagrange multiplier method is a perfect compliance with the con-
tact constraint limit, allowing no penetration of the slave into the master body. This contact constraint
is introduced in the system adding a new unknown, the so-called Lagrange multipliers .

The new restrained equation of motion is [[14]:

Mg, + Cq,; + Kqir1 + G A1 = piTy (2.4.5)

where G is the restrained displacements matrix on the surface contact which expresses the exact non
penetration condition:
G =ChQii1c+8r1p>0 (2.4.6)

where g is the gap function, Cy the contact displacement constraint matrix in normal direction and
q the nodal displacements vector in which the pedix ¢ stands for ”corrected”.
Setting to zero in the gap vector g;,, , all the positive terms and keeping unchanged the negative
ones, this leads to a displacement correction only for the penetrating nodes. The new expression for
G4, becomes:

Git1 = ClQis1c+ g.1,=0 (2.4.7)

Thus, the new system to solve is:
M 0 (jiJrl i cCo (:1i+1 + K G| [qin _ P (2.4.8)
0 0| | A\q 0 O | Ny G 0 Ais1 0 o
This is the system of equations corresponding to Lagrange multipliers approach for contact treat-
ment, which can be combined with any time integration scheme in order to get the solution in terms
of A;11, which corresponds to the contact forces vector, and q; 1, the vector of nodal displacements
taken into account the correction term due to the contact constraints.
Among the time integration schemes, the one more suitable for contact problems is the Central dif-

ference scheme (6], which has been proven to be the one that allows a better tracking of the solution
in time avoiding any spurious oscillations.

The advantage of the Lagrange multipliers method is the exact solution that gives since the non-
penetration condition is fully fulfilled. While the disadvantages are associated to the addition of
new unknowns to the system (), the loose of the positive definiteness of the matrices , zero mass is
associated to Lagrange multipliers which could lead to infinite eigenfrequencies and finally a higher
complexity in the implementation with respect to Penalty method.
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2.4.2 Penalty method

This approach is called Penalty method because of the penalization of the contact constraints by a
parameter called Penalty coefficient.
The normal contact condition for such method is shown in Fig2.T1]

i P,

e g(x )

Figure 2.11: Penalty regularization of normal contact conditions allowing a certain amount of pene-
tration in fucntion of the normal contact pressure. The intensity of this penetration is expressed by
the Penalty coefficient (Cy), higher is this value and lower is the allowed penetration and vice versa
[L3].

Thus, form Fig[2.11|the following conditions can be stated:

(2.4.9)
Cyg for g<0 (contact)

0 for ¢g>0 (no contact)
Pe,N =
where p. x is the contact pressure in normal direction, g the gap value and C'y the penalty parameter.
For a general case the contact force along the tangential direction, recalling the Coulomb frictional
contact model, can be formulated as [30]:

£per = Cr {VT’”Z —F IIEC,T I} (2.4.10)
c,T

where £,p.r is the LIE derivative of the frictional force, vr,.; the relative tangential velocity be-
tween the two body surfaces and C'r the tangential penalty parameter.

The approach suggested by Penalty method causes a not exact fulfillment of contact constraint, but
leads to a direct connection between the kinematic quantities and the contact forces leading to a
simpler formulation in which the introduction of additional unknowns, contrarily to Lagrange multi-
pliers method, is not necessary and the problem can be formulated in displacement terms only when,
at a later stage, the weak form is derived [30].

The main disadvantage of this method is the violation of contact constraints. This drawback can be
overcomed by increasing the penalty parameter value, thus enforcing better the contact constraint,
but this leads to an ill conditioning of the system equations. Therefore, the penalty parameter has to
be a compromise between these two limitations.
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2.4.3 Augmented Lagrangian method

A third method to regularize the normal contact and friction conditions is the Augmented Lagrangian
method. This third approach has been introduced to combine the advantages given by the two ap-
proaches of Lagrange multipliers and Penalty methods, overcoming their drawbacks.

It consists in evaluating the normal contact traction in terms of both the Lagrange multiplier Ay in
normal direction and the penalty parameter Cy:

0 for Ay +Cng >0  (no contact)
De,N = (2.4.11)
’ Av+Cyg  for Ay +Cng <0 (contact)
while the tangential contact force is expressed as [30]:
pc,T
£y(per — Ar) = Cr |:VT,rel - 5—Hp ||] (2.4.12)
c, T

where Ar is the tangential Lagrange multiplier vector, vr,.; the relative tangential velocity between
the two body surfaces and (' the tangential penalty parameter.

By this formulation, the enforcement of the contact conditions is higher with respect to Penalty
method because of the introduction of the Lagrange multiplier term, and at the same time the desired
connection between the kinematic quantities and the contact forces is introduced, simplifying in such
way the formulation with respect to Lagrange multipliers method.

2.5 Wear

In many engineering applications the contact and sliding between different parts is very common. In
such conditions, the process of gradual removal of a material from the surfaces is initialized and it is
what commonly is called wear.

The removal of material from the bodies surfaces as consequence of wear phenomena results in
an increase of the gap between the contacting bodies, leading to changements in the application
performances. Indeed almost all machines durability and reliability is reduced due to wear limiting
in such way the possibility of developing new advanced machines [17].

Therefore, it is important to predict such wear depth evolution, as well as its pattern.

2.5.1 Kind of wear

In order to proceed with the wear control, it is first needed to classify the kind of wear that interests
the analyzed application, in order to develop an adapt model to predict its wear evolution.
A first classification of wear patterns can be the following [[16]:

e abrasion;
e adhesion;
o fatigue;

e corrosion;

e erosion.
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Abrasive wear

In the abrasion patterns, the material is removed from a soft surface after that a hard particle digs
into it and plows out material. This ploughing takes place in sliding. An illustration of such phe-
nomenological contact is given in Fig[2.12]

Figure 2.12: Abrasive wear of ductile material [17].

As it is possible to see in the figure in this kind of wear, even if initially the contact occurs be-
tween flat surfaces parallel to the sliding direction, the interface rotates and becomes inclined and
wavy [17]. This effect is a result of the combination of normal and tangential forces in sliding.

Adhesive wear

Adhesive wear is a result of the plastic deformation due to the local adhesion of the contact surfaces.
In such mechanism the load applied to the contacting asperities that characterizes the surfaces is
so high leading to their deformation and adhesion to each other forming micro-joints [17]. This

material adhesion is shown in Fig

Figure 2.13: Adhesion wear mechanism as result of rubbing of two surfaces [335]].

To decrease adhesive wear between contact surfaces different solutions are adopted according
to the studied application. For instance, one of these solutions is lowering the load, use of harder
rubbing materials, use of contaminated rubbing surfaces, introduction of solid lubricants, use of a
lubrication oil between the contact surfaces or introduction of anti-wear additives in oil [[35]].

Fatigue wear

In fatigue patterns, the surface is not damaged slowly and continuously but suddenly due to large
failure of interacting surfaces [[16].

This sudden failure may occur as result of repeated loading and unloading cycles. Due to these cy-
cles, it can be initialized the appearance and growth of surface and subsurface cracks leading to the
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formation of surface defects and eventually the sudden removal of material from the solids surface,
as shown in Fig[2.14]

- -
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Figure 2.14: Fatigue wear mechanism as result of rubbing of two surfaces [33]].

When the number of such loading cycles is high, the expected wear phenomenon is the high-
cycle fatigue mechanism, while when it is low, the low-cycle fatigue mechanism is expected [17]].

Corrosive wear

If the rubbing surfaces show a stadium of oxidation, then this will have effect on the wear mechanism
leading to its acceleration [[17]].

The oxidation initialization is highly promoted by the friction phenomenon of the contact surfaces.
The effects of the friction are indeed an increase of the temperature, as well as the removal of the
protecting oxide films. Furthermore, the removed oxide particles from the surface can be trapped
between the contact surfaces leading to the initialization of wear by abrasion mechanism of three
bodies in contact [35]].

Erosive wear

The Erosive wear mechanism is characterized by the impact of particles that could be solid, liquid
or gaseous, against the surface of a body [19]. These impacting particles remove material gradually
from the impacted surface through repeated deformations and cutting actions.

In engine bearings, the erosion is caused principally by cavitation in the lubrication oil. When the
lubricant oil exits from the convergent gap between the bearing and journal surfaces its pressure
decreases rapidly leading to the formation of voids. These formed bubbles can collapse producing a
shock wave which removes particles from the bearing [35]].

2.5.2 Wear modeling

When rubbing of surfaces is involved in the studied application, first it is important to define what is
the kind of wear mechanism that occurs among the wear mechanisms discussed in section [2.5.1]in
order to proceed with its modeling.

For the wear modeling a large body of empirical data has been collected and some phenomenologi-
cal models have been developed [16]].

Nevertheless, there is still a need of reliable and more robust procedures which can take into account
complex phenomena of wear.

One of the most used models to compute the wear in a structure is Archard’s law due to its simplicity
and at the same time applicability to several different cases.
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Archard’s law

The Archard’s law is an extension of Holm’s law, which was developed for electric contact cases
[16]]. Holm formulation states a relationship between the depth of the material removed by wear
(d,,) on both the sliding distance (s) and the true area of contact (A).

Archard extended such relation observing that the removed material increases as the exchanged
normal load (p,,) between the contact surfaces increases, and decreases as the hardness of the material
increases (H) [20].

do(T) = Ko(T) ;;EL;) (2.5.1)

K, is the Archard’s wear coefficient and it is a function of the temperature, as well as it is the hard-
ness. K, is an empirical coefficient and its expression varies from case to case.

In case in which the friction is taken into account, the relation becomes:

dy(T) = kK (T) ;z‘;) (2.5.2)

The coefficient of friction (i) is used in this formulation of Archard’s law in order to emphasize that
the wear rate is related to the contact stress through the frictional work done.

In a dynamical simulation, in case in which the relative sliding velocity between the two bodies, the
contact pressure and temperature fields vary with the position and time, eq.(2.5.2)) is re-expressed as:

DPnijUTij
Adyi; (T) = pKy,(T dt; 253
in which vz;; is the relative sliding velocity, dt; the time step length and 7 and j repsectively the
discretizations in space and in time.

At the end of the process, the wear depth of the i node is given by:

n

dui(T) =Y Adyij(T) (2.5.4)

J=1

where n is the total number of steps of the simulation.

2.6 Adaptation of the FEM model to wear phenomena

In order to predict the pressure distribution at each time step in a simulation that involves wear phe-
nomena on one or both the interacting bodies, a continuous adaptive meshing has to be performed
to eliminate or at least reduce the deformation-induced element distortion.

The methodology followed consists normally in computing first the pressure distribution by FEM in
order to be able to apply Archard’s law which allows to calculate the nodal wear increments. The
next time step pressure distribution is obtained on the modified geometry and the cycle is repeated
according to the simulated wear process. This methodology characterized by moving the contact
nodes according to the nodal increment wear values is called re-meshing technique [21]].

Another diffused technique consists in eliminating the worn out elements instead of moving their
nodes and it is called killing elements technique.
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In re-meshing method at each iteration the allowed material quantity to be removed from the inter-
acting body is higher and thus requires a smaller number of contact iterations to simulate a certain
sliding distance. While when re-meshing is not used this allowable amount of removable material is
lower since the surface elements are continuously worn out and so the allowable sliding distance for
each wear step is comparatively lower with respect to the remeshing technique case and is continu-
ously decreasing, requiring more contact simulations for the same predetermined maximum sliding
distance [22].

To overcome this limitation in the elements elimination techniques it is possible to increase the
mesh dimension to have enough height to accommodate more amount of wear. But such a strategy
for meshing will affect the accuracy of the FE results because it is not suggested to have a coarse
mesh in the contact region in order to obtain a good accuracy of the results.

Thus, an important advantage with re-meshing techniques is the lower computational time needed
for the wear simulation and at the same time a higher accuracy of the obtained results.

In the following two sections will be presented some developed remeshing and killing elements
techniques fully used nowadays in different engineering applica