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Introduction

Exponential sums are certain arithmetically meaningful finite sums of roots of unity,
which are omnipresent in distinct parts of number theory. One of the first historical
examples, the GAUSS sums, were introduced by C. F. GAUSS to prove the quadratic
reciprocity law differently from the other proofs that he had already given before, which
were ingenious but not particularly illuminating, and they shed light upon the deep
connections that this theorem has with cyclotomy. Furthermore, they proved to be
an exceptionally useful tool in the study of similar problems, and they were fruitfully
used to derive generalisations such as the cubic and biquadratic reciprocity laws and
EISENSTEIN’s reciprocity law, to mention only a few. Their usefulness is not restricted
to this but is wide-ranging; for instance, they appear in the functional equations of the
DIRICHLET L-series, and they can be used to compute or estimate in an elementary
way the number of solutions to some polynomial equations over finite fields.

Other interesting but more complicated exponential sums are the KLOOSTERMAN
sums, which first appeared in the coefficients of certain modular forms in a paper
by POINCARE, and can be considered as the discrete analogue of the BESSEL function.
They are named after KLOOSTERMAN, however, because he was the one that proved the
first nontrivial bound for them, which he used to study the problem of representability
of integers by quadratic forms in four variables, having solved the problem in five and
more variables a few years earlier in his doctoral dissertation. Nevertheless, although
the bound he found was enough for his purposes, it was far from optimal.

When one has to deal with an exponential sum, the ideal situation would be to
be able to evaluate it explicitly, but this rarely occurs except in very particular cases.
Fortunately, it is in general enough for applications to find good upper bounds, and
different techniques have been developed to approach this problem. One of the most
successful ones is based on how deeply connected exponential sums are to curves over
finite fields. Indeed, finding an upper bound for an exponential sum is usually tanta-
mount to estimating the number of rational points on a certain curve, and this latter

problem can be studied with powerful tools from algebraic geometry.
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More precisely, if X is an algebraic curve defined over a finite field of ¢ elements,
then the HASSE-WEIL bound says that the number of rational points on X differs from
q by some quantity bounded by 2g,/q, where g is the genus of X. This celebrated
result, first proved by WEIL, is equivalent to a version of the RIEMANN hypothesis for
curves, which states that the zeros of a certain zeta function associated to the curve
all lie on the line Re(s) = % Interestingly enough, a few years after WEIL’s proof
was published the Russian mathematician STEPANOV found a completely elementary
way of proving the RIEMANN hypothesis by a simple counting argument. His method
fundamentally consists in the following simple idea. If A is some finite subset of a field,
say, and you can find a nonzero polynomial vanishing with order ¢ at all points of A,
then the cardinality of A is trivially bounded by the degree of the polynomial over /.
It turns out that this bound is strong enough to deduce the required estimates.

While STEPANOV only applied his method to a certain family of hyperelliptic curves,
it was afterwards generalised by BOMBIERI to arbitrary curves over finite fields, at the
expense of using the RIEMANN-ROCH theorem. Understanding BOMBIERI's proof is the
aim of the first chapter, which begins with a somewhat lengthy discussion on the theory
of curves over finite fields and a sketch of the proof of the RIEMANN-ROCH theorem. We
then define the zeta function associated to an algebraic curve, prove both the rationality
and the functional equation it satisfies, and finally show how STEPANOV’s method is
used to prove the RIEMANN hypothesis.

In the second chapter we deal with two important families of exponential sums,
namely KLOOSTERMAN sums and WEIL sums. Their study parallels that of curves in
the first chapter in the sense that one constructs a zeta function associated to them
which satisfies the expected properties, namely that it is a rational function, it has some
functional equation, and that the RIEMANN hypothesis holds. However, in contrast to
the case of curves, where the RIEMANN-ROCH theorem plays a leading role, this chapter
is computational in nature and everything is explicit. Indeed, we prove again the RIE-
MANN hypothesis for the family of curves that arise in this context following essentially
STEPANOV’s original method. The proof crucially depends upon finding an auxiliary
polynomial vanishing at the points on the curve with large order, and the construc-
tion is largely inspired by diophantine approximation: one considers a polynomial of
large degree with indeterminate coefficients, and then imposes the vanishing of all the
derivatives of the polynomial at these points up to certain fixed order. A subtlety to be

considered here is that we are working in a field of positive characteristic, so ordinary
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derivatives no longer can be used to determine the order of a zero. Nevertheless, the
so-called HASSE derivatives solve this problem. Finally taking some adequate values of
the parameters one can ensure that there are more variables than (linear) conditions,
so a nontrivial solution exists by linear algebra. As an application of the RIEMANN
hypothesis we find the optimal bound for KLOOSTERMAN sums, which is the most
important theorem of the chapter.

An important point to be taken into account is that even though the HASSE-WEIL
bound is applicable in a wide variety of situations, it becomes useless if the genus of
the curve is large compared with the cardinality of the finite field. This happens, for
example, for the so-called HEILBRONN sums, which we study in the third chapter. The
algebraic curves associated to these sums have genera that grow quickly with the order
of the field, and as a consequence one obtains worse-than-trivial estimates. It was
not until 1996 that HEATH-BROWN, applying in a striking way a modified version of
STEPANOV’s method, found the first nontrivial upper bound for these sums. The key
ingredient was the estimation of the number of solutions to the equation f(X) = a over
a finite field of p elements, where f is a truncation of the power series expansion of the
logarithm. Four years later he and KONYAGIN refined the method to obtain a better
bound, and SHKREDOV subsequently made further improvements, although we are still
far from the optimal bound.

Up to this point we have talked about exponential sums and their connection to
algebraic curves, but there is a natural generalisation that arises in different contexts,
namely exponential sums in several variables. These sums are linked to higher dimen-
sional algebraic varieties over finite fields, and as in the one-dimensional case one can
construct a zeta function associated to a variety and formulate analogous statements
about it, which are known as the WEIL conjectures. The rationality and the functional
equation having being proved by DWORK and GROTHENDIECK in the sixties, it was
not until 1974 that DELIGNE proved the RIEMANN hypothesis using deep results from
algebraic geometry. In the fourth and last chapter we discuss, although only briefly,
DELIGNE’s theory formulated for exponential sums, and we examine an interesting ex-
ample of a three-dimensional exponential sum studied by BIRCH and BOMBIERI, which

exemplifies how powerful DELIGNE’s results are.

Acknowledgments. [ would like to thank my advisor Dr. Florent Jouve for sug-
gesting a very interesting topic for the master’s thesis, for his careful reading of the

manuscript, and for his invaluable suggestions to improve it.






CHAPTER 1

Curves over finite fields

1.1. Algebraic curves

1.1.1. Basic definitions. Let k& be a field and X be a scheme over k. The structure
sheaf of X is denoted by O, and for a point x € X we let:

Ox be the local ring at z,
m, be the unique maximal ideal of Ox ,, and
k(x) = Ox./m, be the residue field at x.

Recall that X is normal if Ox , is a normal domain for all x € X, i.e., it is integrally
closed in its fraction field. This condition is equivalent to the normality of the ring
Ox(U) for all affine subsets U C X. We say that X is projective if it is a closed
subscheme of some projective space P} = Proj k[T, ..., T,], in which case there exists
some homogeneous ideal I of k[T, ..., T,] such that X = Proj k[Ty,...,T,]/I. A closed
point x € X is said to be nonsingular if the local ring Ox , is regular, this is, it is a
Noetherian local ring such that dimg m,/m? coincides with the KRULL dimension of
Oxz. When dimOx, = 1 this last condition is equivalent to saying that Ox, is
normal, or that it is a discrete valuation ring. We say that X is regular or nonsingular
if every point has an affine open neighbourhood U C X such that Ox(U) is regular.
Equivalently, X is locally Noetherian and nonsingular at every closed point. If X is
integral, we define its function field k(X) as the residue field of the generic point of X.
If U C X is an affine open subset, then the natural map Ox(U) — k(X) is injective
and induces an isomorphism between the fraction field of Ox(U) and the function field
of X.

1.1.2. Base change. Let X be a scheme over a field k. If K/k is a field extension
we denote by Xx the base change X X Spec K. Recall that by the universal property
of the fibre product we have a bijection X (K) = X(K) between K-rational points
of Xx and K-rational points of X. Furthermore, k-rational points of X are naturally
identified with points x € X with residue field isomorphic to k. More generally, there is
a one-to-one correspondence between K-rational points of X and pairs (z,¢) of closed

1



2 1. CURVES OVER FINITE FIELDS

points z € X and k-embeddings ¢ : k(x) — K. When X is of finite type over k we
also know that a point z € X is closed if and only if the residue field k(z) is a finite
extension of k. The degree [k(z) : k] is called the degree of x, and is denoted by deg z.
Notice that the group Aut(K) of k-automorphisms of K acts on X (K) in a natural
way: a k-automorphism o : K — K induces a morphism Speco : Spec K — Spec K of
k-schemes, and by composition we have the map X(K) — X(K),s — so Speco. In
particular, suppose that k is perfect and fix an algebraic closure k of k. Then Gal(k/k)
acts on X (k), and the Gal(k/k)-orbits of X (k) are exactly the closed points of X.

PROPOSITION 1.1.1. There is a one-to-one correspondence between Gal(k/k)-orbits

in X(k) and closed points of X given by
(s : Speck — X) — s(Speck).

Furthermore, the degree of a closed point x € X is exactly the cardinality of the corre-
sponding orbit.

Proor. If we identify X (k) with the set of pairs (x,:) with z € X closed point
and ¢ € Homy,(k(x), k), then the Gal(k/k)-action is given by o(z,t) = (z,0 o), and
the claim follows as Gal(k/k) acts transitively on Homy,(k(x), k), which has cardinality
[k(z) : k] since k is algebraically closed. O

Thus for each closed point # € X there are degz points on Xj lying above z.
In addition, since the Gal(k/k)-orbit of (z,1) € X(k) is a singleton if and only if
degz = 1, we see that X(k) = X (k)% * /%) More generally, if K/k is an algebraic
extension contained in k, then K-rational points are in one-to-one correspondence with
k-rational points fixed by Gal(k/K).

1.1.3. Frobenius morphisms. Let k = [, be a field of ¢ elements, fix an algebraic
closure k of k, and let ¢ : Spec k — Spec k be the morphism induced by the FROBENIUS
morphism k& — k,a — a?. Also let X be a scheme over k& and X be the base change
X xj Spec k. We define the following endomorphisms of X:

(1) The absolute FROBENIUS is the morphism ¢ that is the identity on points of
X and that induces the map f +— f? in Ox(U) for all open subsets U C X. Tt
is not a morphism of k-schemes.

(2) The relative FROBENIUS is the morphism ¢ = ¢" X idg . of k-schemes.

(3) The arithmetic FROBENIUS is the morphism ¢! = idy x ¢, which is an auto-

morphism of X-schemes (but not of k-schemes).
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(4) The geometric FROBENIUS is the inverse of ¢, this is, gzﬁg =idy xp L

They are related through the equalities ¢ = ¢f o ¢I' = ¢F o ¢I", so we have the

commutative diagram
¢F

J— ¢F I
X —

J J

Spec k — Spec k

which in particular shows that the action of the morphism ¢ on closed points of X
coincides with the action of the arithmetic FROBENIUS. Hence k-rational points on X
correspond to closed points on X fixed by ¢f,

X(k) = {z € X(k) : ¢4 (z) = x}.

These endomorphisms are functorial in the sense that for all morphisms ¢ : X — Y of
schemes, the diagram

¢F
—

>

dX idE X idE

.<7
<‘T><‘

=l

¢F

commutes, and similarly for ¢}, ¢J and ¢
1.1.4. Algebraic curves and function fields. The main objects we will work

with in this Chapter are projective nonsingular (or, equivalently, normal) curves over a

perfect field k, which is usually a finite field F, or its algebraic closure F,.

DEFINITION 1.1.2. A curve is a separated integral scheme of finite type over k of

dimension one.

One can prove that there is a contravariant equivalence of categories between the
category of projective nonsingular curves over k£ with nonzero morphisms of k-schemes
(equivalently, finite morphisms, or surjective morphisms) and the category of func-
tion fields of transcendence degree one over k with k-algebra homomorphisms, see
for example |27, Theorem 0BY1]. In particular, since every function field is a finite
extension of the purely transcendental extension k(t), which is the function field of
P, = Projk[Ty, T1], every curve X admits a surjective morphism X — P;. We also

have that there is a one-to-one correspondence between closed points on X and discrete
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valuation subrings of £(X). Indeed, given a closed point z, the subring Ox , C k(X) isa
discrete valuation ring by definition of regularity. Conversely, we prove in Lemma [I.1.§]
below that one can find a unique closed points x from a given discrete valuation sub-
ring R of k(X) such that Ox, = R. The normalised valuation on Ox, is the map
ord, : Ox, — Z U {oo} sending an element f € Oy, to the supremum of the integers
d such that f € mZ In the case of X = P. we can view nonzero elements of k(%) as
quotients of the form f = g/h with h, g € k[T,,T1] \ {0} homogeneous of the same de-
gree. Thus, if we factor them as product of irreducible polynomials, which correspond
to discrete valuation subrings of k(P:) and hence to closed points of Pi, the fact that
deg g = deg h implies that

(1.1.3) > ord,(f)degz =0,

x closed point

this is, f has as many zeros as poles, counted with the appropriate multiplicities.
Indeed, one only needs to notice that the degree of a point is exactly the degree of the
corresponding irreducible polynomial. Equation (1.1.3), which holds for any curve X,

is known as the product formula.
PROPOSITION 1.1.4. Let X be an algebraic curve over k and f € k(X). Then
> ord,(f)degz =0,
where x runs over all the closed points of X.

To prove Proposition we recall first some definitions. Let U C X be an affine
open subset of X, and let R = Ox(U) be the ring of regular functions on U. As we
remarked at the beginning of the section, the fraction field of R is naturally identified
with k(X), and furthermore R is a DEDEKIND domain. Indeed, it has KRULL dimension
one since X is has dimension one, it is Noetherian since X is of finite type over k, and it
is normal as X is nonsingular. In particular ideals in R factor in a unique way as product
of prime ideals. If ¢ is a transcendental element in R and X — P}, is the morphism
corresponding to k(t) — k(X), then R/k[t] is a finite extension of DEDEKIND domains
and we see that for a closed point x € X the numbers deg x and ord, () correspond to
the usual notions of inertia degree and ramification index respectively. More generally,
let  : X — Y be a morphism of curves, which induces a k-algebra homomorphism
¢* 1 k(Y) = k(X) between the function fields, and therefore a finite extension of fields

k(X)/¢k(Y).
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DEFINITION 1.1.5. The degree of ¢ : X — Y is defined as deg ¢ = [k(X) : ¢*k(Y)].

In particular ¢ is an isomorphism if and only if deg ¢ = 1.

DEFINITION 1.1.6. Let ¢ : X — Y be a morphism, y € Y be a closed point, and
t, be a uniformiser at y, this is, an element ¢, € k(YY) with ord,(t,) = 1. We say that
y is unramified in X if ord,(¢*t,) = 1 for all z € ¢~(y). Otherwise we say that y is

ramified.

PRrROOF OF PROPOSITION [LT.4l A well-known theorem on DEDEKIND domains
says that, for a fixed closed point y € Y,

(1.1.7) Y. ordo(¢7ty)[k(x) : 67k(y)] = deg ¢,

()
where t, is a fixed uniformiser at y. Notice that, since ¢ is a finite morphism, it has
finite fibres and therefore this sum is well-defined. It is now immediate that, if f € k(X)
and Y is the curve with function field k(t, f), then

> ord,(f)degz =>" Y ord,(f)degz =deg¢»_ ord,(f)degy

Y zep~(y)

on using the formulas

degz = [k(z) : ¢*k(y)] degy,
ord, (¢*f) = ord,(¢*t,) ord,(f) for f e k(Y).

An important particular case of the latter equation is that ord,(¢*f) = ord,(f) when
¢ is an isomorphism. Thus, to prove Proposition [1.1.4]it suffices to consider the case
when k(X)) = k(t, f). If f is algebraic over k then it is integral over k, so it is contained
in all discrete valuation rings S C k(t, f). But the same is true for f=! so f is a unit
in S. This means that ord,(f) = 0 for all z, and the product formula is trivially true
for f. If f is not algebraic then k(f) is a purely transcendental extension, so it is the
function field of P;. Let ¢y : X — P be the corresponding morphism of curves and let
R be the integral closure of k[f] in k(t, f). If y is the closed point of P} corresponding
to the prime ideal fk[f] of k[f], then by Equation we have

> ordy(f)dega = deg oy = [k(t, f) : k(f)].
z€¢; " (y)

Notice that if x is a closed point such that ord,(f) > 0, and it corresponds to some
discrete valuation ring S C k(t, f), then f € S and consequently R C S since S
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is integrally closed. Thus S corresponds to some prime of R lying above fk[f], so
ord,(f) > 0 exactly when x € (bjil(y). Similarly, arguing with f~! we have
Y ordy(f) degz = degpyp = [k(t, f) : k(f)]
z€¢y 4 (2)

where z is the closed point corresponding to f~k[f~!]. Since ord,(f) is nonzero if and
only if x € gb;l(y) orz € gbl_/lf(z), we deduce that

dord,(f)degz = Y ord,(f)degz— D ord.(f ') degz = 0.

v zed; ' (y) z€éy 4 (2)

This ends the proof of the proposition. O

LEMMA 1.1.8. There is a one-to-one correspondence between closed points on X and

discrete valuation subrings of k(X).

PROOF. We only need to find, for each discrete valuation subring R C k(X), a
closed point x € X with Ox, = R, and then show that distinct points have distinct
local rings. Let f be a uniformiser for R and let X — P} be the morphism associated
to the inclusion k(f) — k(X). Let y € Y be the prime corresponding to the maximal
ideal fk[f] of k[f], and let S be the integral closure of k[f] in k(X). Since f € R and
R is integrally closed it is clear that S C R. Now, the ideal m = fR NS is maximal
in S so it corresponds to some point z lying above y, and we claim that the local ring
Oxez = Swis R. But Ox, is a discrete valuation ring, and it is well-known that if
Ry C R, are discrete valuation rings, then we must have Ry = Ry, see Chapter 5, p. 72
in |1]. Finally, suppose that Ox, = Ox., and let Spec A be an affine neighbourhood

containing = and x’. Then m, = m, in A, so x = 2/, as wanted. O

1.1.5. Galois covers. Let ¢ : X — Y be a morphism of nonsingular projective
curves over a field k, which endows X with a structure of Y-scheme. Then each ¢*k(Y')-
algebra automorphism o~ € Aut gy (k(X)) of k(X) induces a morphism ¢, : X — X
of Y-schemes such that ¢} = o', and consequently Autsyy)(k(X)) acts on the fibre
of each closed point y of Y permuting the points lying above. The reason we use o~!

instead of ¢ is that in this way we have 0(Ox ;) = Ox ¢, (2) for each z € X.

DEFINITION 1.1.9. If the extension k(X)/¢*k(Y) is GALOIS we say that ¢ : X — Y
is a GALOIS cover.

An important property of a GALOIS cover is that the GALOIS-action on the curve
X is transitive on the points lying above a fixed y € Y.
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ProposiTION 1.1.10. Suppose ¢ : X — Y is a GALOIS cover and let y € Y.
Then the action of Gal(k(X)/¢*k(Y)) on ¢~ (y) is transitive, this is, for all pairs

x, 7' € ¢~ (y) there exists some automorphism o such that o(z) = 2.

Proor. Let SpecA C Y be an affine neighbourhood of y, and let Spec B =
¢ '(Spec A). Also let p € Spec A be the prime corresponding to y. If the action is
not transitive then there are primes qq, qa € Spec B above p such that o(q;) # qo for all
automorphisms o. Using the Chinese remainder theorem find some o € qo such that
a=1 (mod 07!(qy)) for all 0. Then 3 =[], o(a) € Aisnot in ANg; = p since f =1
(mod q1). But g € ANgqe = p, which is a contradiction. O

ProrPoOsITION 1.1.11. Suppose ¢ : X — Y is a GALOIS cover and let y € Y. Then
the ramification index ord,(¢*t,) and inertia degree [k(x) : ¢*k(y)] do not depend on
x € ¢ (y), they depend only on y.

PROOF. Each ¢*k(Y)-algebra automorphism o1 : k(X) — k(X)) induces a ¢*k(y)-
algebra isomorphism k(z) — k(¢,(z)), so the inertia degrees of x and ¢, (x) are equal.

On the other hand, since ¢* = 07 '¢* and ¢, is an isomorphism,

ord, (¢*t,) = ord, (o7 '¢*t,) = ordy, )(¢*t,),
so the claim follows from the transitivity of the the action. O

1.1.6. Geometric properties of curves. Some important properties a scheme
may have, such as irreducibility or integrality, are not preserved under base change in

general. This motivates the following definition.

DEFINITION 1.1.12. A scheme X over a field k is called geometrically reduced (resp.
irreducible, integral) over k if X X Speck’ is reduced (resp. irreducible, integral) for

all extensions k'/k.

One has that X is geometrically irreducible if and only if X x; Spec k' is irreducible
for all finite separable extensions k'/k, see |27, Lemma 038I]. On the other hand, over

perfect fields the condition of geometric reducibility is automatic.

LEMMA 1.1.13. If X is a reduced scheme over a perfect field k, then X is geomet-

rically reduced over k.

PROOF. For simplicity we only prove it when X is integral and £&’/k is an algebraic

extension. The general case follows from Theorem 3, Chapter V, Section 15 in [5].
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Let Spec A C X be an affine open subset. Then A is an integral domain, so it is a
subring of its ring of fractions K = k(X). Since any separable extension is direct limit
of finite separable extensions and the direct limit of reduced rings is again reduced, it
suffices to consider the case when k' is a finite separable extension. Write &' = k(«)
for some separable element «. Tensoring with &' we find that A ®; k' is a subring
of K ® k' = K[T]/(f), where f € k[T] is the minimal polynomial of a. Since f is
separable the ring K[T]/(f) is reduced, and hence so is A ®; k’. This proves that
X X}, Speck’ is reduced. O

Note however that if X is irreducible it might not be true that X/ is irreducible for
some extension k'/k, even if k is perfect. For this reason when working with a curve
X we shall also require the additional hypothesis that X is geometrically irreducible
to guarantee that base extensions of X are also curves. This condition is equivalent to

requiring that & is algebraically closed in the function field k(X)) of X.

PROPOSITION 1.1.14. A curve X/k is geometrically irreducible if and only if k is
algebraically closed in the function field k(X).

In the proof of the proposition we will use the following lemma.

LEMMA 1.1.15. Let X be an integral scheme over a perfect field k. Then X is
geometrically integral if and only if Spec(k(X)®yk') is irreducible for all finite separable

extensions k' [ k.

PROOF. Let k'/Ek be a separable extension and suppose that X' = X x; Speck’ is
integral. Then, since X' is covered by the affine schemes of the form Spec(A ®y k') with
Spec A C X, we have

k(X') = lim A ® kK= k(X) @ K
Spec ACX
on using that the tensor product commutes with colimits. Thus k(X) @ k' is a field, so
Spec(k(X)®gk') is irreducible. Conversely, suppose that Spec(k(X)®yk’) is irreducible.
Since k' is separable this means that k(X) ®; k" is a field. The natural morphism
Spec k(X) — X induces a morphism Spec(k(X) ® k') — X X Speck” which factors
through any affine subset Spec(A ® k') with Spec A C X. Let £ be the unique point
in the image of this morphism. Since A is a subring of k(X), A ®; k' is a subring
of k(X) ® k', so £ corresponds to the zero ideal of A ®; k’. Hence Spec(A ®j k') is

irreducible. Choosing now an affine cover {Spec A; };¢; of irreducible subsets of X such
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that Spec A; N Spec A; is nonempty for all 7, j € I and using the flatness of £’ it follows
that X’ is also irreducible. O

Thus Proposition |1.1.14] will follow if we prove that Spec(k(X) ®y k') is irreducible
for all finite separable extensions k’/k, and this in turn is a particular case of the

following lemma, where the field need not be perfect.

LEMMA 1.1.16. Let k be any field and K/k be an extension. Then Spec(K ®y k') is
irreducible for all finite separable k'/k if and only if K is separably closed in k.

PROOF. Suppose first that k is separably closed in K, and let o € K be separable

over k. If f € k[T] is the minimal polynomial of « over k, then
Spec(K &y, k(a)) = Spec(K @y, (k[T]/(f))) = Spec(K[T]/(f))

is not irreducible unless a € k since T" — « divides f in K[T]. Conversely, suppose
that k is algebraically closed in K, and let k'/k be a finite separable extension. Then
k' = k() for some « separable over k and Spec(K ®y k') = Spec(K[T]/(f)), where f is
the minimal polynomial of a, so we see that Spec(K ®; k') is reducible if and only if f
has a nontrivial factorisation f = f; fo in K[T']. But the coefficients of the polynomials
f1 and fy are separable over k since they lie in the extension of k£ generated by the roots
of f. Thus, if k*P is a fixed separable closure of k containing these coefficients, we have
that fi, fo € K[T] N k*P[T] = k[T], contradicting that f is irreducible in k[7]. O

Finally, while the properties of being projective, separated, and of finite type are
preserved under base change, it is not true in general for normality (nor for regularity,
but this property is more subtle since local Noetherianity is not preserved under arbi-
trary base change to extensions k' /k either). Thus one can define similarly the notion of
geometric normality of a scheme, but by Lemma it is not interesting if the field k
is perfect. Hence, since an application of NOETHER’s normalisation lemma shows that
the dimension is preserved under base change to k' (see Lemma below), we have
that the base change of a geometrically irreducible nonsingular curve over a perfect field

k to an extension k'/k is again a geometrically irreducible nonsingular curves over k'.

LEMMA 1.1.17. Let k be a perfect field and R be a k-algebra. Then R is normal if

and only if R ®y k" is normal for all extensions k' /k.

ProoF. We work with the additional hypothesis that &’ is algebraic over k& and

that R is geometrically irreducible, which is the case we need. The proof of the general
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statement can be found in |27, Lemma 037Z]. Writing &’ as a direct limit of finite
separable extensions of k£ and noting that normality is preserved under direct limits
we only need to consider finite separable extensions k'/k. But if &' = Ek[T]/(f) for
some irreducible monic polynomial f € k[T], then R ®; k' = R[T]/(f), and f is still
irreducible in R[T] since R is geometrically irreducible. Hence, if « is a root of f, we
have R®y k' ~ R]a], and R[a] is integral in Frac(R)(«) = Frac(R[a]) since « is integral
over R. O]

LEMMA 1.1.18. Let X be an integral scheme of finite type over k and let k'/k be an
extension of fields. If Xy is irreducible then dim X = dim X.

PROOF. If {Spec A;}icr is an affine cover of X, {Spec(A; @ k') }ies is an affine cover
of X" and dim X’ is the supremum of the dimensions of Spec(A; ®j k). Thus we only
need to show that dim(A; ®j k') = dim A;. By NOETHER’s normalisation lemma there
is a finite injective morphism k[T, ..., Ty] — A; of k-algebras, where d = dim A;. Since
k' is a flat k-algebra we have that k'[Ty,...,Ty] — A; ® k' is also finite and injective,
so d = dim(A; ®; k'), as wanted. O

1.2. The Riemann-Roch theorem

Let k be a field and X be a nonsingular projective curve over k.

DEFINITION 1.2.1. The group of divisors Div(X/k) of X is the free abelian group
on the set of closed points of X. The degree of a divisor D is defined as the sum
deg D =Y, n,degx € Z, where deg x = dimy, k(). The subgroup of divisors of degree
zero is denoted by Div®(X/k).

Thus a divisor D € Div(X/k) is a linear combination of the form ), n,x where
n; € Z and n, = 0 for all but finitely many z. Notice that if k is algebraically closed
then degx = 1 for all z and in particular the degree of D is >, n,.

DEFINITION 1.2.2. We define the partial order on Div(X/k) given by
mex > anx if and only if m, > ng,
and we say that D € Div(X/k) is an effective divisor if D > 0.

DEFINITION 1.2.3. Let f € k(X) be nonzero. The principal divisor associated to
f is the divisor div f = Y, ord,(f)z, which has degree zero by Proposition We
denote by P(X/k) the group of principal divisors.


https://stacks.math.columbia.edu/tag/037Z

1.2. THE RIEMANN-ROCH THEOREM 11
DEFINITION 1.2.4. For each divisor D we define the k-vector space
L(D) = {f € K(X)\ {0} : div f + D > 0} U {0},
and we denote by ¢(D) its dimension.

Notice that L(D) is indeed a vector space since ord,(f+¢g) > min(ord,(f),ord,(g)).

DEFINITION 1.2.5. Two divisors D and D’ are said to be equivalent if D—D" = div g

for some nonzero g € k(X).

If D and D' are equivalent, then the k-vector spaces L(D) and L(D') are isomorphic
via the isomorphism f — fg. Using this remark we can prove that the dimension ¢(D)
of L(D) is always finite.

LEMMA 1.2.6. L(D) is a finite-dimensional k-vector space for all D € Div(X/k).

Proor. If L(D) is nonzero there is some nonzero f such that D + div f > 0, and
replacing D with D + div f we may assume D > 0. The proof is by induction on the

degree of D. If deg D = 0 then D = 0, so L(D) = k has dimension one. Now, if D # 0
write D = D' + « for some point z. If L(D) = L(D') we are done. Otherwise there
exists some g € L(D)\ L(D’), and then ord,(f) > ord,(g) for all f € L(D). Hence the
map L(D) — k(z), f — f/g+ m, is well-defined and the kernel is seen to be L(D’).
Since both k(z) and L(D’) are finite-dimension k-vector spaces, so is L(D). O

DEFINITION 1.2.7. The Picard groups of X are the quotients

Pic(X/k) = Div(X/k)/P(X/k) and Pic’(X/k) = Div’(X/k)/P(X/k).
Our aim now is to sketch the proof of the RIEMANN-ROCH theorem, which will be

of utmost importance in the following sections. We follow closely [22].

THEOREM 1.2.8 (RIEMANN-ROCH THEOREM). There ezists an integer g > 0 and
a class in Pic(X/k) such that for all W in the class and all D € Div(X/k) we have

(D) =degD —g+1+¢(W — D).
DEFINITION 1.2.9. The integer g of Theorem is called the genus of X/k.

COROLLARY 1.2.10. If W is as in Theorem [1.2.8, then (W) = g and degW =
2g — 2. Furthermore, if D is a divisor such that deg D > 2g — 1, then

D) =degD — g+ 1.
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PROOF. Setting D = 0 in Theorem we get that ¢(WW) = g, and then putting
D = W we deduce that deg W = 2g—2. Finally, if deg D > 2g—1 then deg(W —D) < 0,
so (W — D) = 0 and this proves the corollary. O

To prove Theorem [I.2.8] we first prove the weaker RIEMANN inequality, which says
that ¢(D) > deg D — g + 1. Once this is proved, it suffices to show that there exists
some canonical divisor W such that the dimension of L(W — D) coincides with the
difference ¢(D) — (deg D — g + 1), and that is achieved by studying some special linear
maps called WEIL differentials, which are defined below. We will associate a unique
divisor to each of them, and prove that they form a class in Pic(X/k) satistying the

required condition.

DEFINITION 1.2.11. Let K = k(X) be the function field of X/k. The ring of adéles
of X is defined as

Ag = {(ai)x € H K, :a, € 0, for all but finitely many .CE}

x closed

where Rx is the completion of K with respect to the valuation ord, and 69: is the ring
of integers of K,. We embed K in Ag via the map a > (a),, and we also define for
each divisor D = Y, n,x € Div(X/k) the subset Ax (D) of points (a,), € Ax such
that ord,(a,) 4+ n, > 0 for all z.

Notice that both Ax and Agx(D) are k-vector spaces, and Ax (D) N K = L(D).

DEFINITION 1.2.12. A WEIL differential is a linear map w : Ax — k vanishing on
K and on A (D) for some divisor D. We denote by Q the set of all WEIL differentials
and by Qg (D) the set of WEIL differentials vanishing on Ax (D).

Defining fw : g — w(fg) for f € K and w € Qx we see that Qg is a K-vector
space. Indeed, one checks that if w(Ax(D)) = 0, then (fw)(Ax(D —div f)) = 0.
The first step in the proof of the RIEMANN-ROCH theorem is to prove RIEMANN’s

inequality, which says that there exists a unique integer g > 0 such that
(D) >degD —g+1
for all divisors D, with equality for deg D large enough.
LEmMA 1.2.13. If D < D' then Ax(D) C Ag(D’) and

dimy,(Ag(D")/Ak(D)) = deg D" — deg D.
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PRrOOF. By induction on deg D’ it suffices to show dimy (Ax (D+2)/Ak (D)) = degz
for all z. Let n = ord, (D) and i, = m,O,. Then the natural map Ag (D + z) — ;"
induces an isomorphism of k-vector spaces Ay (D + z)/Ax(D) ~ m "' /m " and the

claim follows from the isomorphisms m; " !/m_ " ~ m "' /m " ~ k(z). O

Now an application of the isomorphism theorems yields
Ag(D)+ K _ Ar(D")/Ak (D) _Ag(D")/Ak(D)
Ax(D)+ K~ (A (D) + L(D")/Ax(D) —  L(D")/L(D)
so the dimension of (Ax(D’) + K)/(Ax(D) + K) is (D) — r(D) by Lemma
where r(D) = deg D — ¢(D). In particular r(D’) > r(D).
Fix some transcendental element f € K. We know that K/k(f) is a finite algebraic
extension. Let Dy = — 3, 0a,(f)<0 0rde(f)z € Div(X/k). Then RIEMANN’s inequality

follows if we prove the following claims:

(1) The increasing sequence {r(mDy)}mn>1 is bounded.

(2) Every D is equivalent to some divisor D’ such that D' < mDy for some m.

(3) RIEMANN'’s inequality is an equality if deg D is large enough.
Notice that if g is the smallest integer such that r(mDy) < g — 1 for all m > 0, then
—1 =7r(0) <r(mDy) < g—1,s0 g > 0. To prove we only need to show that the
sequence {(mDy) —mdeg Dy is bounded below by some constant, and for this we show
that there is a constant mg such that for all m > mg we can find (m — mg + 1) deg Dy
linearly independent elements in L(mDg). We saw in Section that deg Dy is equal
to the degree n = [K : k(f)]. Let ¢1,...,9, be a k(f)-basis of K. We may suppose
that these elements belong to the integral closure of k[f] in K. This guarantees that
ord,(g;) > 0 for all x which are not poles of f. Let mg be large enough so that
div g; +moDy > 0 for all j. Then g; € L(mD,) for all m > my, and we claim that the
elements

{flg;:0<i<m—mg,1<j<n},

which are linearly independent over k, belong to L(mDy). Indeed, if x is a pole of f
then

ord, (f'g;) = iords(f) +ords(g;) = (m — mo) ordz(f) +mo ordy(f) = morda(f).

Hence we get the desired inequality r(mDgy) < (m — mqg + 1) deg Dy.
To prove we need to find some h € K* such that mDy + divh — D > 0. For
each pole x of —D which is not a pole of f let h, be the generator of the maximal ideal

kE[f]Nm,. Then letting h be the product of these h,’s with sufficiently large exponents
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we have that the poles of divh — D occur among the poles of f. Letting m be large
enough follows.

Finally we prove[(3)] Let my large so that r(m;Dgy) = g—1. Then ¢(D —myDy) > 1
if deg D > mydeg Dy + g, so there exists some nonzero h € L(D — myDy). Hence
m1Dy < D +divh, so g —1=r(miDy) <r(D).

The next step is to analyse the difference (D) — (deg D — g + 1). In the following
lemma we prove that it is exactly the dimension of the k-vector space Qi (D). Then
we will show that Qg (D) coincides with ¢(W — D) for some appropriate W, and the
RIEMANN-ROCH theorem will follow easily.

LEMMA 1.2.14. For any divisor D the vector space Qx (D) is finite-dimensional and
((D) =degD — g+ 1+ dim; Qg (D).
In particular g = dimy, Qg (0).

Proor. Fix a divisor Dy > D with degree large enough so that RIEMANN’s in-
equality holds. Then for all D' > Dy the computation above shows that

Ag(D) + K

In particular Ax(D') + K = Ag(Dy) + K for all D’ > Dy. Since for all £ € Ax we can
find some D’ such that £ € Ax(D’) we must have Ax (Do) + K = Ag. But Qg (D) is
the k-dual space of Ax/(Ax(D)+ K), so the lemma follows. O

We can associate to each nonzero differential w € Qi a unique divisor divw such
that w € Qg(divw) and with the following property: if w € Qg (D) for some divisor
D then D < divw. Notice that if deg D is large enough then we showed in the proof
of Lemma that Ax = Ag(D) + K, so for any such D we have w(Ag) = 0, this
is, w = 0. Hence the divisors D with w € Qg(D) have bounded degrees, so there
exists some divw = Y, n,x with maximal degree, and the claim follows if we prove
that if D = Y, nl.x is such that w € Qg (D), then D' = Y max(n,,n. )z also satisfies
w € Qg (D). But one checks that Ay (divw) + Ax (D) = Ax(D’).

LEMMA 1.2.15. If f € K* and w € Qk then div(fw) = div f + divw.

PROOF. Since fw vanishes on Ag(div f + divw) we have div f 4 divw < div(fw).
Similarly div f~'+div(fw) < divw, and the lemma follows from div f+div f~1 =0. O
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By Theorem below any two nonzero differentials differ by some f € K*, and
therefore by Lemma the set div(Q2x \ {0}) defines a unique canonical class in
Pic(X/k). We also see that L(divw — D)w C Qg (D) since given f € L(divw — D) we
have div(fw) = div f+divw > D, so Ax(D) C Ak (div(fw)). The reverse inclusion also
holds: if W’ € Qg (D) then w' = fw for some nonzero f and D < divw’ = div f +divw.
This implies that div f € L(divw — D), so divw’ € L(divw — D)w. Hence we have
an isomorphism L(divw — D) ~ Qg (D) of k-vector spaces. This readily implies the
RIEMANN-ROCH Theorem [[.2.8

THEOREM 1.2.16. dimg Qg = 1.

PROOF. We saw above that L, = L(divw — D)w is a subspace of Qg (D). Thus the
theorem follows if we prove that L, and L., have nonzero intersection for some suitable
D. Fix some point x and put D = —nx for n large. Then by Lemma [1.2.14] we have

dimy Qg (—nx) = ndegx 4+ g — 1. On the other hand, using RIEMANN’s inequality,
dimy, L, + dimy, Ly > 2ndegz + degw + degw’ — 2g + 2.

Thus, if n is large enough, the sum of the dimensions of L, and L., is greater than the

dimension of Qg (D), so they must have nonzero intersection. 0

1.3. The zeta function of a curve

Let k = F, be a finite field of ¢ elements, let k, = F,» for each r > 1, and let X/k be a
geometrically irreducible projective nonsingular curve of genus g. Let X, = X x,Speck,
and denote by v, the number of k,-rational points of X. We introduce the zeta function

of X/k as the formal series

(1.3.1) Z(X/k,T) = exp (i v, T /r) .

r=1
We also use the notation ((X/k,s) = Z(X/k,q*). The following theorem was conjec-
tured by E. ARTIN in 1924 and proved by A. WEIL in the 1940s, who then conjectured

generalisations to arbitrary algebraic varieties over finite fields.

THEOREM 1.3.2 (WEIL CONJECTURES FOR ALGEBRAIC CURVES). Let X/k be a
geometrically irreducible projective nonsingular curve of genus g over a finite field k of

q elements. Then:
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(Z1) RATIONALITY: Z(X/k,T) is a rational function. More precisely, there exist

algebraic integers wy, . ..,ws, such that

(1 —wlT)(l _w29T>
1-T)A—qI)

Z(X/k,T) =
(Z2) FUNCTIONAL EQUATION: Z(X/k,T) satisfies the functional equation
E(X/h,8) = E(X/k, 1 —5) where €(X/k,5) = g9 VC(X/k,5).

Equivalently, Z(X/k,1/qT) = (¢qT*)*9Z(X/k,T).
(Z3) RIEMANN HYPOTHESIS: |w;| = ¢2 for all1 < i < 2g. In other words, the zeros
of Z(X/k,T) all lie on the critical line Re s = .

The first two statements are direct applications of the RIEMANN-ROCH theorem and
are proved in this section. In Section we prove the RIEMANN hypothesis following
BoMBIERI [3], who gave a simple proof based on an elementary but powerful method
introduced by S. A. STEPANOV. The original form of this method is examined more
closely in Chapter [2|

To study the zeta function Z(X/k,T) it is convenient to rewrite it in a different way.
The following general construction is motivated by algebraic number theory. Let Y be
a scheme of finite type over Z and define the zeta function ¢y (s) = [T, (1 — [k(y)| ™),
where the product runs over all closed points of Y. When Y = Spec Oy, is the spectrum
of the ring of integers of a number field L it coincides with the usual DEDEKIND zeta
function. Now assume further that Y is also a k-scheme. Then it is easy to see that
Cv(s) = Xa>1b4qg7 ™, where by is the number of effective divisors of degree d, and
furthermore if a4 is the number of points of degree d then we can write the above

EULER product in the form (y(s) = [1g>1(1 — ¢75%) 7%,

LEMMA 1.3.3. The zeta function (x(s) coincides with the zeta function ((X/k,s)

associated to the curve X/k.

PRrOOF. Taking logarithms in the Euler product of (x(s) we have
log (x(s) = =Y aglog(l —q ™) = > > aw ™" /n=3"q"" Y aa/n
d>1 n>1d>1 r>1 dn=r

and comparing this series with the definition ([1.3.1)) of {(X/k, s) the claim will follow
if we prove that v, = 3y, daq. Indeed, notice that Homy (kq, k) has cardinality d if d

divides r and it is empty otherwise. Thus, since there is a one-to-one correspondence
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between k,-rational points and pairs (x,¢) with x closed in X and ¢ € Homy(k(x), k,.),
where k(2) = kgeg, we have
(X (k)] = #{(2,0) : @ closed in X, ¢ € Homy(kq, k), degz = d} =D day
d>1 d|r

as ag is the number of closed points of degree d. 0

We are ready to prove the rationality of Z(X/k,T). First we compute explicitly the

number of effective divisors in a given class of Pic(X/k).

LEMMA 1.34. Let D € Div(X/k). Then the number of effective divisors in the class
of D is exactly (¢"”) —1)/(q — 1).

PRroOF. Clearly the class of D contains effective divisors if and only if /(D) > 0,
so it suffices to show the formula in this case. The map from L(D) \ {0} to the set of
effective divisors in the class of D sending div f to div f 4+ D is clearly surjective. On
the other hand, div f = div f’ if and only if f/f~' € k*. Since L(D)\ {0} has ¢/ —1

elements and k™ has ¢ — 1 elements the result follows. O

PrROOF OF THEOREM [L.3.Z1) Let % = |Pic’(X/k)| be the number of classes
of divisors of degree zero. The degree map deg : Pic(X/k) — Z has image mZ for some
positive integer m. Later we will prove that in fact m = 1. Since the kernel of deg is
precisely Pic’(X/k), we have that the number of classes of divisors of degree d is h%
if d is multiple of m and zero otherwise. Thus by the RIEMANN-ROCH formula and
Lemma we have for d > 2g — 1 that by = h% (¢¢ 9" — 1)(¢ — 1)~ if m divides d
and b; = 0 otherwise. Hence, letting ny be the smallest integer such that ngm > 2g —1,

after splitting the series in two parts we get

ZMVhT%=%?@meWJ&T“@HTﬂO—YWY%1—@TWYJ

n=0

where f(T') is the polynomial with integer coefficients given by
fT)=(q=1)"¢"=1-T(¢"—¢")), a=ngm—g+1

In particular, we see that the proof of is reduced to showing that m = 1. This will
follow from the following lemma, which relates the zeta function of the curve X,, and

the zeta function of X.
LEMMA 1.3.5. If Z(X,,/k,,T) is the zeta function of the curve X, then it satisfies

(1.3.6) Z(Xo /b, T") = [[ 2(X/k,CT)

¢n=1
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where the product runs over all nth roots of unity.

ProOOF. If v/ is the number of k,,-rational points of X,, then clearly v/ = v,,,, so
ZV,{TT”/T = Z Ve T 7 = Z ZI/T(CT)T/T
r=1 r=1 (n=1r=1

and taking the exponential yields (|1.3.6)). O

Notice that, since f(1) = 1+ ¢+ --- + ¢™ ! is nonzero, the function Z(X/k,T)
has a simple pole at 7' = 1. Thus, putting n = m in Equation (|1.3.6]) we have that
Z(Xm/km, T™) = (Z(X/E,T))™, and comparing the order of the poles at T' = 1 we see
that m = 1, as wanted. O

PROOF OF THEOREM [1.3.2(Z2)| Using Lemma and arguing as above we can
write Z(X/k,T) = (¢ — 1)"Y(A(T) + S B(T)) where

A(T) _ Z qé(D)TdegD

0<deg D<2g—2

B(T)= > ¢ ->T"=
n=0

n=2g—1

¢ 1
1—q¢T" 1-T

It is easy to see now that B(1/¢T) = ¢*~9T*"29B(T), so to prove it suffices to show
that the same relation holds for A(T"). Let W be a canonical divisor, which has degree
2g — 2. Since the map D — W — D induces a bijection between the classes of divisors
of degree n and the classes of divisors of degree 2g —2 —n for each 0 < n < 2g — 2, we
have
A(T) = 3 ¢! WD) deg(W=D) _ e W 3 ¢!(P)=1+g—deg Drp—deg D
0<deg D<2g—2 0<deg D<2g—2

on using the RIEMANN-ROCH theorem. Hence A(T) = ¢~ 'T*72A(1/qT) and the
proof of is finished. O

To end the section, we remark that the functional equation can be rewritten in the

form

In particular w; ---wsy = ¢, so they are nonzero algebraic numbers, and the map
w; — q/w; is a bijection of the set {wy,...,ws,}. Furthermore, from the rationality it

follows at once the identity

29
yr:qT—wa—l—l, for all r > 1.
i=1
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1.4. Bombieri’s proof of the Riemann hypothesis

Keep the notation of the previous section. Our goal now is to prove the RIEMANN
hypothesis , this is, that |w;| = q% for all 1 < i < 2¢g. We start with a couple
of remarks. Let wy,...,wy, be the numbers associated with the curve X,. Then from

Equation ([1.3.6) we have

2(X, /e T7) = H (1 —wiCT) -+ (1 — weyCT) _ (1—wiTr)--- (1 —wggT’”)7

o= (1=¢T)(1 =) (1=Tr)(1—qTr)
so, up to a rearrangement, w; = w!. In particular, the RIEMANN hypothesis holds for
X, if and only if it holds for X. Thus we may assume that ¢ is a square and large
enough, which will be convenient in the proof. On the other hand, it is enough to prove
that v, = ¢" +0O(q2), the implied constant independent of r. Indeed, this is consequence
of the following general lemma applied to the numbers wy, ..., ws,, which implies that

|lw;| < /q for all i. But wiw; = ¢ for some j, so this is enough to deduce that |w;| = ,/q.

LEMMA 1.4.1. Let zq, ..., 2z, be complex numbers and suppose that there exists some

constants A and B such that the inequality
|27 4+ 2| < ABY
holds for all n large enough. Then |z;| < B for all 1 < i < m.

PROOF. The radius of convergence min, |z;|~! of
DN X =) (1—zX)!
r>1 i i

is at least B~! by the hypothesis, so we must have |z;| < B for all 4. O

Fix an algebraic closure k£ of k and let X = X x; Speck. We know that the
number of k-rational points is exactly the number of closed points of X fixed by the
arithmetic FROBENIUS ¢, of X. The idea in STEPANOV’s method is to construct a
rational function f € k(X) that vanishes at all but some fixed set of k-rational points
with order of vanishing at least some big integer m. Thus, if there are mq exceptions,
f has at least m(v; — myg) zeros, and since f has as many zeros as poles we have the

estimation

1
(1.4.2) v1 < mgy+ —(# poles of f).
m

Therefore, if the number of poles of f is not very large we obtain a good upper bound

for v;. Indeed, we will prove under suitable hypotheses that 1, < q+0(q%). Then with
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a GALOIS-theoretic argument we will show that the reverse inequality also holds, and
consequently vy = q—i—O(q%). Finally by base change to k, we get the desired estimation

for v,.

1.4.1. The upper bound. Let p be the characteristic of £ and write ¢ = p®. The

main theorem we prove is the following.
THEOREM 1.4.3. If a is even and g > (g4 1)* then vy < q+ (29 + 1)g2 + 1.

Before proving the theorem we introduce the following notation. Since the inequality
is trivial if ¢, has no fixed points, we assume that v; is nonzero and we fix a point x, fixed
by ¢,. Consider the k-vector space R,, = L(mz) whose nonzero elements are nonzero
rational functions on X with at most a pole of order m at xy. By the RIEMANN-ROCH
theorem we have dim R,,, > m+1—g with equality if m > 2¢g—1. Since W —(m+1)xy <
W —mux for a canonical divisor W, we also see that dim R,,, < dim R,,;; < dim R,,,+ 1.
In particular induction shows that dim R,, < m + 1 since dim Rq = 1. Also notice that
if f € R, then f? € R,,, since div f? + mpz, = p(div f + mazy). We denote by Répu)
the subspace of Ry consisting of p#-powers of elements in R,, which is isomorphic to
R, via the isomorphism R, — RY"| f s fP. Finally we let (¢F)*R,, be the subspace

consisting of elements of the form (¢)*(f) with f € Ry,. Since ¢} = ¢" o ¢}, we have
(07)"(f) = (") o (&) )(f) = ((¢5)*(f))*
so all the elements in (¢£)*R,, are gth powers, and furthermore (¢X)*R,, C R, since

ordy, ((¢r )" (f)) = qords, ((65)"(f)) = qordyr o) (f) = qorda, (f).

If A is a subspace of R,, and B is a subspace of R,,, we let AB be the subspace of R,,,
spanned by products of the form fg with f € R,, and g € R,,. A crucial preliminary

result in the proof of Theorem [1.4.3|is the following lemma.

LEMMA 1.4.4. For (p" < q the natural map RY" @7 ((F)* R, — R ((6F)*R,,)

is an isomorphism.

PRrROOF. The map is clearly onto so we only need to prove that it is injective. Since
dim R,,;1 < dim R, + 1 we can find a basis sq,...,s, of R,, such that

ordy, (s1) < ordg,(s2) < -+ - < ordg,(s,).
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Let g; € Ry be such that 37_, g7 (¢F)*(s;) = 0, and suppose that g; = --- =g, 1 =0
but g, # 0. Then

ordy, (98" (6F)(s,)) = ordy, ( AT (s1)) > min ord,, (g7 (6F)"(s1))

it 1 1>p+1

and since ord,,(¢;) > —¢ and ord,,(s;) > ordy,(s,+1) for i > p+ 1 we have

P! orda, (g,) = —0p" + q(orde, (sp41) — orda,(s,)) = —p"* + ¢,

which is positive by hypothesis. This means that g, vanishes at zy, so it must be

identically zero since it has no poles outside xg. 0

PROOF OF THEOREM [1.4.3] Assume that {p* < g, so that by Lemma and
the remarks preceding it follows that dim RY ((¢F)*R,,) = dim R,dim R,,. Keeping

the notation used in the proof of the lemma, we also have that the map
% " T 7
5: RP) (67 Ry) — RPOR,,, Z PSE) (si) > gt s
i=1

is well-defined as it is the composition of R ((¢F)*R,,) — R¥" @z ((¢F)*R,,) and
the natural map RY"” @ ((6F)*R,,) — RV R,,.

Suppose that the kernel of § contains a nonzero f = 3, g (¢F)*(s;). Notice that,
if z is a fixed point of ¢,, or equivalently a fixed point of ¢,, then (¢f)*(g) — g € m,
for all g € k(X) regular at . Indeed, we know that the natural inclusion k — k(x) is
an isomorphism, so if Spec A C X is an affine neighbourhood of x and p is the prime

of A corresponding to x, then the diagram

A
ey h
k ér (¢

commutes, so g and ¢7 (g) have the same image in k(z). Therefore, for all fixed points

x # xo of ¢, we have

ord,(f) = ord, (Zg — sl)) > 0,

this is, x is a zero of f. Since f is a p*-power, its zeros have order of vanishing at least

p" since, so f has at least p#(vy — 1) zeros. On the other hand, f has at most {p* + mq
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poles as f € Répu)((gbf)*Rm) C Rypuymg- Equation (1.4.2)) now says that

1 m
v <1+ —(p" 4+ mq) :1+€—|—J
pH pH
and we have to find suitable m, ¢ and p such that /p* < ¢ and dimkerd > 0. Assume
{,m > g, so that in particular ¢p* +m > 2g — 1. Then

dim R ((¢F)*R,) = dim Ry dim R, > (0 4+ 1 — g)(m+ 1 — g)

T

dim R&pM)Rm < dim Reppgrn =p' +m+1—g
SO

dimker § > dim R ((6]')* Rn) — dim R{"R,,
>(+1—g)(m+1—g)—(pP'+m+1-g)
=({—g)(m+1-g)—tp"

Put g = /2 and m = p* + 2g > g. Then dimkerd > 0 if

g
(>3 g
g+12 79

Let ¢ be the smallest integer satisfying this inequality. We need to verify that {p* < ¢,
this is, £ < p*. But if (g + 1)* < ¢ = p* then
2
" w
g+1
and this concludes the proof of Theorem [I.4.3] O

ﬁég‘ilp“+9+1=p <p",

Fix a transcendental element ¢ € k(X) and consider the finite algebraic extension
k(X)/k(t), which corresponds to a surjective morphism X — P} of curves. Let o~! be
an automorphism in Auty) (k(X)) and let ¢, be the corresponding morphism X — X

of k-schemes (in fact of P}-schemes) induced by o~1. Also define the set

X(k,0) ={z € X(k) : ¢, () = ¢or()}

where ¢, = ¢, X} id When o is the identity this is exactly X (k), the set of

k-rational points on X. Let 14, = |X(k,0)| and fix some zo € X(k,0), if it exists.

Speck*
Then we have the following generalisation of Theorem [1.4.3]

THEOREM 1.4.5. If a is even and q¢ > (g + 1)* then v1, < q+ (29 + 1)q2 + 1.
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PRrROOF. We only need to replace § with the map
H * M * " 13 * " L
6o+ BY () Bn) = BE (@05, Run), 3008 (8) (51) = 3 01 0%, ().
i=1 i=1

and argue as in the proof of Theorem [1.4.3] U

1.4.2. The lower bound. In Section We proved that v; < ¢+ (29 + 1)q% +1,
so by the discussion at the beginning of Section we are left with proving the reverse
inequality v; > g+ O(q%). This will follow from Theorem and a GALOIS-theoretic
trick. As at the end of the previous section let ¢ : X — P} be a morphism of curves.
While in general it is not a GALOIS cover, by the following lemma we may assume it is
separable, this is, the extension k(X)/¢*k(P}) of function fields is separable.

LEMMA 1.4.6. Let k be a field of characteristic p and K be a finitely generated field
of transcendence degree one over k. Then there exists t € K such that K/k(t) is finite

and separable.

PROOF. Let E C K be a subfield with [E : K] minimal among the fields for which
there is some ¢t € K such that E/k(t) is separable, and suppose that F # K. Since K/E
is purely inseparable there is some f € K \ E such that f? € E. We claim that E(f)
is separable over k(f), contradicting the minimality of E. Let P(Z,T) € k[Z,T] be a
polynomial such that F(Z,t) € k(t)[Z] is irreducible and F(f?,t) = 0. Since f? € E
we have that F(Z,t) is separable. In particular not all the coefficients of F'(Z,t) lie
in k(t?) since otherwise P(Z,t) = Q(Z,t?) for some polynomial Q(Z,T'), and so f is a
root of the separable polynomial Q(Z,t). Hence the polynomial P(f,T) € k(f)[T] is
separable over k(f), so k(t) is separable over k(f). This implies that FE(f) is separable
over k(f), as wanted. O

Hence there exists a finite GALOIS closure k(Y') of k(X)/k(t), which corresponds to
some curve Y /k of genus ¢’. We also may assume Y is geometrically irreducible and
that ¢ > (¢’ +1)* after base changing to a finite extension of k(Y) Nk if necessary. Let
Y =Y and G = Gal(k(Y')/k(t)). Since k is algebraically closed in k(Y") we see that G
is naturally isomorphic to the GALOTS group of the extension k(Y')/k(t). Consider the
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following commutative diagram:

_ ¢F _
Y —/—— Y
3 |#

1 1
Pe o Pz
Py Py

If y € Y is a closed point whose image in P} is k-rational then ¢Z'9)(y) = 1 (y), so there
exists some automorphism o' such that ¢ (y) = ¢,,(y) since the GALOIS-action is
transitive. Furthermore, if y is unramified over P then such a ¢~" is unique since there

-1

are |G| points lying above ¢(y). This ¢! is called the FROBENIUS substitution of .

Define the set
A={yeY(k):m)(y) € P,(k), y unramified over Py},

which can be decomposed as the disjoint union of the sets

A, ={y € Y(k) : m)(y) € P,(k), y unramified overIP> , OE(Y) = dor(y)}

with o € G. Since A, C Y (k,0), by Theorem we have |4, < ¢+ O(q2) for all
o € G. Thus,
1
[ Aol = |A] = > [Ar| > |A] — (|G| — 1) + O(q?).
T#0
On the other hand, for each w € Pj(k) there is exactly one point w’ on IP% lying above

w, and if w' is unramified in Y then there are |G| points on Y lying above w’. Hence
Al = [P(R)I|G] + O(1) = (¢ + D)IG| + O(1)

where O(1) is bounded by |G| times the number of points on Y ramified over P%, which
is finite by a standard result on DEDEKIND domains (see for example Theorem 7.3,
Chapter T in [14]) and does not depend on g. Combining the last two equations we
deduce that [A,| > ¢+ O(q2) for all o € G.

Finally, the map ¢’ : Y — X is a GALOIS cover with GALOIS group some subgroup
H of G. Notice that if 0 € H and y € A,, then y is unramified over X, and since
X (k) =Y (k) we have

V(W) = bort (y) = V' borly) = VL (y) = 67 (),
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this is, ¥'(y) € X is fixed by the FROBENIUS, so it is a k-rational point on X. Thus we
have proved that A, C A, x, where

A, x={yeY(k): 7TXQ/J (y) € X(k), y unramified over X, ¢ (y) = bor(y)}-

Arguing as above with P} replaced by X we find that
> [Aox| = [X(K)|[H] +O(1) = mi|H| + O(1)

oeH
where the constant only depends on the number of points on X ramified in Y, whence

> 1Aox|+0(1) > 141+ 0(1) > ¢+ 0(q2),

oeH ceH

m\»—A

V=

!H! \H\

where the implied constant only depends on the genus of Y and the number of points on
P~ ramified in Y and is independent of ¢. This inequality combined with Theorem m
yields v = ¢ + O(q%). By base change we also have v, = ¢" 4+ O(q2) for all » > 1,
and this concludes the proof of the RIEMANN hypothesis since the constant does not

depend on .






CHAPTER 2

Kloosterman and Weil sums

2.1. Exponential sums over finite fields

2.1.1. Characters. Let IF; be a finite field of ¢ elements.

DEFINITION 2.1.1. An additive (resp. multiplicative) character is group homomor-
phism from the additive group ]F‘;L (resp. multiplicative group Fy ) to the multiplicative

group of nonzero complex numbers C*.

Since I, is finite, the image of any character is contained in the group g, of mth
roots of unity, where m = ¢ for additive characters and m = ¢ — 1 for multiplicative
characters. More generally, a character on a group G is a group homomorphism ¢ €
Hom(G,C*). It is well-known that if G is a finite abelian group then there is a (non-
canonical) isomorphism G ~ Hom(G,C*). In particular, any nontrivial multiplicative
character generates Hom(F, C*) since F* is cyclic. On the other hand, if ¢ is a fixed
nontrivial additive character, then every additive character has the form ¢, : x — ¥ (ax)

for some a € F,. Indeed, the map a ~— v, is an isomorphism F} — Hom(F;, C*).

ProPOSITION 2.1.2. If G is a finite group then we have the following orthogonality

relations.

G|, ifx=1,

> Y= > Y(z) =

YEHom(G,CX) 0, otherwise, zeG 0, otherwise.

|G|, if ¢ is trivial,

If x is a multiplicative character, we extend its definition to all I, setting x(0) =1

if y is trivial and x(0) = 0 otherwise.

2.1.2. Kloosterman sums. There are many different exponential sums that have
been studied in the literature. One of the most well-known ones is the GAUSS sum
Gx.¥) = Y x(@)y(x),
z€F,
where x is a multiplicative character and v is an additive character, which was used
by C. F. GAUSS to prove the quadratic reciprocity law. Another important family of
27
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exponential sums, which are the main object of this chapter, are the so-called KLOOST-

ERMAN sums. They have the form

=~ Y w@)ela
zeFy
where both ¢ and ¢ are additive characters, and were introduced to study the problem
of the representability of a number by positive definite quadratic forms of four vari-
ables [15] (see also [13, Chapter 20]). They also appear, for example, in the Fourier
expansions of certain modular forms |13, Chapter 16]. More generally, one can define

the KLOOSTERMAN-SALIE sums

SOG.e) == > x(@)(@)e™),
z€Fy
which include both the KLOOSTERMAN sums (x trivial) and GAUSS sums (¢ trivial)
as particular cases. The goal of this chapter is to prove WEIL’s bound |S(¢, ¢)| <
2,/q for nontrivial characters, and as we shall see the arguments we use follow very
closely those of Chapter [T] to prove the RIEMANN hypothesis for curves. Indeed, these
exponentials sums are closely related to a particular family of curves for which the
RIEMANN hypothesis will give the desired estimates. The key idea is to view S(v, @)
not as a single object but as a family of sums S, (¥, ) which are defined over the
extensions Fy» for n > 1. This is analogous to base changing a curve over F, to the
extension F,». To do this, recall that for each positive integer n > 1 we have the trace

Tr, : Fyn — F, and the norm N, : F;» — F, functions, which are given explicitly by

Tr,(z) = > o(x), N,(x) = 1T o(x).

o€Gal(Fyn /Fy) o€Gal(Fyn /Fy)

Then for each integer n > 1 we define the sums

Sa(x ¥, 0) = = D X(Na(2))¥(Tra(2))e(Trn(271))

X
JJE]Fq

and as in the case of curves we arrange them together into a single object, the zeta

function
C(x; 9, ;) = exp (Z Sn(X: 0, so)q‘”s/n>-
n=1

Our task now is to evaluate explicitly this function, and that is achieved showing that
it is equal to some L-series of the global field F,(X).
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2.1.3. The L-series of the Kloosterman-Salié sum. Define the norm of a
polynomial h € F,[X] by N(h) = g~ 9" and suppose 7 is a multiplicative character
on the group of monic and nonvamshlng polynomials in F,[X]. We extend its definition
to all F,[X] setting n(h) = 0 if A is not in this group, and we introduce the L-series

L(s,n) =>,n(h)N(h)~*, where h runs over all monic polynomials.
LEMMA 2.1.3. ((x; %, ¢;8) = (L(s,n)) ™", where n is the character defined by
DX+ a X+ aga X+ ag) = x((—1) %) (—a)p(—ag-1/aq).

PROOF. By the unique factorisation in IF,[X] the L-series L(s,n) admits the EULER

product
-1

Lis) =T] (1= n(P)N(P)™)

where P runs over all monic and irreducible polynomials in F,[X]. Now taking the
logarithm we have
log L(s,n) Zlog (1-— N(P)™)=>"3"n(P*)N(P)~
P k>1
and collecting the polynomials P of degree d for each d > 1 we get
log L(s,n) = Y. > n(PYg ™ /k=>" B,g"/n, where B, = Y dn(P"").
d,k>1 deg P=d n>1 d=deg P|n

Notice that the character n defined in the lemma is multiplicative, and furthermore it

satisfies
Ad = (—1>de<l’), a; = — Trd(x), adfl/@d = — Trd(xfl).

Hence, since the trace and the norm are transitive on extensions, and an irreducible
polynomial of degree d has exactly d distinct roots in a fixed algebraic closure F, as F,

is perfect, it follows that

By, _Z Z Z X (N, Y(Try, (@ ))@(Trn(x_l))'

d|n deg P=d P(z)=0
But the roots of irreducible polynomials of degree divisible by n are exactly the elements

in Fyn, so B, = —S,(x; ¥, ¢) and the lemma is proved. O
THEOREM 2.1.4. Suppose 1 and ¢ are nontrivial. Then

Coa,e38) = (1= S v, 0)q* + x(—r)x(s)g )~

where Y¥(a) = &(ar), p(b) = &(bs) and & is any nontrivial additive character.
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PRrROOF. By Lemma we only have to evaluate L(s, x). Notice that we can write
L(s,n) = Z Anqg ™, where A,, = Z n(h).
n>0 deg h=d

Clearly Ag = 1 since h(X) = 1 is the only monic polynomial of degree 0. Now, the

monic polynomials of degree 1 are X — a with a € F,, so we have
Av =Y x(@)(a)p(a™) = =S¥, ).
acFy

Similarly, the monic polynomials of degree 2 have the form X2 — aX + b for some
a,beF, so
Ay =30 Y0 x(O)(a)p(ab™) = (¢ — 1)dy + > x(a)¥(a) D x(0)p(b)
a€Fq peF a€Fy beFy

where §, = 1 if x is trivial and J,, = 0 otherwise. To simplify this expression further

suppose ¥ and ¢ are nontrivial and assume first that y is trivial. Then
Ay =q—1+ > (a) Y ¢(b)=q
acFy beFy

on using the orthogonality relations. If x is nontrivial, fix some nontrivial additive
character ¢ and let r, s € F, be such that ¢(a) = £(ar) and ¢(b) = £(bs). Then

Ay = > x(=ar)§(=a) 3 X(bs)&(b) = x(=r)x(s)IG(x. I

and it is well-known that |G(x, &)|? = ¢. Thus, in any case we have Ay = x(—7)x(s)q.

Finally, for n > 3 we have

A, = Z Z x(an)(ar)p(an—1/an)

(42 PRI an—1€Fy aneF;

:qn_3 Z Y(ar) Z Z o(an-1/an)x(an)

a1€F, an—1€Fq g, cFX
and it evaluates to zero since v is nontrivial. O
The case of the GAUSS sum is not included in Theorem but when both y and
¢ are nontrivial and ¢ is trivial we observe that A, vanishes since 3, cpx X(b) =0, and

we still have that A, = 0 for all n > 3. Thus ((x;¥,1;s) = (1 + G(x,¥)g*)"!, and
from this it follows that so-called HASSE-DAVENPORT relation,

__(;(X7¢0 ::(__C;CX7¢O)H'
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On the other hand, writing 7" = ¢~*, we see that the zeta function of the KLOOSTERMAN
sum S = S(x,v) is (1 — ST +T?)~!. Therefore, if a and 3 are the so-called roots of S,
this is, the algebraic integers such that 1 — ST + 7% = (1 — aT)(1 — 8T), then aff = ¢

and we have the relation
Sp(, ) = a" + "

for all n > 1. In particular the proof of WEIL’s bound is reduced to showing that
la] < /g and |B] < q. These inequalities, combined with the fact that af = ¢, give

ol =18 = va.

2.1.4. Weil sums. Let f(X) be a polynomial in F,[X] of degree m > 1, ¢ be an
additive character and x be a multiplicative character. Another important family of

exponential sums are the so-called WEIL sums, which have the form

Su(th, ) == > d(Trn(f(2)),  Sulx. ) == D> x(Na(f(2))).

:EE]Fqn mGFqn

Let us start studying S, (¢, f). As the KLOOSTERMAN sums, these sums have an

associated zeta function, namely

(v £19) = ex( 32 8000/,

and a result analogous to Theorem holds. Precisely, we have the following ratio-

nality theorem.

THEOREM 2.1.5. Suppose f(X) has degree m > 1 relatively prime to q and let ¢ be

a nontrivial additive character. Then there exists a polynomial Q(T) of degree at most

m — 1 such that Q(0) =1 and ((v; f;s) = 1/Q(¢*).

In other words, if wy, ..., w,,_1 are the roots of S, (1, f), this is, the algebraic num-
bers such that Q(T) = [T/ (1 — w;T), then for all n > 1 we have

Su(¥, ) =i + -+ wpy

The proof of this theorem will follow very closely that of Theorem 2.1.4] First we prove
that the zeta function is the inverse of some L-function, and then we show that this

L-function is a polynomial of degree at most m — 1.

PROOF OF THEOREM 2.1.5 Write f(X) = >,b;X". To construct the required

L-function let n be the multiplicative character on the group of all monic polynomials
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h(X) € F,[X] defined by

n(h) = x(flaa) +---+ f(an))

where oy, ..., a, are the roots of h in a fixed algebraic closure F,. Notice that 7 is
well-defined, i.e., f(ai)+--- + f(a,) € Fy, since

flag) + -+ flay) Zbksk (a1, ),

where si(Xy,...,X,) = XF+---+ Xk e F,[X1,..., X,] is a symmetric polynomial for
each k > 0. Furthermore, we see that si(aq,...,q,) is exactly Tr,(a1). Now arguing
as in Section [2.1.3 we have that

S RN () = exp(z Bnq—m/n)
h

n>1

where

By= Y. dp(P"N =33 > ¢(Tr.(f(2) = =S(f;v),

d=deg P|n d|n deg P=d P(z)=0

whence ((¢; f;s) = (L(s,n))~!, as claimed.
The last step to prove Theorem [2.1.5]is to show that A, = 0 for all n > m, where

S

L(s,n) = Y50 Ang™"*, which implies that L(s,n) is a polynomial in ¢~* of degree at
most m — 1. We need the following explicit formula, known as WARING’s formula,
which expresses the symmetric polynomial s.(Xy,...,X,) in terms of the elementary

symmetric polynomials o,.(X1, ..., X,).

LEMMA 2.1.6. For all kK > 1 we have

D D e A
k=t1+2ta+---+nty,
t=t1++tn
where the sum is over all the tuples (t1,...,t,) of non-negative integers satisfying the

condition k = t1 + 2ta + - - - + nt,,.

PROOF. The formula follows from the following formal computation. We have

SNos Trk=>3 s XITH k= = log(1 — X;T)
k>1 1=1k>1 1=1

n n

N log(H(l — XZT)) = — log(l — Z(—l)i—lgiTi)

i=1 =1



2.1. EXPONENTIAL SUMS OVER FINITE FIELDS 33

and using the power series expansion of the logarithm we have that the right hand side

is exactly
n
. AT
S (=0 o) =3 TF K Yoo (—D)RtC L Rt ate,
t>1 i=1 k>1 k=t1+2to+-+ntn
t=ty - +tn
Now it suffices to compare the coefficients of T*. O

It now follows from Lemma that o,, only appears in the formula for s, if
m < max(k,n), and if & = m < n then the coefficient of o, is exactly (—1)" 'm.
Hence, if n > m, then there exists some polynomial GG,, of m — 1 variables such that
f(Xy)+--+ f(X,) = Z brse(X1, ..., Xn) = (=)™ 'mbpom + Gu(o1, ..., Om_1)
k=0

and consequently for the polynomial A(X) = X" —a; X" ! + ..+ 4+ (=1)"a, we have
n(h) = x((=1)™ 'manb, + Gula, ..., am-1)).
Thus, for all n > m it follows that

Ap= Y X" —a X"t (<1)"ay)

= qn—m Z X((—l)m_lmambm) Z X(Gn(ala cee 7am—1))

m—1

and the first sum evaluates to zero since (—1)™"'mb,, # 0 as m and ¢ are relatively

prime by hypothesis. This finishes the proof of Theorem [2.1.5] 0

Now we turn our attention to the other class of WEIL sums, namely S,(y, f) for
multiplicative characters y. We define similarly the associated zeta function ((x; f;s),

and in this case the rationality theorem takes the following form.

THEOREM 2.1.7. Let x be a multiplicative character of order r > 1 and let f(X) be
a non-constant monic polynomial which is not an rth power of a polynomial. Let d be

the number of distinct roots of f in a fived algebraic closure of F,. Then there exists a
polynomial Q(T') of degree at most d — 1 such that Q(0) =1 and {(x; f;s) =1/Q(¢*).

PRrROOF. Again we proceed as in the proof of Theorem [2.1.4] Consider the L-function
L(s,n), where 7 is the multiplicative character defined by

n(h) = x(f(ea) -+ flam)) = X(Nu(f (1))
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and o, ..., a, are the roots of h(X) € F,[X] in F,. Then we also have in this case that
C(x; f;s) = (L(s,m))~!, and we only need to show that A, = 0 for all n > d, where
L(s,n) = Y50 Ang™". Factor f in F,[X] as a product of monic and pairwise distinct

irreducible polynomials,
fe g g
and fix a root J3; of each f;. Alsolet rad(f) = f1--- feand put £; = F,[X]/(f;) = F,(5:),

which is a finite extension of F,. Notice that, if & is a monic polynomial of degree n

and « is a fixed root of h, then

L L

n(h) = X(Na(f())) = [T x“ (Na(fi@))) = x((=1)" ") [T x* (N, e, (h(5)))

i=1 =1
and if we extend 7 to all F,[X] letting n(h) = 0 if h is not monic then this formula
shows in particular that n : F,[X] — C* factors through F,[X]/(rad(f)) — C* since
rad(f)(5;) = 0 for all 8;. Furthermore, by the Chinese Remainder Theorem we have an

isomorphism
‘
F [X]/(vad(f)) = ] Ei, b +rad(f) = (h(B1),- .. h(Be))-
i=1
Let S,, be the set of monic polynomials of degree n. Then the composition
¢
S = F[X] = Fy[X]/(vad(f)) = [ Eis b (R(BY), - ... h(Br))
i=1
is surjective if n > d = degrad(f), and two polynomials h and A’ in S,, have the same

image if and only if ' = h + grad(f) for some polynomial g of degree < n — d. Since

there are ¢"~¢ choices of g we have, for n > d,

Aw= 3 n(h) = " X(=1)" ") 37 X (Neyr, (1)) -+ D X (Neyr, (20),

heSy, r1€E, ze€Ey,
and since not all e; are multiple of r as f is not an rth power, at least one of x“,... x*
is nontrivial, whence A,, = 0 and Theorem [2.1.7]is proved. O

2.2. Weil’s bound

2.2.1. Weil’s bound for Kloosterman sums. The goal of this section is to
prove the following celebrated theorem by WEIL which gives the optimal bound for the
KLOOSTERMAN sums.
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THEOREM 2.2.1. Suppose q is odd and let 1 and ¢ be nontrivial additive characters
on F,. Then the roots of the Kloosterman sum S(v, @) have norm \/q and

1S(, @)l <24

Since any additive character has the form x + 1 (ax) for some a, where 1 is a fixed
nontrivial character, to prove Theorem [2.2.1] it suffices to consider the sum

S(ya,b) =— Y ¢lax +bz")

z€Fy

for a,b € F;\. The key idea in the proof is to show that the average value of S(1; a, b)
over all characters ¢ is related to the number of rational points on a hyperelliptic
curve of the form Y2 = f(X), where f(X) is some polynomial. The same is true
for S, (¢;a,b) for all n > 1, and thus we can argue as in Chapter [1| to conclude that
the roots of S(1;a,b) have norm /g. In any case, we will prove again the RIEMANN
hypothesis in this special case in Section following STEPANOV’s original argument,
which is similar to BOMBIERI's but more explicit.

PROPOSITION 2.2.2. Let o, and Sy be the roots of S(1;a,b) for each nontrivial 1,
so that S,,(1;a,b) = af + By forn > 1. Then
Ny=q"—=1=73 (aj+5y)
VAL

where N, is the number of Fn-rational points lying on the curve Z* = (Y1 —Y')?* — 4ab.
The proof of the proposition is based on the following preliminary result.
LEMMA 2.2.3. For all x € Fyn we have
%:%D(Trn(x)) =y eFp 1y —y =a}|
where 1 runs over all additive characters on F,.

ProOF. First we note that the ARTIN-SCHREIER polynomial Y9 — Y — x splits
completely in F,»[Y] when z = y? — y for some y € F;n, and it has no roots in Fyn
otherwise. Indeed, if y is a root of Y? —Y — z in a fixed algebraic closure of I, then
we see that y + z is also root for all z € F,. Hence this polynomial has a root in
Fn if and only if y € Fyn, in which case z = y? — y. Conversely, if + = y? — y then
YI—-Y —z = f(Y —y), where f(Y) =Y?—-Y,s0o Y?!—Y — x has ¢ roots in Fyn.
Hence by the additive version of HILBERT’s theorem 90 we know that x has the form
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y? — y exactly when Tr,(z) = 0, and using the orthogonality relations the formula of

the lemma follows. 0

PROOF OF PROPOSITION 2221 Put g(X) = aX + bX~' € F,(X). Then by
Lemma 2.2.3 we have
- ZSnWJ; a,b) = Z Z Y(Tr,(g9())) = Na
P

L xe]F:n

where N, is the number of points (7,y) € FY X Fgn such that y? —y = g(z). Thus,
since —S,(1;a,b) = |[Fyi| = ¢" — 1, we have
Ny =q"=1="73 (ay+05p)
Y#1
and it suffices to show that N, is the number of points on the hyperelliptic curve
Z? = (Y9 —Y)? — 4ab. But N, is exactly the number of points (z,y) € Fyn X Fyn
satisfying
ar® — (y' —y)x +b=0,

and this is a quadratic equation on x. Since the characteristic of I, is odd, the number
of solutions to this equation coincides with the number of solutions to the discriminant

equation (y? — y)? — 4ab = 2%, and this proves the claim. O

Thus, if C'/F, is the affine algebraic curve defined by the equation Z% — f(Y) = 0,
where f(Y) = (Y?—Y)? — 4ab, we have that N,, = |C(F,)|. Let F, be a fixed algebraic
closure of F,. Since 4ab # 0, the polynomial f(Y) is not a square in F,[Y], so Z2— f(Y)
is irreducible over F,[Y, Z] and this means that C' is geometrically irreducible. Thus by
Theorem we know that for n large enough the estimate N,, —¢ = O(q?) holds. In
fact, for this family of curves STEPANOV’s method gives the following explicit result,

which we will prove in the following section.

THEOREM 2.2.4. Let f € F [X] be a polynomial of degree m = deg f > 3 and such
that Y? — f(X) is irreducible over F,[X,Y]. If ¢ > 8m and N is the number of pairs
(z,y) € F, x F, such that y* = f(z), then

IN —q| < 5m/q.

PROOF OF THEOREM [2.2.1]. By Theorem it follows that | N, — ¢"| < bmq>
if ¢" > 8m, where m = deg f = 2¢q, and therefore

’Z(ag + ﬁg)‘ < 1410¢'% = O(q%)
oAl
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for all n such that ¢" > 16¢. Then an application of Lemma yields |ay| < /g and
|8y| < \/q for all nontrivial ¢, and as we remarked at the end of Section this is
enough to prove Theorem [2.2.1] O

To finish this section we prove that the constant 2 in Theorem [2.2.1] is optimal for

fixed a, b and p.

PROPOSITION 2.2.5. Let a, b and q be fized. Then |S(¢,¢)| < 2,/q, and for all
e > 0 there exists some integer n > 1 such that |S,(¥;a,b)| > (2 — ¢)g™/2.

PROOF Write Oéw — \/6627”.6 for some 07 SO that /Bw — \/66—271'1‘0' Then
S, (5 a,b)| = 2q% |cos(2mnd)|

and either 6 is a rational number, in which case cos(2rnf) = 1 for n large enough, or
0 is irrational. In the latter case the sequence |cos(2mn#)| is dense in [0, 1], so for all
e > 0 there exist infinitely many n such that |S,,(1; a,b)| > (2 —¢)q"™/?. This proves the
optimality of the bound, and we are left with proving that the bound is never attained,
this is, S(¥;a,b) = £2,/g never occurs. Indeed, in this case S(1;a,b)* is multiple
of p, the characteristic of F,. But S(¢;a,b) is a sum of gth roots of unity, and each
of them is congruent to 1 modulo the ideal (1 — {)Z[(], where ( is a fixed pth root
of unity. Hence S(¢;a,b) = q — 1 (mod (1 — ¢)Z[(]), which is a contradiction since
(1-QZ(] NZ = p2. 0

2.2.2. Weil’s bound for Weil sums. Bounds similar to the one given in Theo-
rem also hold for the WEIL sums S(¢, f) and S(x, f).

THEOREM 2.2.6. Suppose f(X) has degree m > 1 relatively prime to q and let ¢ be

a nontrivial additive character. Then

1S(¥, /)l < (m—1)v/q.

THEOREM 2.2.7. Let x be a multiplicative character of order r > 1 and let f(X) be
a non-constant monic polynomial which is not an rth power of a polynomial. Let d be

the number of distinct roots of f in a fived algebraic closure of F,. Then

As a consequence of Theorems [2.1.5| and 2.1.7] to prove Theorems [2.2.6] and [2.2.7] it
suffices to show that the roots of S(¢, f) and S(x, f) have absolute value bounded by
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V/q, which is a weak form of the RIEMANN hypothesis. To handle the sum S(x, f), we
use the following generalisation of Theorem [2.2.4]

THEOREM 2.2.8. Let r > 2 be a divisor of ¢ — 1 and let f € F,[X] be a polynomial
of degree m > 1 and such that Y™ — f(X) is irreducible over F,[X,Y]. Then for
q > 100rm? the number N of F,-rational points on the curve Y™ — f(X) = 0 satisfies

IN —q| < 4m7"%q%.

We omit the proof of Theorem [2.2.§ as it is very similar to that of Theorem [2.2.4]
We refer the reader to Theorem 6.53 in [16].

Before proving Theorem [2.2.7], we prove the following lemma that gives a criterion
to detect when the polynomial Y — f(X) is irreducible over F,[X,Y].

LEMMA 2.2.9. Let k be a field, k be a fived algebraic closure, and f € k[X] be a
polynomial of degree m > 1. Let

(X)) =a(X —ay)® - (X — aq)™

be the factorisation of f in k[X], where ay,...,aq are the distinct roots of f. Then
Y" — f(X) is irreducible over k[X,Y] if and only if gcd(r,eq,. .., eq) = 1.

PROOF. Suppose first that e = ged(r, eq,...,e4) > 1, and put
9(X) = b(X — ;) (X — ag)

where b € k is any element such that ¢ = a. If s = r/e, then Y* — ¢¢(X) divides
Y™ — f(X), so Y™ — f(X) is not irreducible over k[X,Y]. Conversely, suppose that
Y7 — f(X) is reducible over k[ X, Y], and therefore over K[X, Y] for some finite extension
K of k, and let K(X) be an algebraic closure of K(X). We may assume that K
contains a primitive rth roots of unity (,. Then there exists a non-constant polynomial
F(X,Y) € K[X,Y]dividing Y™ — f(X), and if £ € K(X) is a fixed root of Y™ — f(X) €
K(X)[Y], then we have the factorisation
Y- f(X) = Hl(Y —€G);

which implies, by unique factorisation of polynomials in K (X)[Y], that there exists
some nonempty subset I C {1,...,r} of cardinality |/| < r such that

F(X,Y)=][(Y - £6)

i€l
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In particular comparing constant terms it follows that ¢/l € K[X]. Let w < |I| < r be
the least positive integer such that ¥ € K(X). Clearly if Y* € K(X) then u is multiple
of w,sot =r/w > 1is an integer and we claim that it divides ged(r, eq, ..., e4). Indeed,
write ¥ = g/h for some g, h € K[X]. Then fh' = ¢', so comparing the multiplicities

of the roots we must have that ¢ divides e; for each 7, as wanted. |

PROOF OF THEOREM 2.2.7 Let ¢ be large enough so that ¢¢ > 100rm? and f(X)
splits completely in F ., and let

fX) = (X —a)® - (X = ag)™

be the factorisation of f in F . [X], where ay,...,aq are the distinct roots of f(X).
Since f is not an rth power by hypothesis, the number e = ged(m,ey,...,eq4) is a

proper divisor of r, so s = r/e > 1. Define the polynomial
g(X) = (X =)V (X — ag)*/® € Fye[X]
which satisfies ¢ = f. Then for all n > 1 we have that
Sn(x: ) = = D X(Neu(f(2))) = = > X" (New(9(2))) = = D Ag(2))
sEFLn zEFLn weFg"

where A is the character x¢ o Ny,, which has order s = r/e and in particular it is

nontrivial. If we fix a primitive sth root of unity (,, then we can write

Se(X; f) = ZA Cor where A; = [{z € Fyon : A(f(2)) = G},

and if zp € F e is any fixed element such that A(xg) = (,, which exists since A has
order exactly s, then 4; is exactly the number of z € Fy e satisfying zy'g(x) € (E*)*.
Furthermore, A; = B;/s, where B; is the number of pairs (z,y) € Fym x Fym such
that zy°g(z) = y* and y # 0. Thus, if N; is the number of Fm-rational points on
the curve Y* = x,°g(X), which is geometrically irreducible by Lemma , then
N; = ¢ 4+ O(¢®) by Theorem and |N; — B;| is bounded by a constant. Hence it
follows that 4; = ¢™ /s 4+ O(q# ), whence

If wi,...,wq 1 are the roots of the sum S(x, f), then Sy, (x, f) = W™ + -+ + Wi, and
by Lemma we deduce that |w;|* < ¢%, which finishes the proof of the theorem. [
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To prove Theorem we need the following result similar to Theorem [2.2.8] which
is Theorem 6.59 in [16].

THEOREM 2.2.10. Let f € F,[X] be a polynomial of degree m > 1 and suppose
ged(n,q) = 1. Letn > 1 and b € Fyn. Then, if N(b) is the number of x € Fyn such
that Tr,(f(x)) = b, we have

IN(B) — g < 2m?gE*.
PROOF OF THEOREM [2.2.7]. If N(b) is an in Theorem [2.2.10] then we have

Su(@h, f) == > ¥(Tra(f(2)) = = 3 NOW(b) = O(¢?)

z€F n beF,

and now it suffices to argue as in the proof of Theorem [2.2.7| using Lemma [1.4.1, [

2.3. Stepanov’s argument

In this section we use STEPANOV’s approach to prove Theorem [2.2.4 which gives
an estimate for the number of rational points on a distinguished class of hyperelliptic
curves. The proof is very similar to the one we gave in Chapter [1 but in this case one
constructs a polynomial vanishing at the first coordinates of the points on that curve
with high order. The construction is explicit and is based on solving a large system
of homogeneous equations which guarantees that the polynomial satisfies the required
conditions. Since we are working in positive characteristic derivatives can no longer be
used to determine the order of a zero, so we will need to replace them with the so-called
HASSE derivatives. They are studied in Section [2.3.1

We may assume that p is odd since for p = 2 the map z + 22 is an automorphism
of F,, so N = ¢ and the inequality trivially holds. Thus let p > 3, and define the
polynomial g = f¢, where ¢ = %(p —1). It is well-known that z is a square in F* if and

only if ¢ =1, so
N = Ny +2N;, where N, = |{z € F,: g(x) = a}| for a € F,.

In particular N < 2(Ny + N;). On the other hand, since g(x) can only be 0, 1 or —1,
we must have N_; + Ng+ N7 = ¢ and consequently N > 2N; = 2g—2(Ny+ N_1). Thus
to prove Theorem we only need to show that Ny + N, < %q + gm\/a for a = £1.
But Ny + N, is exactly the cardinality of the set

Se={zeF,: f(x)=0or g(z) =a},
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and the desired inequality follows easily from the following proposition, whose proof

will be given in Section [2.3.2]

PROPOSITION 2.3.1. Suppose ¢ > 8m and let £ be an integer such that ¢ < q/4 — 1.

Then there ezists a nonzero polynomial r € F,[X] of degree
degr < mgq+ /¢ (g + (¢ — 1)m>
with a zero of order at least ¢ at all points in S,.
Indeed, let ¢ be the unique integer satisfying ¢ — 1 < %\/ﬁ < {. Then
Eg%\/a+1§q/4—1 since g > 8m > 24 > 16,
so by Proposition [2.3.1| we have
0S.] < degr < mq + ¢ (g + (- 1)m> < oml\/G+( (‘2] + ”21\/6) ,
whence |S,| < %q + gm\/a, as claimed.

2.3.1. Hasse derivatives. In characteristic zero we know that the order of vanish-
ing of a polynomial f(X) at some point a is exactly the order of the first nonvanishing
derivative of f(X) at a. This, however, is no longer true in positive characteristic as the
polynomial X? shows. The HASSE derivatives are introduced to deal with this problem.
They are defined by

n
Ean — Xn—k
()
for n, k > 0, and extended to all polynomials by linearity. In the next two lemmas we

study some elementary properties they satisfy which will be needed in Section [2.3.2

LEMMA 2.3.2. The Hasse derivatives satisfy the following properties.

(1) B*(fg) = (B2 £)(E*3g) for all polynomials f,g.

(2) E¥(X —a)" = (Z) (X —a)" for all k,r >0 and a € F,,.

(3) For all k,r > 0 with k < r and all polynomials f, g there exists a polynomial h
of degree bounded by deg f + kdeg g — k such that E*(fg") = hg"*.

(4) For all k < q and all h € F,[X,Y] the polynomial r(X) = h(X, X?) satisfies
Efr(X) = (E%h)(X, X?), where E%h is the Hasse derivative of h with respect
to the variable X.
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PROOF. By linearity of the HASSE derivative it suffices to consider f(X) = X",
g(X) = X™ in part |(1)|and h(X,Y) = X"Y"™ in part |(4)| for integers n,m > 0. Then
and follow from the combinatorial identities

EC))-03) 0= (-or

while follows from

Efr(X) = BFX™™ = Zk:(Ek‘jX")(Eijq) = (Z) xXrtmak — (B R) (X, X9)

j=0
on using that ("J‘.q) =0 for all 0 < j < ¢. Finally, by |(1)[and induction we have
ENfg) = > (EMfg)(E"g)---(E™g),
Jittir=k
and since k < r there are at least r — k indices among the j;’s which are zero. This

implies that each summand is multiple of g"*, and its degree is bounded by
deg f+rdegg— (j1+---+j,) =degf+rdegg—k

as required. O

LEMMA 2.3.3. Let f € F [X] and suppose that (E*f)(a) =0 for all k < (. Then f

has a zero of order at least ¢ at a.

PROOF. By Lemma we may suppose a = 0. If we write f(X) = Y50 a; X"
then (E¥f)(X) = Yisp a; (li)Xi*k, so a = 0 for all k£ < ¢, as wanted. O]

2.3.2. Construction of the auxiliary polynomial. To end the proof of Theo-
rem we only need to construct the polynomial r € F,[X] of Proposition [2.3.1f We

assume it has the form

J
r(X) = fUX) Yo (r5(X) + 55(X)g(X)) X7

=0

|
—

<
Il

for some large integer J and some polynomials 7; and s; of degrees < ¢ —m that we
have to determine. There are three conditions we want r to satisfy. First, each x € S,
has to be a zero of r of multiplicity at least £. Second, r cannot be identically zero,
and finally the degree of r must be bounded by the quantity given in Proposition [2.3.1]
Notice that if x € S, is already a zero of f then clearly it is a zero of order at least /¢

of r. Hence we may suppose f(x) # 0.
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LEMMA 2.3.4. For all k < { < q there exist polynomials Tj(»k)

and sgk) of degrees
bounded by ¢ — m + k(m — 1) and whose coefficients depend linearly on the coefficients
of rj and s; such that

J-1

r(X) = FHE) XV (0 + 57 (X0)g(0) X0

J=0

In particular, if v € S, then
kr(z) = fF @) o® (2),  where o™ (X) = Jf(r(’” (X) +asi (X)) X7,
PrOOF. We can write r(X) = h(X, X9), where h € F,[X,Y] is the polynomial
h(X,Y) Ji ) + 5 (X)f(X))Y?
Hence, by Lemma we have

J-1
Bhr = S(EH( ) + B0 X0
=0
and now it suffices to apply Lemma to conclude. O

We can now finish the proof of Proposition [2.3.1 and thus of Theorem [2.2.4, By

Lemmas [2.3.3 and [2.3.4 we have that z is a zero of r of order at least ¢ if o(¥)(z) = 0

for all £ < £. Consider then the homogeneous system of linear equations
o™ (X)=0, for0<k</t

on the coefficients of r; and s;. Since the number of equations is bounded by

gz_f(dega(k) +1) < %(Jﬂ—mw(m— 1) =4(J+c—m)+ 2l —1)(m—1)

k=0 k=0
and the number of coefficients is at least 2(c — m).J, we have that there is a nontrivial

solution as long as the integer J satisfies
2(c—=m)J > U(J +c—m)+ 300 —1)(m — 1).

We can rewrite this inequality as

(2(c —m) — 1) (J—é:—;q) >§(1+(€—1)m)

and since

2c—m)—l=q—1-2m— (> for (<q/4—1, m<q/8

NCHINY
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it suffices to take any J satisfying

be 0 ¢ 4
J>—+—+-(1+(L—-1)m :<
;T I+ E—Dm) =2

In fact, let J be the smallest of such integers. Then

g+1+(€—1)m>.

degr < ldeg f+ (¢c—m)+degg+ (J —1)g
<€m+c+cm+€<g+1+(€—1)m)
and since m > 3 and m < ¢/8, ¢ < q/4, we have

Im+c+ +1< <1+1+1+1>—
m-+c+cm _mq46212—mq

SO

degr < mq+( (g + (0 — 1)m>
as wanted. We are left with proving that r is not identically zero, and this will be
a consequence of the geometric irreducibility of the hyperelliptic curve Y? = f(X).
Indeed, suppose that r is identically zero, and after replacing X with X — x for some
appropriate x € F, if necessary suppose that f(0) # 0. This is possible because the
degree of f is less than q. We want to show that r; = s; = 0 for all j. Assume otherwise

and let jo be the smallest index such that either 7, or s;, is nonzero. Then we have

ho(X) + g(X)hi(X) =0

where o .
ho(X) = Z rj(X)X(j—jO)q, hi(X) = Z sj(X)X(j—jo)‘l.
J=Jo j=jo

Squaring this relation and multiplying by f(X) we obtain
R0 F(X) = R(X) [(X) = R(X)F(XT) = B(X)£(0) (mod X7)
whence 77 (X)f(X) = s7,(X)f(0) (mod X9). But degri f < 2(c —m)+m < q and

degs? < 2(c —m) < ¢, so we must have 73 f = s7 f(0). Since f(0) is a square in
F,, sois f in F,[X], and this contradicts that Y2 — f(X) is irreducible in F,[X,Y] by
hypothesis.



CHAPTER 3

Heilbronn’s exponential sum

3.1. Introduction

Let p be a prime, and define the function e(x) = exp(2mix), which has period 1. In
the 1940s HEILBRONN asked whether the exponential sum

for a relatively prime to p, is o(p) as p — oo. Notice that, if n = m (mod p), then
n? = mP? (mod p?), so we can let the variable n range over the elements of the finite
field [, instead, this is, H(a) is a complete sum. This problem was not solved until
1996, when HEATH-BROWN [10] proved the estimate H(a) < p''/!? uniformly on a
using STEPANOV’s method in a striking way. This bound was subsequently improved
to H(a) < p”/® by HEATH-BROWN and KONYAGIN [11] using a refined version of the
same method, and more recently to H(a) < p®”/%log®3! p by SHKREDOV [24] and to
H(a) < p*/%log"/® p by SHKREDOV [25]. In this chapter we follow [11] and [28] to prove
that the sum ) )
Hy(a,x) = X xme( )
is < p™/® as p — oo uniformly in a coprime to p for all multiplicative characters y on

F,. In fact, we will prove that

p
(3.1.1) > Hp(a+rp,x)|* < p™/?

r=1
which is enough to deduce the claim.
THEOREM 3.1.2. H,(a,x) < p"/® uniformly in a and .

7/8

In particular using this bound we recover the main result of [28] with p/® instead

of p*/12. This corollary was improved later to < (h, p — 1)'/16p7/8 by PucHTA [21].

COROLLARY 3.1.3. For all h > 1 we have

p—1 hp
> e(azz ) < (h,p—1)p"8.
n=1

45
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PROOF OF COROLLARY B.1.3l Replacing h with (h,p — 1) we may suppose that

h divides p — 1. Notice that the number of solutions to n" = m (mod p) is exactly

>\ X(m), where x runs over all multiplicative characters on [, satisfying " = 1. Hence

i e(a;p) -y i X(m)e(apﬂ;p) = zx:Hp(a,x)

n=1 X m=1

and since there are h such characters the claim follows from Theorem [B.1.2] O

We start proving the following lemma, which gives a bound for the sum of Equa-
tion [3.1.1] in terms of the number of solutions to some polynomial equation. To ease

notation write H(a, x) = H,(a, x) and define

Ho(a, x) = pz_:lx(n)e(igp) and Hy(a) = Ho(a,1).

LEMMA 3.1.4. Let f(X) = X + 2 +... 4+ X0 € F [X] and

T
M, = [{(z1,22) € F) x F 2 f(w1) = f(x2)}].
Then SF_y |Ho(a +7p, x)[* < p*(p — 1 + M,).

Proor. We perform the following simple manipulations. Then from the equality
Ho(a, x) = x(m)Ho(am?, x) for all m coprime to p we have

2

D p p—1 D
(p—1)>_ [Hola+rp,x)|* =D > [Ho((a+rp)m?, x)|* < > [Ho(n, x)[*.
r=1 r=1m=1 n=1

The last inequality follows since the numbers
(a+rpm? with 1<r<p and 1<m<p-1

are pairwise distinct modulo p?. Indeed, if (a + rp)m? = (a + sp)n? (mod p?) then
reducing modulo p we find that m = n (mod p) since a is not divisible by p, whence

m = n and this readily implies that » = s. Thus,

2

D p—1 D p p_ P __ P
p—1 Hy(a+17p, x 4§ X (myme) X (mamy e (m1+m2 ms — mq)n
2
r=1 mi,...,ma=1 n=1 p

and the right hand side is bounded by p>N,, where
N, = {1 < mi mg,mg,my < p—1:mf +mb = mb +mi  (mod p*)}.

Reducing modulo p in the above condition we must have m; +my = ms+my (mod p).
Let b = my — m3 (mod p), so that also b = my — my (mod p). If b is divisible by p

then m; = ms and my = my, so the congruence trivially holds and there are (p — 1)2
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solutions to it. If b is prime to p write m; = v1b (mod p) and m4 = veb (mod p) for
some 2 < vy,v9 < p— 1. Then the congruence reads v — (v — 1)? = v} — (v — 1)?
(mod p?) and in particular it does not depend on b, whence N, = (p — 1)*+ (p — 1) M,

where
=2<v,<p—1:00 (v —1)P=0vh — (v — 1)’ (mod p*)}|.

But, if p is odd, the fact that (’2) = (—=1)*p/l (mod p?) for all 1 < ¢ < p — 1 implies

w—(v—1)P=1- pz_: <22>(_1)e—1ve =1 2:: 7 (mod p?)

=1
so we have MI’) < M, and the desired estimate follows. OJ

For each u € F,, define F(u) = {z € F, : f(x) = u}, so that M, = ¥ ,cp, [F(u)]?
and p = ¥,cr, |F(u)|. HEATH-BROWN [10] proved that |F(u)| < p** uniformly in u,
and from this we get the estimate

(3.1.5) M, < p* Y |F(u)] = p2

u€clFy

which yields S-°_, |Ho(a + rp, x)|* < p'*/3. We remark here that |F(u)| < p?/® was
first proved by MIT’KIN [19], who also proved an analogous result for the truncation of

the exponential function. However, the following generalisation of this bound, which is
Lemma 7 in |11], allows us to improve the exponent of p in Equation (3 from 5/2

to 3/2. This implies Equation (3 at once.

LEMMA 3.1.6. Foru € F, define F(u) = {x € F,: f(x) = u}. Then for any subset
U CTF, we have

U) = > |F(u)| < ( (p|UN??  where F(U)= | F(u

uelU uelU
COROLLARY 3.1.7. M, < p*/2.
PROOF OF COROLLARY [B.1.7l Arrange the elements uy, ..., u, of F, so that
|F(u1)] = [F(ug)| = -+ = [F(up)]

and consider, for each T' > 1, the set U = {w; : i < T'} of cardinality 7. By Lemma
we have T|F(ur)| < |F(U)| < (pT)%3, so |F(ur)| < p*3T~/3 and therefore

o F(ur)P <p?PNTP YT [Flur)| < min(pPNYE pP AN,
N/2<T<N N/2<T<N
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Hence, letting N = 2* with k£ > 0, and considering the cases N < p'/? and N > p'/2

separately, we have

M, = Z Z |F(uT)|2 < Z p4/3N1/3 + Z p5/3N_1/3

N=2k>1 N/2<T<N N=2k<pl/2 N=2k>pl/2
4 k —k
<L p /3 Z 9 /3 +p5/3 Z ) /3
k<log, pl/2 k>log, pl/2

& P3PS L 316 B
as wanted. 0

To complete the proof of Theorem we only need to prove Lemma [3.1.6, and
to that end one constructs an auxiliary polynomial W(X) with zeros of large order D
at all points in F(U). Thus one gets |F(U)| < degWV/D, and for appropriate ¥(X)
and D the lemma will follow. The construction of W(X) is done in Section and is

motivated by the fact that f(X) is a truncation of the transcendental function

—10g(1—X)—X+);2+)§)3+"'€QHXH.

As usual, we also need to show that this polynomial is not identically zero. This is
proved in Section [3.3]

3.2. Construction of the auxiliary polynomial

The proof of Lemma [3.1.6| consists in the following application of STEPANOV’s
method. We construct a polynomial ®(X,Y,Z2) € F,[X,Y, Z] with

degy ® < A, degy @< B, deg,®<(C

and such that the polynomial ¥(X) = ®(X, f(X), X?) € F,[X] is not identically zero
and has a zero of order at least D at all points x € F'(U). This implies that

(3.2.1) DIF(U)] <deg¥(X) <degy®+ (p—1)degy ® +pdeg, ® < A+p(B+C)

and by choosing suitable parameters we will obtain the bound given in the lemma.

More precisely, we have the following result.
THEOREM 3.2.2. Suppose A, B,C, D are positive real numbers satisfying
D(A+2D+CO)|U| < ABC, D<p, AB<p.

Then D|F(U)| < A+p(B+C).
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The condition D < p imposed in the theorem allows us to use ordinary derivatives
to detect the order of a zero of a polynomial without needing to use HASSE derivatives.
Indeed, one easily checks that if g(X) is a polynomial, then z is a zero of g order at
least D < p if and only if g™ (z) =0 forall 0 <n < D — 1.

Before proving Theorem , we prove the following lemma which says that f(X)

satisfies some simple differential equations.

LEMMA 3.2.3. For all n > 1 there exist some polynomials q,(X) and h,(X) of
degrees bounded by n+ 1 and n — 1 respectively such that f(X) satisfies the differential

equation
d

(X(1= X)) (-

) (X)) = ga(X) + (X = X)ho(X).
PRrROOF. The proof is straightforward by induction. For n = 1 we have

X(1- X)) f(X)=1- X",

d
ax!
so we can take hy(X) = —1 and ¢;(X) = 0. Now, if the result is true for n — 1, then
by the induction hypothesis we have

d
aX

(X(1-x)"( d (qn_l +(XP — X)hn_1>

)nf(X) = (X(l - X))nd7 (X(l _ X))n—l

and some elementary computations show that this is equal to ¢, (X )+ (X? — X)h,(X),

where ¢, and h,, are the polynomials
G =X(1=X)g, 1 = X(1 = X)hn1 — (n = 1)(1 = 2X)gp1,
h,=X1—-X)h! | —(n—1)(1-2X)q, 1.

This is enough to prove Lemma [3.2.3] O

PROOF OF THEOREM [3.2.2]. Let ® and W as at the beginning of the section. We

have to impose the conditions

d \n
(3.2.4) (de) U(X)|,_ =0 forall 0<n<D and z€F(U).
In fact, in view of Lemma it will be convenient to replace them with
n d n
(325)  (z(1—=2)) (OTX) U(X)|, =0 forall 0<n<D and z€F(U),

which are equivalent to (3.2.4)) unless x = 0 or x = 1. But this is enough to prove
Lemma since we can replace F(U) with F(U) \ {0, 1}, so if the lemma is true for
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F(U)\ {0,1} then we have
[FU)] < [F(U)\{0,1}] +2 < (p|U])**.
Write

D(X,Y,Z) = Aap e XYPZC, sothat W(X) = ApXfO(X)XP

a,b,c a,b,c
Since all the derivatives of XP¢ are zero we see that

d d

(3:2.6)  (X(1-X)"(75) (X OXT) = XX (1= X)) (75 ) (X F(X)).
On the other hand, for all j > 0 we have
d
(X(1— X))y (dX) X = jIO8X(1 — X
so an application of LEIBNIZ’ formula yields
n d a n aya J d \k
(X (1= 20)" () (XX ] fk;nﬂc RCFX (1= XY (X(1= X)) () f(X)
where
d b
(X(1 - X>>’f(ﬁ)’“fb<x> = X O A=) ).
al+-Fap=~k i=1

Using now Lemma we deduce that the left hand side of Equation (|3 is a linear

combination of products of polynomials of the form
Xeta(1 — X)nrleattadg (X))o, (X)F(X)PY (mod XP — X)

with 0 < ¢ < min(b,n) and degq,, < a; + 1 for all 1 <+ < ¢, and consequently we can
write
d \n
(X1 =X)"(5%) ¥(X) =D Aape Y. Ps(X,a,b,e,n)f*(X)  (mod X — X)
dX a,b,c 0<B<B
for some polynomial P3(X,a,b,c,n) of degree at most c+a+n+¢ < A+2n+C. Now,
for all u € U define the polynomial
P(X,u,n) =Y Xape >, Ps(X,a,b,c, n)u’

a,b,c 0<8<B

Then the restrictions read
Pz, f(x),n)=0 forall 0<n<D and ze€ F(U)

and therefore it suffices to impose that P(X, u,n) vanishes identically for all0 < n < D
and all u € U. Since the degree of P(X,u,n) is at most A+2n+C < A+2D+C, there
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are at most D(A+2D+ C)|U| linear homogenous equations on the variables A, ;.. The

number of variables is ABC', so there exists a nontrivial solution as long as
(3.2.7) D(A+2D+ C)|U| < ABC and D <p.

Hence by Equation (3.2.1)) we get the desired bound if U(X) is not identically zero. But
this is guaranteed by the following lemma, which finishes the proof of the theorem. [J

LEMMA 3.2.8. The polynomial V(X)) is not identically zero if AB < p.

The proof of Lemma [3.2.8]is deferred to Section [3.3 where we prove a more general
statement. To finish this section, we deduce Lemma [3.1.6] from Theorem [3.2.2]

ProOF OF LEMMA B.1.6l We claim that the choices
A=[pBlUlB), B=C=[p"AlUlM?, D=[5p*|UI7?

satisfy the hypothesis of Theorem|3.2.2, Notice that Lemma is trivial if |U| > p*/2,
so we may assume that |U| < p'/2. Both D < p and AB < p clearly hold, so it suffices

to show, for example, that
LU+ SO 4 p 01 < (P (U
for p large enough (since [z] > /2 as long as x > 1). But the left hand side is
LpBIUI(1 + L 4 p BT < BpM3|U 3 < Lphls ||

so the first condition also holds. Finally, with these parameters we obtain the bound

A+p(B+C) _ p*PlU|?
D p23|U|-1/3

and this completes the proof of Lemma [3.1.6] U

DIF(U)] < = (p|U])*?

3.3. Nonvanishing of the auxiliary polynomial

To prove that the polynomial W(X) we considered in Section does not vanish
identically one uses the following result, which is Lemma 3 in [10]. The idea is that
f(X) is close to the transcendental function —log(l — X), so it cannot satisfy any

polynomial equation.

LEMMA 3.3.1. Let F(X,Y) € F,[X,Y] be a polynomial not identically zero and such
that degy F' < A and degy F' < B. Then X? does not divide F(X, f(X)) if AB < p.

Let us prove first the nonvanishing of W(X) from Lemma when AB < p.
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PROOF OF LEMMA [3.2.8. Write

O(X,Y,Z2)= > F.(X,Y)Z¢

0<c<C

for some polynomials F,.(X,Y) € F,[X, Y], and let ¢y be the smallest integer such that
F.,(X,Y) does not vanish identically. Then

W(X) = X" 37 F(X, f(X)) X7

co<c<C
and consequently if W(X) is identically zero then F, (X, f(X)) is divisible by X?. But
this is impossible by Lemma if AB <p. O

The proof of Lemma given in [10] is rather technical and is based on the
differential equation of f(X) proved in Lemma [3.2.3] YU [28|, however, found a simple

proof of the following mild generalisation.

LEMMA 3.3.2. Let go(X),...,g95-1(X) be polynomials in F,[X]| with gg_1(X) not
identically zero and such that deg g,(X) < Ay, for some integers Ay, . .., Ag_1 satisfying

Ag> Ay >Apy and D=Ag+---+Ap1 <p—B.

Then XP+B does not divide
B—1
F(X) =Y g(X)f(X).
b—0

PROOF. The proof is by induction on B. If B = 1 then clearly X“°*! cannot divide
go(X), which has degree at most Ag. Now let B > 0, and assume the result is true for
all nonnegative integers < B. We use induction on D = D(F) = Ao+ ---+ Ap_1. If
D = 0 then the g,’s are constant, and since X = 0 is a simple root of f(X) we have
that

f#0 (mod X", and f’=0 (mod X?)

for all 0 < b < B. If X? divides F(X) then this readily implies that g, = 0 for all
b, so F(X) is identically zero. Now let D > 0 be such that D + B < p, and suppose
we have proved the lemma for all integers < D. For the sake of contradiction suppose
there exists some F(X) divisible by XP*B. Then the derivative F’(X) is divisible by
XD+B=1and since (X — 1)f/(X) = 1 — XP~! we easily deduce that

(X —1F'(X)=G(X) (mod XP1)
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where
G(X) = Z__:((X — 1)gp 1 (X) + bgo(X)) f77H(X) + (X = 1)gp_ (X) fPHX).

Since D+ B < p it follows that XPT8~1 divides G(X), and consequently it also divides
the difference H(X) = G(X) —rF(X), where r = deg gg_1(X) < Ag_;. But

deg((X — 1)gy 1 (X) + bgp(X) — rgp-1(X)) < Apy
for all b < By since Ay_1 > Ay, and
deg((X —1)gp_1(X) —rgp1(X)) <r < Ap_4,

so we have D(H) < D unless (X — 1)g5_1(X) — rgp_1(X) is identically zero. Since
D(H) < D is not possible by induction on D we must have

(X = Dgp1(X) = rg(X)

and this implies that gg_1(X) = a(X —1)" for some a prime to p. But then by induction

on B we have
(X = 1)gy 1 (X) 4+ bge(X) —rgo-1(X) =0 for 1<b<B-1
and in particular for b = B — 1 this identity reads
rgp_o(X +1) — Xgp o(X +1)=a(B - 1)X".
Comparing the coefficients of X" we see that a(B —1) =0 (mod p), so a =0 (mod p)

and this contradiction completes the proof. O

3.4. Bounds for incomplete Heilbronn sums

In this section we show how to deduce from Equation (3.1.1]) the following bound
for incomplete HEILBRONN sums, which is the corollary to Theorem 1 in [11].

PROPOSITION 3.4.1. For all N <p and M > 1 we have
anP
> e(y) <NV
M<n<M+N P

In the proof we will need the following elementary estimate.

LEMMA 3.4.2. For all real o and integers M and N > 1 we have

> e(na)| < min(N, [l ™)

M<n<M+N

where ||a| is the distance of « to the nearest integer.
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PRroOOF. Replacing a with o + M we may assume M = 0, and by periodicity of the
exponential function we also may assume that 0 < o < 1. The result is clear when «
is an integer, and otherwise we have

2

~ |sinmal

ll —e(Na)
1—e(a)

Since sin wa function is concave for 0 < o < 1 we have [sin 7| > 2||«||, which is enough

to prove the claim. O

PROOF OF PROPOSITION [3.4.7] We start writing

Oy () e e(t) T ot
<n<M+N r=1s=1 M<n<M+N

p p
<ty T (TS

r=1 M<n<M+N
L rn
=p 12‘ > 6(—)“H(a+rp)].
r=1 M<n<M+N P
Then by Lemma we have
anP IR -
S (B <Y min(N, [/l Hia + )]
M<n<M+N p r=1
and now HOLDER’s inequality and Equation (3.1.1)) yield
an? . B 3/4 , &
) e(p*z) <p (Y min(N, [r/pl 7)) (D [H (e + rp) )
r=1 r=1

M<n<M+N

1/4

RV _ 3/4
< p (D0 min(W [l /pl )T
r=1

Finally, since ||7/p|| = ||[(p — r)/p|| = r/p for all 1 <r < p/2, we have

p
>_min(N, [r/pl| ") =2 37 min(N,r/p) + NV

r=1 1<r<p/2
—9 Z N3 49 Z p4/37“_4/3 1+ N4/3 <<pN1/3
1<r<p/N p/N<r<p/2

which finishes the proof of Proposition [3.4.1] 0]



CHAPTER 4

Multidimensional exponential sums

4.1. Deligne’s theorems

In this section we review briefly DELIGNE’s theory on multidimensional exponential
sums, which generalises the one-dimensional case that we have discussed in the previous
chapters. While sums in one variable are closely related to some algebraic curves over
finite fields, as Chapters [2] and [3| exemplify, these more general sums are related to
higher dimensional algebraic varieties. We follow closely the first two sections of [23].

Let k = T, be a finite field of ¢ elements and fix an algebraic closure k of k. Also
let k, = F,» be the unique extension of k of degree n contained in k, denote by Try, /F,

the trace map k, — F,, and define the additive character

(4.1.1) VU, (2) = exp(2mi Ty, /v, () /D).

If X is an algebraic variety over k and f € Ox(X) is a regular function on X, we

consider the exponential sum
S=8X.f)= > u(f(x)),
zeX (k)

where f(z) denotes the image of f in the residue field k(z) = k of € X (k). More

generally, for any positive integer n > 1 we define the companion sums

Sn=SX X kn, f)= D ¥n.(f(2)),

and we construct the associated zeta function of X,

Z(X, £,T) = exp(}_ S.T"/n).

n>1

As usual, this function is equal to a certain Artin L-function.

LEMMA 4.1.2. We have Z(X, f,T) = [[(1 — ¥r()(f(2))T98*) " where x runs over

T

all closed points of X.
55



56 4. MULTIDIMENSIONAL EXPONENTIAL SUMS

PROOF. The proof is identical to the one given in Section 2.1.3] Taking the loga-
rithm in the product and expanding we obtain
DD Wk (f() TEEe /0
>1 =
and now collecting the points of degree d = degx > 1 we see that this expression is
equal to
S Y (@) T = S ()
d>1(>1degz=d n>1 % d=degaln
and the inner sum is exactly S,, by the properties of the trace map and the fact that
there are exactly d embeddings kg — k&, (cf. Lemma . 0

As for the exponential sums studied in Chapter [2| the zeta function Z (X, f,T) is a
rational function in 7. This result was proved by DWORK using p-adic analysis 7] and
by GROTHENDIECK using (-adic cohomology [9].

THEOREM 4.1.3. The zeta function Z(X, f,T) of an algebraic variety X is a rational
function of T.

Thus we can write Z (X, f,T) as the quotient A(T")/B(T') of two polynomials, and
if we let o, ..., q,, B1,..., 0 be the algebraic numbers such that A(T) = [];(1 — «;T)
and B(T) = [1;(1 — 3;T), then the sum S,, can be written explicitly as

7 S
Sp=>ap — > .
i=1 j=1

Furthermore, an analogous version of the RIEMANN hypothesis also holds for S,,. This
is the content of the following celebrated theorem by DELIGNE, whose proof crucially
uses the LEFSCHETZ fixed-point theorem.

THEOREM 4.1.4 (DELIGNE). There exist algebraic integers w;; of absolute value

q" 12 for some integer v(i,7), called the weight of wij, such that
(4.1.5) Sp =D (—1)w}.
1,J
Furthermore, any conjugate of w;; over Q has also absolute value q /2,
We end the section with the following result from [4], which gives an upper bound

for the number of roots of maximal weight in terms of an explicit bound for .S,,. This

will be needed in the next section.
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LEMMA 4.1.6. If r > 1 is a positive integer and C' > 0 is such that |S,| < Cq=
for every large n, then the roots of S, have weight at most r, and there are at most C?

roots of weight exactly r.

PRroOF. Let B > 0 be the number of roots of weight r. The result will follow if we

prove that for all £ > 0 there exists infinitely many n for which the lower bound

nr

(4.1.7) 1S,| > (B2 — £)¢

holds. Indeed, in this case we see that C' > Bi —cforalle > 0,s0 C > B%, as wanted.
To prove that (4.1.7)) holds for infinitely many n, notice that we can write

S Z apz; + O(q_%)

=1
for some pairwise distinct complex numbers zq, ..., z; of absolute value 1 and some
nonzero integers ay, . .., as such that >;_; |a;] = B, so

lim sup |S,,|¢~ % —hmsup‘Zagze‘

n—oo n—oo

But we have

N s
S ] = (V1 Z|agy2+zyagamy|2 2Zm)"| = (N +1) ZWP+O()

n=0 (=1 =1 l#m
where the last equality follows from the fact that the z,’s are pairwise distinct. From

this it readily follows that

hinjogp 1Sulg™® = (Z [an] )

and the proof of the lemma is finished. O

NG
Nz\»—t

2. An example by Birch and Bombieri

Let p be a prime and ¢ be a power of p. Also let 1, be the additive character of F,
defined in Equation . In this section we study the exponential sum
(4.2.1) S(g) = S(g,0,8,7) = > wela™ly+(z+a) a4 By + 927

,y,2€F,

where o, 3 and vy are elements of F;*. The prime in the summation sign means that the
variables x,y, z are restricted to those values for which the argument of v, is defined,
namely they are nonzero and x + o # 0. The particular case of ¢ prime was needed
in the celebrated paper [8] by FRIEDLANDER and IWANIEC, where they apply ideas
developed by BURGESS in [6] to obtain bounds for certain averages of KLOOSTERMAN
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sums. This in turn leads them to obtain interesting results on the following problem
in additive number theory. Let d3(m) be the number of representations of a positive

integer m as product of three positive integers, that is,
ds(m) = #{(m1, mz,m3) € L%, : mymamy = m},
and define the average function

D3(X7Q7a) - Z d3<m>
m<X
m=a mod ¢

for positive integers ¢ and a. Then they prove that the asymptotic formula

D3(X,q,a) = ﬁq)P(log X) + 0.(X4qP)

holds uniformly in the range X%2/1% < ¢ < X58/115 for any a relatively prime to ¢, where
A and B are some explicit positive numbers and P is a certain quadratic polynomial.
Notice that 58/115 = 1/2 + 1/230.

The main theorem we prove in this section on the sum given in Equation is
the following.

THEOREM 4.2.2. Let q be odd and afy # 0. Then there exist absolute constants Cy
and Cy such that

1S(q, a, B,7)] < C1q%, for all primes p > Cy.

In [2] BIRCH and BOMBIERI give two different proofs of Theorem m The first
one depends deeply in algebraic geometry while the second one is of a more computation
nature. Here we will follow the second one as it is closer to the spirit of the previous

chapters.

PROOF OF THEOREM [£.2.2] We start observing that multiplying the variables z,
y and z by « in the sum (4.2.1)) we may assume that a = 1. Hence we only need to
study
S(B.7)=5(a,8,7) = X dlaty+ @+ 1) 2+ By ).
z,y,2€F,,
with 5,7 # 0. In the next lemma we show that this sum can be simplified further in
terms of the KLOOSTERMAN sum

K(a) = Y gz +ax), a€F,.

xeF;
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LEMMA 4.23. S(B,7) = K() (H—x)
w01

PROOF. Making the change of variables Y = 7'y and Z = v~ 'z we have
=2 Xy: Yoy + By (@ + )7z 4927
=33 W (YT 2B Y (27 + (1) T2
z Y Z
= ; Kz B)K((x+1)")
as wanted. O

LEMMA 4.2.4. For b,c € F we have

ZKab ac-ébcq —q

a€cl,

where 0. = 1 if b= c and o, = 0 otherwise.

Proor. We have

> K(ab)K(ac) = Y vg(z™ ' +y7) Y dglalbs + cy))
a€clFy myeFX a€clFy
=q > (et (1+b7"))
xEF;

and the rightmost sum evaluates to ¢ — 1 if b = ¢ and to —1 if b # ¢. This implies the

claim. =

From Lemma [4.2.3] we deduce that

S sEr=Y ¥ KOK(G)EC)K(G)

BeF, ﬂe]quy;éo —1 +x
_ g} Pyie (B
= > K (17 )K(Hy)m (5)x()
= X (K(;5) —0 ¥ k(i )E()
2#0,—1 L4 xy;é(] 4 At L4y

and now the change of variables X = (1 +z)™ ' and Y = (1 +y)~! yields

S SBN= X (K —a( X K(Xy)

BeF, X#0,1 X#0,1
= —q—1—(K())?) —q(1 — K(v))?



60 4. MULTIDIMENSIONAL EXPONENTIAL SUMS

on using Lemma and that > cr, K (ab) = 0 if b # 0. Thus we obtain

Y (SB)P=¢"-¢—¢—F(K>")?—ql - K(v))?

BeF,
and in particular we have that S(8,7) < ¢2+0(q?) since | K ()| < 2¢2 (Theorem.
Hence for any fixed C' > 1 the inequality S(8,v) < C¢* holds for large enough ¢, so
we are under the hypothesis of Lemma and (using any C' < /2) it follows that
for each fixed v # 0 the sum S(f3,v) has roots of weight at most % with at most one
exception, which must have weight 2. If S(3,~) has a root of weight 2 we say that the
pair (8,7) is exceptional. If (5,7) is exceptional, then from Equation (4.1.5) we have
that
S(B,7) = eq® + O(q?)

where ¢ = ¢(f3,7) is either 1 or —1. Notice that if no exceptional pair exists, then
S(B,7) = O(q2) and the theorem follows. Therefore assume that at least one excep-
tional pair exists. We will see that under this hypothesis the number ¢ must remain

bounded by some constant Cj.

LEMMA 4.2.5. The pair (3,7) is exceptional with € = €(B,7) if and only if
B Y \)2 3
K(2) = ek (1)) = 0(g3).
> () K (1)) = ot

PRrROOF. Expanding the sum on the left-hand side we see that it is equal to

> (K@ 'Bx)* + D0 (K((1+2) 'yx))* —2e5(8,7)

x#0,—1 x#0,—1

and now using Lemma this expression simplifies to

2(¢" —q— 1) = (K(8))* = (K(7))* — 2e8(8,7) = 24" + O(q) — 2¢5(8,7).

Here we have used that K(a) = O(q2) (Theorem [2.2.1). But this is O(¢2) if and only
if S(8,7) = eq®+ O(q?), as claimed. O

As a consequence of Lemma and the change of variables z — —1 — x we see
that if (3,7) is exceptional, then so is (—v, —3) and they have the same . We next

prove that there is a composition law for exceptional pairs.

LEMMA 4.2.6. If (B8,7) and (5',7) are exceptional and  # —/', then

#) = B (0,) = (o )

is also exceptional and e(p",7") = e(B,v)e(5,7).
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PROOF. Put € = ¢(f,7) and &’ = ¢(f',7’). Since the pair (=7, —/’) is exceptional
we have, by Lemma [4.2.5] that

> (65 K (7)) = 0w

2201 T 1+

and now the change of variables z — (—+'/f3)x yields

> (K(5) -k (7222)) = o)

20,1 x =z

But (3, 7) is an exceptional pair, so using Lemma again and the triangle inequality

one easily obtains that

> (K(y1,) =K (525,)) = 0

2#£0,—1 + B—='r

Finally, after the change of variables y = ((5/7') + 1)z + (58/7) this equality reads
pr/(B+ 1 (VB4 7) N2 s
S (e (LYY g (TN g
y#0,~1 y I+y

and this finishes the proof of the lemma. O
LEMMA 4.2.7. If (8,7) is exceptional, so is (m*B,m>y) for allm € F).

Proor. Making the change of variables x — mx we easily see that

K(am?) = > ty(m(z™" +az)) = 0K (a)
z€F;
where o € Gal(Q(e*/?)/Q) is the automorphism e?™/? s ?7™/P  Therefore from
Lemma and Equation (4.1.5)) we deduce that
S(m?B,m*y) = aS(B,7) = D_(~1)'o(wy)".
1,J
But by the second part of Theorem the weight of o(w;;) is exactly that of w;;, so
w;; has weight 2 if and only if o(w;;) has weight 2. O

LEMMA 4.2.8. If (8,7) is exceptional, so is (mvy,mvy) for each m € FX, and fur-

q’
thermore (m~y, my) = 1.

PROOF. By Lemmas [£.2.6] and [4.2.7] the pair

2 2
(m*8,m*y) ® (=7, —f) = (1 fbmﬂ, : inm27>
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is exceptional if m # +1. Now, since (v,7) ® (v,7) = (7/2,7/2) for any v, composing

this exceptional pair with itself n times we have that

m? v m? v
1—m2n’1—m2n

is also exceptional for each n € F*. In particular this shows that (m~y, m~) is exceptional
, v, my

for each m € F .

To prove the second part, we show more generally that if (v,7) is exceptional,
then € = &(v,7) is 1. Indeed, the exceptional pair (v,v) @ (v,7) = (v/2,7/2) has
e(v/2,7/2) = > = 1. Now, if 1 < n < p is an inverse of 2 modulo p, then composing
this pair n times we obtain that the pair (v/2n,v/2n) = (v,7) has also ¢ = 1, as
wanted. OJ

From Lemma 4.2.8 we have that

(4.2.9) 3" S(my,my) = (p — 1)¢* + Olq?p).

mEIF;;

On the other hand, if Tr is the absolute trace Trp,/r,, then this sum can be written as

Z S(my, my) = Z wq(m_ly + (z + 1)_12) Z wq(ym(y_l + 2_1))

- o meF
=p Z Yoz ly+(z+1)712) - Z Yoz ly + (z+1)712)
Tr(v(y*fi’fl))zo o
=pZ¢(i+ : )—(a—2)
S Nru (z+1)(s—u)
Tr(vs)=0

Vand v = y~!. In the particular case when ¢ = p is prime the

where s = y=! + 2~
last sum can be evaluated explicitly. Indeed, the trace map Tr is the identity and the

condition Tr(ys) = 0 reads s = 0, whence the sum is equal to

1 1
#%:_hg;)wq(w ~Grhe) P2
Hence
> S(my,my) = O(p?)
meF,
and comparing this bound with Equation (.2.9) we obtain (p — 1)p? + O(p3) = O(p?),
this is, p = O(1). This proves that there exists a constant Cy > 0 such that an

exceptional pair exists only if p < Cj, as wanted.
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Finally assume that ¢ is arbitrary. We shall use the following result, which is
Theorem 5 in [12].

THEOREM 4.2.10. Let f(x1,x2,23) and g(z1, x2,x3) be polynomials with coefficients

in F,, and consider the exponential sum

S(fg) = X Uulf(z1,22,23)).

g(z1,22,23)=0
Suppose that the variety
f(xy,20,23) =t =0, g(x1,79,73) =0

is geometrically irreducible for almost all t, and that it is a curve for all t, possibly
empty. Then S(f,g) = O(q).

In particular consider the polynomials
fs(zyu, 2) = (zs+ s — u)z,
gs(x,u,z) = zu(r +1)(s —u)z — 1.

Then
1 1  felwyu, 2)

U * (x+1D)(s—u) gs(z,u,2)+1
1
qu(xu $+1)(S—u)) o of Z w (f(xl’xQ’xg))
x1,x2,23)=0
for each fixed s, and by Theorem m this sum is O(g). Hence by Equation (4.2.9)
we deduce that pg? + O(pqz) = O(pq), whence ¢ = O(1), as wanted. O
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