N

N
N

HAL

open science

On Finite Subgroups of the Plane Cremona Group

Elena Denisova

» To cite this version:

Elena Denisova. On Finite Subgroups of the Plane Cremona Group. Mathematics [math]. 2021.

dumas-03650313

HAL Id: dumas-03650313
https://dumas.ccsd.cnrs.fr/dumas-03650313v1

Submitted on 24 Apr 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://dumas.ccsd.cnrs.fr/dumas-03650313v1
https://hal.archives-ouvertes.fr

ALGANT Master Thesis in Mathematics

On Finite Subgroups of the Plane Cremona Group

Denisova Elena
Advised by Prof. Andrea Fanelli

P universite
Universiteit Leiden % B 0 R D E A U X

Academic Year 2020-2021
Version: 6 June 2021



Contents

IHistory of the Results] . . . .. . .. .. .. . ..
|Goals and Structure of this Project|. . . . . . . . . . . . .

..............................................

|3 Intersection Theory on Surfaces|
8.1 Intersection Multiplicity] . . . . . . .. . ..
3.2 Intersection Productl . . . . . . . . . . Lo

H.2  Linear Systems| . . . . . . .. L
5.3 Embeddings Given by Linear Systems on PZ|. . . . . . ... ... ... ... ... ...
[5.4 Resolution of Rational Maps| . . . . . . . . . v v v i i i
b.5 Castelnuovo’s Contractibility Criterion| . . . . . . . . . . . .. ... ... ... .....

|6 Bubble Spaces|

8 Hirzebruch Surfaces|

8.2 Birational Map between I, and '\, qf . . 0 0 0 0 00 000000 oo
8.3 The Picard Group of Hirzebruch Surfaces| . . . . .. . ... ... ... ... ......
8.4 Automorphisms of Hirzebruch Surfaces|. . . . . . . . ... ... .. ... ... .....

19 Elementary Links and Decomposition Theorem|
9.1 Elementary Links|. . . . . . . . .0
9.2  Decomposition Theorem| . . . . . . . . . . . ... ...
9.3 Description of Del Pezzo Surfaces| . . . . . . . . . . . ... .. ... .

10
10
12
15
16

17
17
19

21
21
22
23
24
27

29
29

31
31

34
34
34
35
38



CONTENTS Chapter 0

[10 Regulations of Finite Groups| 47
|10.1 Properties of B(@)] . . . . . . . . 47
[[0.2 Definition of G=surfacesl . . . . . . . . . . . . . . . ... 49

) r-surfacesl . . ... L L 49

111 Conjugacy Classes between Examples | 52
1.1 Tool 1. Pomt-Wise Fixed Curves . . . . . . . . . . . . .. .. ... .. .. .. ... 52
[11.2 Tool 2: G-elementary links| . . . . ... .. .. . 52

12 Automorphisms of Conic Bundles| 54
[12.1 Minimal Conic Bundles| . . . . . . . . . . . . . ... . o 54
[12.2 Properties of Conic Bundles| . . . . . . . .. .. . o 54
12.3 De Jonquieres Group|. . . . . .. .. ... ... 55
12.4 Action of a group G on a conic bundle (X, 7)| . . . ... ... ... 0oL 58
12.5 Finite subgroups of Aut(X,7) with (G, X) minimall. . . . . . ... ... ... ... .. 58

[13_Automorphisms of del Pezzo Surfaces| 60
13.1 Del Pezzo Surfaces tained by Non-Trivial Blow-Up| . . . .. ... ... .. ... .. 60
13. e del Pezzo Surface of Degree 6| . . . . . . . . . . . ... oL 63
[13.3 The del Pezzo Surface of Degree 5| . . . . . . . . .. .. .. o oL 66
[13.4 'The del Pezzo Surface of Degree 4] . . . . . . . . .. .. .. Lo 67
[13.5 The del Pezzo Surface of Degree 3[ . . . . . ... ... ... ............... 70
13.6 e del Pezzo Surface of Degree 1 and 2| . . . . . .. ... ... ... ... ...... 72

13.6.1 e del Pezzo surface of degree 2:| . . . . . . . . ... 72
113.6.2  The del Pezzo surface of degree 1:| . . . . . . .. .. ... ... ... .. ... 73

14 Examples 74

114.1 Conjugacy Invariants|. . . . . . . . . . . . . .. .. 74
14.1.1 Invariant Pencil of Rational Curves/. . . . ... ... .. ... ......... 74

[14.1.2 Pairs of Invariant Pencils . . . . . ... .. ... ... ... ... ... ..., 74

[[41.3 The Existence of Fixed Pointd. . . . . . . ... ... ... ... ... ...... 74

14.2 Finite Abelian subgroups of of Aut(PZ)[ . . . . . . . ... ... ... ... 74
14.3 Finite Abelian subgroups of Aut(Pg x Pe)[ . . . . . . oo oo oo oo 75
15 Conclusion 82

ii



Acknowledgements

I would like to thank my advisor Prof. Andrea Fanelli for his support, and willingness to quickly and
thoroughly answer any questions about birational geometry, no matter how insignificant or obvious
they might seem at first glance. I want to thank Prof. Yuri Bilu’ who was my tutor at the university
of Bordeaux and Prof. Peter Stevenhagen who was my tutor at the university of Leiden for the
invaluable advice they gave me over the past two years. I also want to thank Prof. Dajano Tossici,
the person who, in these difficult times of the coronavirus, gave his students the opportunity to come
to Bordeaux and made our stay as happy and joyful as possible.

Finally and mostly, I am deeply grateful to my husband, my parents and my friends for constant
support and faith in me.



Chapter 1

Introduction

History of the Results

The projective space is one of the central objects in mathematics. That is why it is important to
understand the structure of Bir(Pg) the group of birational transformations of the projective space
PE of dimension n over the field K. This group was introduced by Cremona ([Cr63], [Cr65]) and it
is called the Cremona Group.

For n = 1 we have that the group Bir(P%) is the group of birational transformations of the projective
line P} which is well-know and equals PGL(2,K). In case n = 2 the structure of Bir(P%) is way more
complicated and very few results are known on Bir(Pg) for n > 3. We will concentrate our attention
on the plane Cremona group over the field C.

The first way to understand the structure of the Cremona group is to study it group-theoretically.
There exist works based on presentations of the group using the generators and relations (for example
[Giz82], [Isk83], [Bla12b]), but they do not provide the full understanding of the algebraic properties
of the group. For example, given an abstract group it is not possible to say if the given group is
isomorphic to a subgroup of the Cremona group. In fact it is known that Bir(P%) is not simple (i.e.
it is not a montrivial group whose only normal subgroups are the trivial group and the group itself,
[Ca-Lal0]), not linear (i.e. it is not conjugate to the subgroup of GL(n,K) for any n and any K,
[Cor13|) and not an algebraic group (i.e. it is not a group which is an algebraic variety, such that the
multiplication and inversion operations are given by regular maps on the variety, [Bl-Furl3]).

The second way to understand the Cremona group is to study its subgroups. The history of these
results lasts for more then one hundred years.

e The earliest work studying the Cremona Group is considered to be the Bertini’s work on in-
volutions ([Ber77]). In 1877 Bertini identified three types of conjugacy classes of involutions which
are now known as de Jonquieres, Geiser and Bertini involution

e Later on S. Kantor ([Kan95]) and A. Wiman ([Wim{96}]) described finite subgroups of the
Cremona group. However, we cannot say whether a given finite group is isomorphic to a subgroup of
the Cremona group using this description.

e A lot of Russian mathematicians successfully worked in this area of study (especially M.K. Gizatullin,
V.A. Iskovskikh and Y. Manin). The result which we are particularly interested in is the classification

Ithere were some corrections in Bertini’s proof of classification of conjugacy classes ([Ba-Be00])
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of minimal G-surfaces (rational surfaces with the regular action of some group G on them) provided
by Yu. Manin in the abelian case [Man67] and V.A. Iskovskikh in the general case [Isk79].

e Finally, it is considered that the modern approach has started with the work of L. Bayle and
A. Beauville on involutions ([Ba-Be00]). This was the first work which gave the example of a clear
description of conjugacy classes: using their results it is possible to conclude whether the two given
involutions are conjugate or not. This approach was developed by J. Blanc in his thesis ([Bla06]).

Goals and Structure of this Project

The goal of this project is to study the basic theory of algebraic surfaces and some finite subgroups of
the plane Cremona Group to understand its structure. In this section we will discuss the structure
this project.

We first note that for a rational surface X (i.e. X birational to PZ) we have Bir(X) =~ Bir(P3).
Let G < Bir(P%) be a finite group. We can regularize its action: there exists a smooth projective
rational surface X on which G acts biragulary . Now we give the definition which will help us
in later discussion:

Definition. Suppose X is a smooth projective rational surface, G < Aut(X) is a group acting
biregularly on X. We call a pair (G, X) a G-surface.

Now there we have two options:

G = id. This case corresponds to the birational theory of projective surfaces.

G # id. In this case we we apply the birational theory of projective surfaces to study of finite
subgroups of Bir(P2).

We start with the case: || G = id ||

We go through some tools we need to develop in this project:
@ Theory of Intersections.

The first thing we are interested in is to learn to compute the number of points where two curves on
X intersect. To do this for different irreducible curves C, C’ we look at the intersection locally at
point z € X and define mult,(C,C") := dimc Ox ./(f, g) where f,g € Ox , are local equations for C
and C’ resp. at x) and then define intersection multiplicity by taking the sum:

C-C':= > mult,(C,C")
zeCnC’

Note that this description is very natural. To see it let’s consider some examples:

pic. 2 pic. 3
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Two lines on pic. 1 intersect at 1 point so the intersection number is 1; a line and a parabola on pic. 2
intersect at 2 points each of multiplicity 1 so the intersection number is 2; a line and a parabola on
pic. 3 intersect at 1 points but it has multiplicity 2 so the intersection number is also 2.

It turns out (3.2.5) that we can define a symmetric bilinear form:
Pic(X) x Pic(X) - Z, (D,D")— D - D'
which respects this definition.

@ Blow-Up Construction.

The second important thing is the blow-up construction which is described in

Theorem. For a smooth projective surface X and point p on X there exists a smooth projective
surface X and a morphism m: X — X which are unique up to isomorphism such that:

1 7oy - HXN\{p}) — X\{p} is an isomorphism.
2. 7 Yp) = E =P,
PLxEcX
the blow-up iﬂ
peX
7 is called the blow-up of X at point p, and E is called the exceptional divisor.

@ Castelnuovo’s contractibility Theorem and Minimal Surfaces.

The third thing we want to understand is when it is possible to contract curves. Castelnuovo’s
contractibility criterion ([5.5.1]) gives the answer:

Theorem. Suppose X is a smooth projective surface, there is E < X such that E = ]Pnlc and B = —1.
Then there exists a morphism f: X — X' to a smooth projective surface X' and point P € X' such
that X is isomorphic via f to the blow up of X' at point P and E is the exceptional curve.

Using the blow-ups it is possible to define the order on the set of smooth projective surfaces. Moreover,
if we consider a smooth projective rational surface X then we can find a minimal rational surface Y [
after we contract all the exceptional curves using Castelnuovo’s contractibility criterion. For rational
surfaces we have (9.3.3):

Theorem. Suppose X is a smooth projective rational surface. Then the following are equivalent:

X is minimal < there is no exceptional curve on X < ( X=>P2orX=F, forn#1 )

The second case is: .

In this case we adapt the birational theory of rational surfaces to the G-equivariant setting.

@ Minimal G-pair.

Suppose (G, X) is a G-surface. We say that a birational map ¢ : X --+ X’ is G-equivariant

2j.e. for a surface Y we have that any birational morphism Y — Z to a smooth projective surface Z is an isomorphism

4
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if the G-action on X’ induced by ¢ is biregular and ¢ itself is called a birational map of G-surfaces.
We say that a pair (G, X) is minimal or G acts minimally on X if any G-equivariant birational
morphism ¢ : X — X’ is an isomorphism.

We prove that we can realize finite subgroup G < Bir(P%) (10.1.2)) as a subgroup of Aut(X) where
X is a rational surface. After contracting orbits of disjoint exceptional curves we can assume that
(X, G) is minimal and the study of all G-surfaces can be reduced to studying only minimal ones.

The classification of minimal G-surfaces was given by Yu. Manin in the abelian case [Man67]
and V.A. Iskovskikh in the general case [Isk79]:

Theorem. Suppose X is a rational surface, G < Aut(X) is finite, (G, X) is a minimal pair. Then
exactly one of the following holds:

1. tk(Pic(X)%) =1 and X is a Del Pezzo surface.
2. 1k(Pic(X)%) = 2 it is a conic bundle (with the structure is invariant by G).

So to study the minimal G-pairs we need to study the groups of automorphisms of conic bundles and
Del Pezzo surfaces.

The final goal of this project is to study the groups of automorphisms of some conic bundles and some
del Pezzo surfaces to get information about the conjugacy classes of finite subgroups of Bir(PZ). We
prove that:

Theorem. Let G < Bir(P%) be a finite group. Then G is conjugated to the subgroup of one of the
following groups:

1. De Jonquieres group which is isomorphic to PGL(2,C(z)) x PGL(2,C).
Aut(P%) ~ PGL(3,C).

Aut(PE x PL) = (PGL(2,C))? x Z/2Z.

Aut(Xg) = (C*)? x (S3 x Z/27), where Xg is the del Pezzo surface of degree 6.
Aut(X5) =~ S5 where X5 is the del Pezzo surface of degree 5.
Aut(Xy) = (Z/27)* x Aut(Xy, 7, 5), where Aut(Xy, 7, 5) is the lift of the group of automorphisms
of PZ that leave the set {p1, .., ps} invariant.

.%914:\9@?@

7. Aut(Xy) where Xy, is a del Pezzo surface of degree k for k =1,2,3.

The detailed summary of the results obtained in this project can be found in Chapter 2.
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Notations

The word "surface" will mean a smooth projective surface over C, i.e. a nonsingular projective integral
separated scheme of finite type over C of dimension 2 if not stated otherwise.

Suppose X is a surface; D, D’ are the divisors on X. Then we write:

e Pic(X) for the Picard group of X, i.e. group of divisors on X modulo linear equivalence ' ~' it
is also a group of isomorphism classes of invertible sheaves

e D~ D'if D and D' represent the same class in Pic(X)

e Ox(D) for the invertible sheaf corresponding to D

e Pic(X)? for the part of the Picard group which is fixed by the group G = Aut(X)
e H(X,0x (D)) for the i-th cohomology group of the sheaf Ox (D)
e hi(D) = hi(X,0x(D)) = dim (H (X, 0x(D)))

o X(X,0x(D)) = K(D) — k(D) + h*(D)

e |D| = for the set of effective divisors linearly equivalent to D

e Kx for the canonical divisor on X, i.e. Ox(Kx) = Q%

e Aut(X) for group of automorphisms of X

e Bir(X) for group of birational maps X --+ X

e GL(n) = GL(n,C), general linear group over C

e PGL(n) = GL(n,C)/C*, general projective linear group over C

e S, for the permutation group of degree n

e A, for the alternating group of degree n

e Do, for the dihedral group of order 2n

e [, for the n-th Hirzebruch surface



Chapter 2

Summary

In Chapter 3 we define the intersection product on surfaces and prove the results which we use in
later discussion: Riemann-Roch for surfaces (here X is a surface and C' is a divisor on X):

X(X,C) = x(X,0x) +1/2(C* - C - Kx)
and genus formula (here X is a surface and C is a smooth curve on X):
g(C) =1+1/2(C* + C - Kx)

In Chapter 4 we define and give the construction of the blow-up of the surface X at point z € X
and prove the important properties of the blow-up 7: X — X with 771(X) = E =~ P}, C is a strict

transform of irreducible curve C', D, D’ are divisors on X, F divisor on X:
™C =C+my(C)-E, (x*D)-(x*D')=D-D', E-(x*D)=0, E*=—1
Pic(X) ® Z[E] = Pic(X), #*D-F =D -mF, Kg=7*Kx+FEand K% =K% —1

In Chapter 5 we prove that if we have surfaces X, X " and a birational map ¢ : X --+ X’. Then we
can find a surface X together with morphisms f, g which are composites of blow-ups and isomorphisms

such that the diagram commutes:
X
RN
[

X-———=—-- > X'

we also prove the Castelnuovo’s contractibility criterion: suppose we have a surface X and there is
F < X such that £ =~ P} and E? = —1. Then there exists a morphism f : X — Xy to a smooth
projective surface Xg and point P € X such that X is isomorphic via f to the blow up of X, at point
P and F is the exceptional curve.

In Chapter 6 we give the definition of bubble spaces and prove that for irreducible curves C|
D on the surface X we have C'- D =}, i ) mp(C) - myp(D).

In Chapter 7 we study the del Pezzo surfaces.

In Chapter 8 we define and construct Hirzebruch surfaces F,. We also prove the important
propeties of Fy, (here Ey, = {([1:0:0],[u:v])| [u:v] € PL}, f is the class of the fiber of F,, — P{)

Pic(F,) = Z[f]1® Z[E,], f*=0, (B,)’=-n, E, f=1

7
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Ky, = —2E, = (2+n)f, F,=F,em=n
We also prove that Aut(F,) = C"*! x GL(Z(C)/{(‘S 2)| ur = 1}.

In Chapter 9 we define the elementary links and prove that for the pair of surfaces X1, X5 such that
X; e {P%, F,| n >0} for i = 1,2. We have that any birational map ¢ : X1 --» X2 decomposes into
automorphisms and elementary links. We also prove that

Theorem. Suppose X is a rational surface. Then
X is minimal < there is no (—1)-curve on X < ( X=P:orX=F, forn+#1 )

In Chapter 10 we observe that a birational map ¢ :--+ ]P’?C gives an isomorphism between Bir(X)
and Bir(P2). So a finite group G = Aut(X) (for X a surface) corresponds to a subgroup of Bir(PP%):
we choose a birational map ¢ : X --» P2 and get $G¢~! < Bir(PZ). We also give the definitions of a
G-surface, G-equivariant birational map, minimal pair, a conic bundle and state an important result:

Theorem. Suppose X is a rational surface, G < Aut(X) is finite, (G, X) is a minimal pair. Then
exactly one of the following holds:

1. tk(Pic(X)%) =1 and X is a Del Pezzo surface.

2. 1k(Pic(X)€) = 2 it is a conic bundle (and the structure is invariant by G).

In the first case the fixed part of the Picard group is generated by the canonical divisor, in the second
case the fixed part of the Picard group is generated by the canonical divisor and the class of a fiber.
We prove that if X is a rational surface, G = Aut(X) is a finite group and rkPic(X)% = 1 then X is
a Del Pezzo surface and
%ZK x, if X ~P2
Pic(X)Y =< 1ZKx, if X =P} x P}
ZK x, otherwise

In Chapter 11 we discuss the tools which may help to understand if two groups are conjugate
in the Cremona group and give the definition of G-elementary links.

In Chapter 12 we give the definition of a minimal conic bundle and prove the following theo-
rem:
Theorem. Suppose we have a conic bundle (X, ). Then the following are equivalent:

(X, m) is a minimal conic bundle < 7 is a smooth fibration < X =T, for some n.

We give the definition of de Jonquieres group which is isomorphic to PGL(2,C(z)) x PGL(2,C). We
prove the theorem:

Theorem. e Suppose X is a surface, A is a pencil of rational curves on X. Then there exists a
birational map
¢:X --» IP’}C X P(Il:

such that ¢(A) is the pencil of fibers of 1 : Pt x P& — PL and ¢Cr(X, )¢~ = Cr(PE x PE,m)

e Suppose G is a finite subgroup of Cr(Pt x PL,m1). Then there exist a conic bundle (X, )
together with a birational map of conic bundles ¢ : X --» P{ x P{ such that G~ Aut(X, 7).

e Suppose G be a finite subgroup of automorphisms Aut(X, ) of a conic bundle (X,m). Then G
s conjugate to a subgroup of Cr(]P’%: X Rlc,m) by a birational map of conic bundles.

8
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This implies that the group Cr(X,m) is birationally conjugate to the de Jonquieres group thus, the
study of finite groups of automorphisms of conic bundles is equivalent to the study of finite subgroups
of the de Jonquieres group. We also prove that:

Theorem. If (X,7) is a conic bundle with at least one singular fiber, and there exists a finite group
G < Aut(X, ) such that a pair (G, X) is minimal. Then, one of the following occurs:

1. (X, 7) is the exceptional conic bundle
2. G' = {elements which preserve any fiber} = G is isomorphic to 727 or (Z/27)*.

In Chapter 13 we discuss the groups of automorphisms of the del Pezzo surfaces. Recall that
Aut(P%) = PGL(3,C), Aut(P¢ x Pt) = (PGL(2,C))? x Z/2Z
and compute
Aut(Xg) = (C?) % (S3 x Z/27), Aut(Xs) = S5, Aut(Xy) = (Z/2Z)* x Aut(Xy4, 7, 5)
We also say some words about group of automorphisms Xy, for k = 1,2, 3.

In Chapter 14 we consider the examples of some finite subgroups of Bir(PZ). We classify finite
abelian subgroups of Aut(P%) and finite abelian subgroups of Aut(P¢ x P{).



Chapter 3

Intersection Theory on Surfaces

Suppose X is a smooth projective surface over C. In this case prime divisors on X are irreducible
curves and Weil divisors are the formal combinations of irreducible curves with coefficients in Z such
that only finitely many of these coeflicients are non-zero. We denote by P(X) - prime divisors of X.
Consider a surface Y and a finite morphism f: X — Y. Suppose C € P(X) is an irreducible curve
and define:

0, if f(C) is a point

C):=
f(©) {d - f(C), where d is the degree of the induced map C' — f(C)

By linearity we define fi (D) for any divisor D.

3.1 Intersection Multiplicity

Definition 3.1.1. Suppose C, C' € P(X) are two distinct irreducible curves on X and x € C n C'.
Suppose that C and C' are locally defined at x by f,g € Ox 5 respectively. We define:

mult,(C,C") := dim¢ Ox ./(f, 9)

We say that C' and C' are transverse at x if mult,(C,C") = 1.
We define intersection multiplicity as:

C-C':= > mult,(C,C")
zeCnC’

Example 3.1.2. Since intersection multiplicity is a local property it is enough to consider it on an
affine neighborhood. Suppose X = A%. Let’s compute the intersection multiplicity at the origin of:

1 f(x,y) =a2*—y, g(z,y) ==

. Ocz,(0,0) . Clryley . Cloyley .
dimg — @0 _ iy —2 W) _ gy A B@) _ g0 = 1
B T e ) T ) ime(C)
2. flz,y) =2 —y, g(z,y) = 2y
. Oc2 (0,0 . Clz, Y]y . Cla, 2% (5.2 . Clz]s
dimg ————— = dim¢g ———>= = dim¢ ———~* = dim¢ =3
" (@ —yay) (@2 =y, 2y) (%) («9)

10



Chapter 3 3.1. INTERSECTION MULTIPLICITY

3. flzy) =v% glz,y) = (x—y)?

. (Q(C2 (0,0) . (C[.’ﬂ, y] (z,y) . (C[.’ﬂ, y] (z,y)
dimg —————— =dim¢g ————2*— =dimg ———m— =
W2 (@ —v)?) W2 (@ —y)?) © (42,22 = 2ay)
. Clz, y) (2 — (Clr, Y]y Clo, Yl
= dime (g7 o) = dime( a5t x oo T ) -
. (Clz, Y]y . Clz,y)(z ) _ Clyly , ... Clyly
= dime (S ) dime (g7 gy = ey +dime T =

Proposition 3.1.3. Suppose X is a surface over C, and C' a smooth irreducible curve on X, i : C — X
is the associated closed immersion. Then we have an exact sequence of sheaves:

0 Ox(—C) - Ox 55,06 — 0

Proof. C'is an effective Cartier divisor (we can assume that because C' is given by the equation) which
is given by the collection {(U;, fi)}ier, fi € M%(Us), ¢i; = fi/fj € O%(U; nUj). Note that for open
U we have:

Ox(—C)YU) ={f e Mx(U)| f/fi € Ox(U nU;) Vi € I such that U n U; # &}

Thus if f € Ox(—C)(U) = f € Ox(U) and the map Ox(—C) — Ox is defined this way.
Now to check that the sequence of sheaves is exact it’s enough to prove that it is exact on stalks.
Suppose z € X so we need to prove that:

it
0— (OX(_C))I - OX,I — (Z*OC)x — 0

is exact and if x € U; we write it as:

#
0= fiOx,e = Oxo = (ix00); = 0

1. The first map is injective by the construction.

2. The last map is surjective since i# is a closed immersion by assumption.

3. Suppose that z ¢ C then (i,O¢), = 0. Moreover, the f;-s are invertible in some neighborhood
of z. Thus f;Ox , = Ox,, and the desired sequence is exact.

4. Suppose that z € C' and suppose that C is locally defined by f;. The image of f;Ox , in (i+Oc¢),
is 0 since f; is 0 in all the points of C' around z. Moreover, all the points in Ox , which are 0
are defined locally by f; and the desired sequence is exact.

O

We write O¢ instead of i, O¢ in this sequence. So we get the important exact sequence:

0 Ox(—C) = Ox 5 06 -0

Suppose C, C’ are two distinct irreducible curves. Consider a sheaf supported on C' n C’:
Ocncr = Ox/(Ox(=C) + Ox (=C"))
Note that for z € C n C’ the stalks are given by:
(Ocncr)e = Ox,2/(f. 9)
where f and g are local equations at = for C and C’ respectively so we get that:

C-C"=h(X,00nc)

11



3.2. INTERSECTION PRODUCT Chapter 3

3.2 Intersection Product

Define the Euler Characteristic of a line bundle £ as:

dim(X)
X(X, L) = >, (-1)'h'(X, L)

=0

For a sheaf F which has 0-dimension support we have H*(X,F) =0 for i > 1 so

X(Xaf) = hO(Xaf) = (C ’ C/) = X(Xv OCmC’)

Definition 3.2.1. Suppose £, L' are line bundles on X.
Define the intersection product:

|££ = X(X,0x) ~ X(X,L7) —x(X.L7) + X(X, L @ L)

Recall that for a smooth projective surface X we have C — Ox(C) is a one to one correspondence
between divisors and invertible subsheaves of Mx so for L = Ox(C), L' = Ox(C") we can write it as:

[0(0) - 0(C") i= (X, 0x) = X(X, =€) = x(X,~C") + X(X,~C = (')

Proposition 3.2.2. Suppose C, C" are two distinct irreducible curves on X then:
Ox(C)-Ox(ChY=C-C'

Proof. Consider the sequence:

0 — Ox(~C — ") 20, O3 (—C) @ Ox (—C") L2, 0x = O — 0
To prove that it is exact it is enough to prove it on stalks:
0— Ox(—C—C")p = Ox(=0)s ®Ox(—C")y = Ox 2 — Ocrcre — 0
Which is equivalent to the following sequence where f, g are local expressions of C' and C” respectively:
0— fgO0x2 — fOxo®90x,s = Ox o — Ocncre — 0

Where the map fgOx » — fOx .®9Ox 5 is given by fga — (f-go, g-fa), the map fOx ,®gOx o —
Ox, is given by (f-a,g-8) > f-a—g- B for o,8 € Ox .

Suppose = ¢ C and = ¢ C’ then f,g are invertible in Ox , so fgOx s = fOx s = §0x 4 = Ox a3
Ocncr,z = 0 and we get the exact sequence:

0— ngX,x - fOX,:v @gOX,a: - OX,a: —0
since equivalent to exact sequence:

OX,:E @OX,JJ ﬂ’ OX,x -0

inclusion

0—Ox»

Suppose z ¢ C and x € C' (the opposite case is proved similarly) then f are invertible in Ox , so
f90x 2z = fOx 2, 0x 5 = Ox 25 Ocncr,» = 0 and we get the exact sequence:

0— ngX,z g fOXz @goX,r i OX,I —0

12
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since equivalent to exact sequence:

0— fOX,z M’ fOX,:L’@OX,a: m’ OX,a: —0

Suppose now x € C n C’, I this case the sequence on the stalks is:

0 = fgOx o 20, £0y @ gO0x ., C= Oxy = Ox.0/(f,9) > 0

1. The first map is clearly injective.
2. The last map Ox , — Ox ./(f, g) is surjective as projection.
3. The image of fOx ,®9Ox o — Ox , is the ideal (f, g) which is the kernel of Ox , — Ox 2/(f, 9)-

4. We have that afg — (f -ag,9-af) > afg —afg = 0 thus:

image(fgox,m - fOXz @gOX,x) c kernel(fOX,z @gOX,x - OX,m)

5. Suppose (a,b) € Og(,:r such that ag — bf =0, i.e (a,b) € ker(fOx  ® 9Ox o — Ox,)). Then
since f and g are coprime there exists [ € Ox , such that a = lg, b = [f. So we get that:

l— (lg,lf) = (a,b).

Thus:
kernel(fOx o ® gOx o — Ox 5) < image(fgOx » — [fOx » ® 9Ox )

and the desired sequence is exact, so we get:
C-C' =h"X,0cqc) =" x(X,0chcr) =
= X(X, 0x) = x(X, =€) = x(X, =C") + x(X, =C = ¢") = Ox(C) - Ox(C")
() holds since C n C’ has 0-dimension support. O
Let’s recall the Riemann-Roch theorem for curves ([Har77] Theorem 1.1.3):

Theorem 3.2.3. (Riemann-Roch for curves) Suppose C is a smooth curve (i.e a projective integral
scheme of dimension 1 over C) and D is a diwisor on C' then we have:

X(C, D) = deg(D) + x(C,Oc) =

= deg(D) + h°(C,O¢) — 1 (C,0¢) = deg(D) + 1 — g(C)
where g(C) = h'(C, Oc¢).

Proposition 3.2.4. Suppose C' is a smooth curve on X, L € Pic(X) then

|0x(C) - £ = deg(£]c), where L]c = L& Oc |

Proof. Consider the exact sequence:
0> O0x(-C)—>0Ox > Oc—0
Twisting by £~ we get the exact sequence (since £7! is flat):
0->L1'R0x(-C) > L' L'®O0c=L"Ye -0

13
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So we get:
X(X7 OX) - X<X7 OX(_C)> = X(X7 OC’)
and
X(X7 ‘C_l) - X(X7£_1 ®OX(_C)) = X(X7‘C_1|C)

By definition:
Ox(C)- L = x(X,0x) = x(X,0x(=0)) = x(X, L") + x(X,Ox (-C)® L) =
= X(X,00) = X(X, L7 Yc) = 1= g(C) — (deg(L]|c) + 1 - 9(C)) = deg(L]c)
() by Riemann-Roch for curves. O
Proposition 3.2.5. The intersection product
L-L = x(X,0x) = x(X, L7 = x(X, L7 + x(X, L7 @ L)

is a symmetric bilinear form

Pic(X) x Pic(X) - Z

such that we have the equality:
Ox(C)-0x(C)y=C-C'

for two distinct irreducible curves C, C' on X.
Proof. 1). The intersection product is symmetric:
L-L=x(X,0x) = x(X, L") = x(X, L) +x(X, 'L =
= X(X,0x) = x(X, L") = x(X, L) +x(X, L' @L ) =L - L
2). The intersection product is bilinear, i.e for £, Lo, L3 € Pic(X) we have
L1-(La®L3) =Ly Lo+ Ly L3

(£1®£2)'ﬁ3:£1'£3+£2'£3

Let’s prove the first one (the proof of the second one is similar). Suppose £1 = Ox(C) for C' smooth.
Then:
L1 (L2®Ls) = Ox(C) - (L2® L3) 2 deg(Ly ® L3)]c =

= deg(ﬁg)c + deg(ﬁg)c =Ly Lo+ Ly L3
Now we need to prove a general case. We can write D ~ A — B, where A, B are smooth curves
(for sufficiently large n we have Ox (D) ® Ox(n), Ox(n) very ample and we take B € |Ox(n)|,
A€ |Ox(D)®0Ox(n)| and we can chose them to be smooth by the Bertini Theorem [Har77]| I11.10.9).
Now suppose L1, Lo, L3 € Pic(X), L1 = Ox(D) = Ox(A - B) = Ox(A) ® Ox(—B):
L1-(L2®L3) =(0x(A)®O0x(—B)) - (L2®L3) =
=0x(A4) (L2®L3) —Ox(B) - (L2®L3) =
= deg(L2)a + deg(L3)a — deg(L2)p — deg(L3)p =
=0x(A) L2+ O0x(A)-L3—0Ox(B) L3 —0Ox(B) - L3=0x(A—DB)-L2+0Ox(A—B) L3 =
= Ox(D)~£2+Ox(D)'E3 =L1- Lo+ L1-L3
3) By Proposition we know that for distinct irreducible curves C, C’ we have:

0x(C)-0x(C)=C-C'

14
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Definition 3.2.6. Suppose D, D’ are the divisors on X. Define:
D - D/ = OX(D) . Ox<D/)

Example 3.2.7. Suppose X = PZ. We know that Pic(X) = Z and any line L is a generator. Note
that we can find lines L1, Lo such that they meet transversely. Then:

I’=0,-Ly=1

The intersection product is linear. If C is the curve of degree d, C' is the curve of degree d’, then
C ~dL,C" ~dL. Then we get the Bezout’s Theorem:

C-C'=(dL)-(dL)=(d-d)L*> =d-d

3.3 Riemann-Roch for Surfaces

Recall that the canonical divisor Kx € Pic(X) on an algebraic variety X is given by the divisor of
a 2-differential form. It is well-defined since two distinct differential forms give linearly equivalent
divisors.

Proposition 3.3.1. (Riemann-Roch for surfaces)
For a smooth projective surface X and L € Pic(X) we have:

X(X.£) = X(X,0x) + 1/2(C* - L Ky)|

Recall that for a smooth projective surface X we have that C— Ox(C) is a one to one correspondence
between divisors and invertible subsheaves of Mx so for L = Ox(C) we can write it as:

X(X,C) = x(X,0x) +1/2(C* - C - Kx)|

Proof. First note that by Serre’s Duality we have:
X(X,0x) = x(X,0x(Kx)) and x(X,L£)=x(X,L7' ® Ox(Kx))
From definition we deduce:
L7 (L®Ox(~Kx)) = x(X,0x) = x(X, £) = x(X, L7 ® Ox (Kx)) + x(X, Ox (Kx)) =
=2(x(X,0x) = x(X,£)) = x(X, L) = x(X,0x) —1/2L7" - (L® Ox (=K x)) =V"meerity
= X(X,0x) +1/2(£* = £ - Ox(Kx))

O

Example 3.3.2. Suppose X = P%. In this case x(Opz) = 1, Op%(Kpé) = Op2(—3). Then by the
Riemann-Roch for surfaces we obtain: N

X(Opz2(d)) = 1+ 1/2(d* + 3d)

15
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3.4 Genus Formula

Proposition 3.4.1. (Genus formula)
For a smooth projective surface X and an irreducible curve C on X the genus of C is:

[9(C) =1+1/2(C* + C - Ky)]

Proof. Consider the exact sequence:
0—-O0x(—C)—-0Ox -0z —0

So we get:

X(X,O0x) = x(X,0x(=0)) = x(X, Oc)
By Riemann-Roch for X:
X(X,0x(-0)) = x(X,0x) +1/2(C* + C - Kx)
Thus, we obtain:
1—g(C) =" x(X,0¢) = —1/2(C* + C - Kx) = g(C) =1+ 1/2(C* + C - Kx)
() by Riemann-Roch for curves. O
Example 3.4.2. Suppose X =P% and C is an irreducible curve of degree d, i.e. C ~ dL where L is

a line. Then:
(d—=1)(d-2)

g(C) =1+ 1/2(d*> —3d) = 5
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Chapter 4
Blow-up

Suppose X is a smooth projective surface over C.

4.1 Definition and Construction

Proposition 4.1.1. For a surface X and point p on X there exists a surface X and a morphism
7 : X — X which are unique up to isomorphism such that:

1 7oy - H(XN\{p}) = X\{p} is an isomorphism.
2. 7=Y(p) = E = PL.
PL~EcX
the blow-up iw

peX

7 is called the blow-up of X at point p, E is called the exceptional divisor/exceptional
curve. We will denote the blow-up of X at point p either BL,(X) or X.

Construction: First let’s construct the blow-up 1&% of AZ at point (0,0). It is given by:
A% = Blio,o)(A2) := {((z1,72), [yo : 1])| @11 = w2y0} = AZ x P¢
Note that for (z1,z2) # (0,0) (without loss of generality x; # 0). We obtain
1y = T2y = Y1 = (¥2/21)Y0 = [yo : y1] = [1: 22/z1]

so we see that 7' ((z1,22)) consists of one point. For (0,0) we have 7=1((0,0)) = P{. Now consider

a point p on surface X, the affine neighborhood U of p with local coordinates x1, 5. Define U as
above:

U = {((x1,22), [yo : 91])] @191 = w20} = U x P
It’s clear that U\{p} =~ U\{r—1(p)}. So we can get X by passing U and X\{p} along this intersection.

Proposition 4.1.2. X is a smooth projective surface with E =~ P{. as above.

Proof. Note that X is given by x1 = x3yo on A% x Uy and by y121 = 22 on A% x Uy so it is smooth
on the each part of the cover of the neighborhood of E, so X is itself smooth. O

17
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Suppose 7 : X — X is a blow up of X at point p € X, 77 1(p) = E. Note that we can identify the
points of E = 7~ !(x) with the tangent directions at point x on X. Suppose C is an irreducible
curve on X and C passes through = with multiplicity m. Here the multiplicity is defined as follows:
if femP\mE*? (m, is a maximal ideal of Ox ;) then m = k. Suppose we can we choose an open
affine neighborhood p € U ¢ X (U < A2), such that locally we have p = (0,0), and C is given by
C : Y, fila, B) = 0), where f; are homogeneous polynomials of degree ¢ in «, 3. The multiplicity
my(C) is equal to min { i | f;(c, B) # 0}. We have:
(1) mp(C) =0 (2) mp(C)=0<pe¢C (3) my(C) =1 < p is a smooth point of C
(4) my(C) = 2 < p is a singular point of C

Then the closure of 7~ *(C'\{p}) is an irreducible curve C' on X called the strict transform of C.

Recall that for ¢ : X — Y a dominant morphism of surfaces it is possible to show that there
exists a group morphism

¢* : Div(Y) — Div(X)
(the dominant hypothesis is not necessary but we assume it for simplicity). Such morphism gives is a
field immersion ¢* : C(Y') — C(X), where C(—) denotes the field of rational functions. Consider a

Cartier divisor D on Y. It is given by a collection {(Uj, f;)}ier where {U;}ics is an open cover of Y/
and f; € M%(U;), ¢ij = fi/fj € O%(U; nUj) for all i,j € I. We define
¢*D € Div(X) which is given by {(¢™}(Us)ier, *fi)} .,
The fact that it is a Cartier divisor on X can be proved straightforward.
Example 4.1.3. Consider a curve
C:a? —a3=0c Al
and its pull-back 7*C under the blow-up T : 1&% — AZ at (0,0)

Suppose yo # 0 = from x1y1 = x2yp we obtain ro = x1(y1/y0) =: x1. So 7*C on affine standard
open AL x Uy is defined by

0=2a2? a5 =22 —23a® = 23(1 — 710%)
and C is given by (1 — z103).

Suppose y1 # 0 = from x1y1 = x2yo we obtain 1 = x2(Yo/y1) =: x25. So 7*C on affine standard
open A% x Uy is defined by

0=2a? a5 =ax28% — 23 = 22(6% — )

and C is given by (8% — x3).
Example 4.1.4. Consider a curve

C:a3—a?—23=0c A2
and it’s pull-back 7*C" under the blow-up w : &% — AZ at (0,0).
Suppose yo # 0 = from x1y1 = x2yp we obtain ro = x1(y1/y0) =: x1. So w*C on affine standard
open AL x Uy is defined by:

2 .3 2.2 .2 3

2 2/ 2
O=2a5—a]—a] =zja’ —z] —ay =z7(a® =1 —x1)

and C is given by a® — 1 — x1.
Suppose y1 # 0 then similarly from x1y1 = xayo we obtain x1 = x2(yo/y1) =: x28. So 7*C on affine
standard open A% x Uy is defined by

2 2 3 2 252 303 2 2 3
0=m; —a7 — 27 =25 — 130" — 233" = 23(1 — 37 — 1237)

and C is given by 1 — 32 — x,33.

18
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4.2 Properties of The Blow-up

Note that in the examples above we have that 7*C = C + 2F where 2 = m(0,0)(C). Let’s prove it in
the general case.

Proposition 4.2.1. Suppose C is an irreducible curve on X and C passes through point x with
multiplicity m. Then:

‘W*C=C~'+mE

Proof. We see that there exists m’ € N such that 7*C = C+mE (since we have isomorphism
X\E = X\{p} and n(C) = C, n(E) = (0,0)). Now consider local coordinates at point P = (0,0) € U-
neighborhood given by a and 3. The equation of C' is given locally at Ox p by:

f=fm(a,8) + fms1(a, B) + ..., where f,,(c, 3) is homogeneous of degree m

note that f,,(«, 8) # 0 since m is a multiplicity at P by assumption.
Now consider U as in the construction above. Points on E =~ P{. are given by av = uf consider it on
u # 0 so we can write:

7 f = f(a,a(v/u)) = a™(fi (L, v/u) + frnr1(L,v/u) + ...)

Since a local equation for E is given by o = 0 we obtain that the local multiplicity of E equals m,
which means 7*C' = C + mFE. O

Proposition 4.2.2. Suppose D, D’ are divisors on X. Then:
(7*D)- (7*D)=D-D', E-(n*D)=0, E*=-1

Proof. e Note that similarly to the proof we can find very ample divisors Dy, Do, D}, D} such
that D ~ Dy — Dy, D' ~ D}y — D). The divisors Dy, Dy, D}, D) separate points so we can find the
divisors Ay ~ Dy, Ay ~ Do, A} ~ Dj, A, ~ D} such that P ¢ Supp(4;) u Supp(4}) for i = 1,2.
Then:

(7*D) - (7*D') = (7*(D1 — D)) - (7*(D} — D)) =

= (1*(A1 — Ag)) - (7%(A] — A3)) = (A1 — Az) - (A} — Ay) =D - D
e take the divisor A ~ D such that P ¢ Supp(A), Note that in this case A~ E =0. Then:
E-(m*D)=E-(n*A)=E-A=0

e Suppose C' is a smooth curve passing through P such that 7*C = C+E (i.e with multiplicity 1 at
point P). C meets E transversally. Thus:

0=E-(n*C)=E-(C+E)=E-C+E*=1+E>=E*>=—1

Proposition 4.2.3. There are isomorphisms:

~

Pic(X) ® Z[E] = Pic(X), where (D,m) — n*D + mE
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Proof. consider an irreducible curve C' # E on X. Note that 7*((C)) = C + mE for some m € Z so
we can define a surjective map:

Pic(X) @ Z — Pic(X), where (D, m) — 7*D + mE
Suppose 7*D + mE ~ 0. Note that:
0=*D+mE)-E=7*D-E+mE-E-220_m.1=>m=0
Thus we obtain:
Ox =¥ 1,05 = 1 (Ox(7*(D + mE))) = 14 (O3(1*D)) = 1,0%(D) = Ox(D) = D ~ 0
the proof of (x) can found in [Har77] Corollary III.11.4. Thus, our map is an isomorphism. O

Corollary 4.2.4. Suppose C € Pic(X), D € Pic(X), then

‘W*C'D=C-7T*D‘

Definition 4.2.5. Note that the curve obtained by blowing-up is isomorphic to Pt and has self
intersection —1. We call it a (—1)-curve.

Proof. Suppose C' ~ A — B, where A, B are curves not containing P. Then:

7*C-D=7*(A-—B) - D=7*"A-D—7*B-D=A-myD—B-mD =C-mD

Proposition 4.2.6.

Ky =7m"Kx +E and K% = K% — 1

Proof. We know that X\E =~ X\P thus the canonical divisor K  on X\E coincides with the canonical
divisor Kx on X\P. So K3 is of the form K5 = 7*Kx + nFE for some n € Z. By genus formula
for E = PL (so g(E) = 0) we have:

—2=29(E)-2=E-(E+Kz)=E*+E - Ky=-1+E K¢ =

=FE Ky=-1=>FE - (1"Kx +nE)=—-1=-n=-1=n=1
Now:

K% = (m"Kx + E)> = 7" K% + 2n*Kx - E+ E? = KX — 1
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Resolution of Indeterminacies

Suppose X is a smooth projective surface over C, 7 : X — X is a blow up of X at point = € X,
-1
7 Hx) = E.

5.1 Smooth Strict Transform of an Irreducible Curve

Proposition 5.1.1. Suppose C is an irreducible curve on X, n*C = C+rE. ThenC-E=r and :

9(8) = 9(0) — r(r—1)

where C' is the strict transform of C.
Proof. Note that we have that C=n*C — rE, where r = C-E. By genus formula we have:

29(C) —2=C-(C+ Kz) = (n*C —rE)(n*C —rE + m*Kx + E) =

= (*C) +7*C-E(—r+1—7r)+r(r—1)E* + 1*C - 7m*Kx —rE -7*Kx =

=C?—r(r—1)+C-Kx =29(C)—2—7r(r—1)

Thus:

9(C) = 9(0) ~ 5r(r— 1)

Thus, the blow-up of a singular point reduces the genus. O

Corollary 5.1.2. Suppose C' is an irreducible curve on X. Then there exists a sequence of blow-ups:
X, > X 1—..o X1 > X=X
such that the strict transform C,, of C on X,, is smooth.

Proof. We just blow-up singular points on the curve and using the previous proposition we conclude
that the process will terminate since on each iteration the arithmetic genus decreases. O
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5.2 Linear Systems

Definition 5.2.1. Suppose X, Y are projective varieties over C. Then we call a map of the form
¢:X -->Y, where p = [fo:...: fn]

such that fo,..., fn € C(X) have the property that for any point p € X such that all fy,..., fn are
defined we have that:

o(p) = [fop): s fulp)] €Y

a rational map. We call this map a birational map if we can find a rational map ¢~ :Y --» X
such that o ¢~ and ¢~' o ¢ are the identities as rational maps.

Definition 5.2.2. The plane Cremona group over the field C denoted by Bir(P2%) is the group
of birational transformations of the projective plane P% of dimension 2 over the field C.

Proposition 5.2.3. X is a surface, ¢ : X --+Y is a rational map from the definition above then we
have that X\U = F is a finite set.

Proof. Locally we can write a rational map ¢ as

O=lfor Sl =[1: 50t 3],

where f; are rational functions, g;, h; are holomorphic and relatively prime Consider H the least
common multiple of h;-s. Then ¢ is given by:

¢=[H: fH.:fH|l=[fo:fr:..:ful

the functions f; = f:H are holomorphic and well-defined away from ~V (f;). Suppose s is a common
factor of f;. Then if s™|H for some m € Z=; and s™"1  H. Then we have that there exists i such
that s™|h;. But in this case we have that

st H - % = Hf; = f; = V(f;) does not contain divisors

So we have that X\U consists of at most points and since X\U is a closed subset of compact space
we conclude that X\U consists of a finite number of points. O

Let’s make some remarks:

o We can set ¢(C) = ¢(C\F) to be the image of ¢ for a smooth projective curve C' (since ¢ is
defined on C\F).

e We have the isomorphism Pic(X) = Pic(X\F) ([Har77] Proposition I1.6.5).

e We call |D| a complete linear system and a linear subspace S of |D| a linear system. We
may look at |D| as:
|D| = {zeros of s € H*(X,Ox(D))}/C*

Thus |D| can be seen as the projective space associated to the vector space H°(X,Ox (D)) and
S < |D| as a subspace of this projective space. We say that the dimension of S equals the
dimension of the corresponding subspace.

o If dim(S) = 1 then we call it a pencil.

e We say that F is a fixed part of the linear system S if F' is contained in any element of S.
We call a point P a fixed point (base point) of S if any element of S contains P.

22



Chapter 5 5.3. EMBEDDINGS GIVEN BY LINEAR SYSTEMS ON P%

e For any D’ € S we have that |D’ — F| has no fixed part.
e If S has no fixed part then the number of fixed points equals b which satisfies 0 < b < D? E

Proposition 5.2.4. Suppose that X is a smooth projective surface. Then there is a one-to-one
correspondence between:

1. Rational maps ¢ : X --» PE such that no hyperplane contains ¢(X).
2. Linear systems of dimension m without fixed part on X.

Proof. e Consider a rational map ¢ : X --» P¢ and assosiate ¢*|H| to it. Here |H| is a complete
linear system of hyperplanes on P¢". Note that by assumption ¢(X) is contained in no hyperplane,
so we get that |H| has no fixed part, which means that ¢*|H| has no fixed part.

e Suppose we have a linear system S on X with no fixed part, SV is dual to S. Define a rational
map ¢ : X --» S where a point P on S is sent to the hyperplane of divisors in S containing P.
This map is not defined only at fixed points.

O

Note that we can define the map ¢ above using sections. Let |D| is a complete linear system, and
(50, ..., 5n) is a basis of H%(X,Ox (D)) then we have a rational map

dp) : X --» P(H*(X,0x(D))"), where z — [s0(z) : ... : sp(2)]

A linear system |D| is very ample if ¢|p| is an embedding.

5.3 Embeddings Given by Linear Systems on P%

Definition 5.3.1. The surface X is called rational if it is birational to PZ.

Suppose that we have a rational surface X < PE. X is birationally equivalent to P% so we obtain a
rational map ¢ : P% --» ]P’(]CV . Suppose that X is contained in no hyperplane of P¢: . Thus by [5.2.4| we
can associate to it a linear system S on IP’% with no fixed component.

Suppose that S is such linear system and ¢ : PZ --» 8 Vo= PY. Note that ¢ is not always a
morphism. Assume that for X which is a blow-up of PZ (7 : X — P2) in distinct base points p1, ..., p;
of linear system S and we have that f = ¢ o7 is a morphism:

X
lﬂ\f:w
P

(f>]p(lc\f

Note that if E; = 7~1(p;), m; the minimal multiplicity of members of S at p;, d is the degree of
members of S, I = PZ is a line (so S < |dl]), £ = 7*]. Then we get:

Scl|dL — ¥, mEi

f is en embedding when S separates points and tangent directions. The first condition means that
for any x,y € X we can find a member of & which passes through = and not through y. The second
condition means that for any = € X and any tangent direction at x, there exists a member of S which

1D is effective so we can only have D? < 0 if h%(D) = 1, but it’s not possible since |D| defines a birational map, so
D*=>0
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passes through = and has not the given direction at x.

Suppose that f is an embedding, i.e. its image f(f() = X < PY is the smooth rational sur-
face. Then from proposition and the fact that [ is the generator of Pic(PZ) = Z, n*l = L we get
that:

Pic(X') = P Z[E;] ® Z[L], where L* =1, E} = —1

We can write a hyperplane divisor and compute the degree of X:

H=dL- Y mE;, deg(X)=H>=d*~>\m]

Lines on X’ are given by curves C such that C - H = 1. Conics on X are given by curves C’ such
that C' - H = 2 etc.

Example 5.3.2. Consider the complete linear system of quadrics in P4 then dim(H°(PZ, Op2(2))) = 6.
A basis is given by the monomials ¥, 23, 23, w071, ToTa, T179. The linear system is very ample and
we have an embedding

v IP’?C — IP’?C

which is called a Veronese embedding.

5.4 Resolution of Rational Maps

Theorem 5.4.1. Suppose X is a smooth projective surface, Y is a projective variety, ¢ : X --» Y is a
rational map. Then there exists a smooth projective surface X' together with a morphism f: X' —Y
and a morphism n : X' — X which can be decomposed as a finite number of blow-ups such that

pon=f:

Proof. By assumption Y is a projective variety so we can view Y as a subset of P{%’. Thus, we can
assume Y = P@ and no hyperplane contains ¢(X). By proposition we have that ¢ corresponds
to a linear system S < |D| of dimension m without fixed part on X.

Suppose S has a base point P € X (otherwise ¢ is trivially a morphism). Now we consider a blow-up
of X at point P: m : X3 — X. Consider 7S < |nfD|. Note that if F; is a fixed part of 7}S.
Then F} is supported on F < 7fS with positive multiplicity k1. Now we consider the corresponding
system S < |7 D — kE| where |7 D — kE| = |D;| has no fixed component, so it gives a rational map
@1 : X1 -—» PE such that ¢ = ¢ omy:

Now we proceed the process by induction (obtaining a blow-up 7, : X,, — X,_1, a linear system
mkS™ c |D,| and a rational map ¢, : X,, --+» P{¥"). Note, that D, = 7D,,_1 — k,, E,,. Then we have:

0<D? =(1*Dp_1 — knE,)? = (7¥Dy1)? — 2kpyDp_y - B, + K2E2 = D2, — K2

n—1

so the process terminates. Thus, at the end we obtain S™ with no base points so f := ¢ : X;, — P{¥ is
a morphism as desired. O
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Proposition 5.4.2. Suppose X is an irreducible possibly singular projective surface, X' is a smooth
projective surface, f: X — X' is a birational morphism such that f~! is not defined at P e X':

1
Pex'--sx-sc
Then f=1(P) is a curve C' on X.

Proof. By looking at the problem locally we suppose that X is affine so we have the embedding
i: X — AZ. Now consider a rational map io f~! : X --» A% defined by io f~1(z') = (g1, ..., gn)
where g; is a rational function for any i. Without loss of generality we can suppose that g1 = u/v is
not defined at P € X', i.e. we take u,v € Ox/ p coprime, v(P) = 0. Suppose C' < X is a curve defined
by f*v = 0. Then f*u = x1 f*v, (21 is the first coordinate function on X < AZ). So f*u = f*v =0
on C. Thus C = f~1(V(u = 0,v =0)). We assumed that v, u are coprime = V is finite, so we can
shrink the neighborhood and assume that it contains only one point P and we get f~1(P) =C. O

Proposition 5.4.3. Suppose X, X’ are smooth projective surfaces, ¢ : X --+ X' is a rational map.
¢~ is not defined at P € X'. Then there exists C' (a curve on X ) such that ¢(C) = P.
® /
CcX--=X'sP

Proof. By assumption ¢ : X — X’ is a rational map so it corresponds to a morphism f : U — X’
where U < X is open. Consider:

Py={(u,f(w)uelUlcUxX cXxX

X, =Tjc X x X'

Note that X; together with projection morphism ¢, ¢ form a commutative diagram:

Note that by assumption ¢! is not defined at point P € X', so (¢’)~! is not defined at point P e X’
and we see that (¢/)~! : X’ --» X satisfy the conditions of proposition So there exists a curve
Cy < X; such that ¢/(C1) = P. Moreover, since X; € X x X’ we have ¢(Cy) = C < X a curve on X
such that ¢(C) = P. O

Proposition 5.4.4. Suppose X, Y are smooth projective surfaces, f : X — Y is a_birational
morphism, f~1 is not defined at P €Y. Then there exists a birational morphism g : X —'Y such that
f=mog, where m: Y — Y is a blow-up of Y at P.

Proof. Consider a birational map g = 7! o f. We need need to prove that it is a birational morphism.
Suppose the opposite, i.e that g is not defined at point ) € X. Applying proposition [5.4.3| wee get a
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curve C' © Y such that g~1(C) = Q Note that f(Q) = 7(C) and the only curve which has a point as
its image via 7 is E. Thus, C' = F and f(Q) = P.
YoE=C
7
vy~ - T
- T
5P

Consider a maximal ideal mg < Ox ¢ and suppose we have local coordinates (x,y) such that f*y e sz
in the neighborhood of point P € Y. We can find such coordinates since in case g*y ¢ mé7 ie. g*y
vanishes at g~!(P) with multiplicity 1 and so gives a local equation for g~ (P). So we can find some
u € Ox g such that g*z = ug*y. Now we choose a new y by setting y' := x — u(Q)y, we see that
g%y = (u—u(Q))g*y € mp,.

Now consider a point P’ € E such that the map ¢g~! is defined at P’. Then for almost all points on
E we have that (¢71')*g*y = 7%y € m%,. By construction of the blow-up morphism 7*y is a local
coordinate for all points in E except one - contradiction. O

1

Theorem 5.4.5. Suppose X, Xy are smooth projective surfaces, f : X — Xg is a birational
morphism. Then there exists a sequence of my : X — Xi—1, for k € {1,...,n} , where each 7; is a

blow-up, u : X =X, and f =m o...0omy ou:

TTn—1

Proof. e In case f is an isomorphism there is nothing to prove.

e Suppose f is not an isomorphism. Then there is a point P; on Xy where f~! is not defined and
we can apply proposition to get the factorization f = m o fi, where 7 : X; — X is the blow
up of Xy at point P; and f; : X — X; is a birational morphism. By induction we proceed the
process. Let’s prove that it terminates. Suppose that it does not. Then there exist infinite sequences
of blow-ups {m; : X; — X;_1} and birational morphisms {f; : X — X;} such that for any ¢ they satisfy
the relations m; o f; = f;_1, i.e. the following diagram is commutative:

s

Xi———=X;13P,

Suppose the number of curves on X contracted by f; equals n;. This number is well-defined since n;
is finite: suppose fi_1 is not defines at point Q € X; then fi_l(Q) c X is a closed subset of X which
means that it can be seen as a finite number of irreducible components and there are only finitely
many such @ € X;. From commutative diagram we obtain that if a curve C is contracted by f; then
it is contracted by f;—1 and there is a irreducible curve C; ¢ X such that f;(C;) = E; < X; is the
exceptional curve for m; : X; — X;_1.

/ fi—1
Ei C Xz e Xi,1 El PZ
We see that f;(C;) = F; and f;_1(C;) = P; thus n; < n;_1. So the process terminates. O
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From theorems and we obtain a corollary:

Corollary 5.4.6. Suppose X, X' are smooth projective surfaces, ¢ : X --» X' is a birational map.
Then there exists X smooth projective surfaces such that the following diagram is commutative:

where f,g are composites of blow-ups and isomorphisms.

5.5 Castelnuovo’s Contractibility Criterion

We first state Nakai-Moishezon Criterion [Har77], Theorem V.1.10:

Theorem. A divisor D on a smooth projective surface X is ample if and only if D> > 0 and D-C > 0
for any (irreducible) curve C < X.

Theorem 5.5.1. (Castelnuovo’s contractibility criterion)

Suppose X is a smooth projective surface, there is E ¢ X such that E =~ ]P’%: and E* = —1. Then
there exists a morphism f: X — Xy to a smooth projective surface Xo and point P € Xy such that X
1s isomorphic via f to the blow up of Xo at point P and E is the exceptional curve.

Proof. e Consider a very ample divisor H on X such that H*(X,Ox(H)) = 0. Suppose k = H - E,
H' = H + kE (note that k > 0 by Nakai-Moishezon Criterion since H is ample and F is effective ).
Note that £ =~ P{. and line bundles on Pl are parametrized by their degree. Thus:

x(H)|p = O0p(k) Ox(E)lp=0p(-1) Ox(H)|p=0g
For ¢ € {1,...,k} consider the exact sequence:
0->O0Ox(H+(i—1)FE) > Ox(H+iFE) > Op®Ox(H +iE) = Og(k—1i) >0
which gives rise to the part long exact sequence:
0— HX,0x(H + (i —1)E)) - H'(X,0x(H +iE)) = H'(E,Op(k — 1)) —

— HY(X,0x(H + (i—1)E)) - H"(X,Ox(H +iE)) - 0
(since HY(E, Og(k — 1)) = HI(IP’%:,OI%(IC —4))k¥>% = 0). Suppose i = 1:
0— H°X,0x(H)) - H*(X,0x(H + E)) ™ H°(E,0p(k — 1)) —

HY(X,0x(H))=0— HY(X,0x(H + E)) - 0= H (X,0x(H + E)) =0

Thus, by induction on i we have that H*(X,Ox(H +iFE)) = 0 for i € {1, ..., k} and r;-s are surjective.
Suppose se HY(X,0Ox(E)) for V(s) = E, the restrictions of (a; g, ..., a;5—;) € H'(X,Ox(H + iE))
give a basis in H*(E, Op(k — )) HOY(E,Op(k —1)), (eg, ..., en) is the basis of H°(X, Ox (H)).
The basis for H%(X,0x(H')) = H°(X,Ox(H + kE)) is given by:

k k k—1 k—1
(608,~~~»€n87a1,05 y ey A1, k—1S 7"'aak71,137ak,0>
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Now using the corresponding linear system we can define a rational map ¢ : X --» IP’({:V (for some
N € Z) to the projective space such that dx\g: X\E — ]P’(JCV is an embedding since (e, ..., ;) defines
an embedding. Looking at the first n + 1 terms, we see that there are no basepoints away from
V(s = 0) = E. For a point on E, all the terms are non-zero except the last one. Thus, we have a
basepoint free map, that sends F to P =[0:...: 0: 1]. Denote ¢(X) = X’. We obtained a morphism
€: X — X’ such that X\E =~ X'\P, ¢(E) = P.

e To prove that X’ is smooth it is enough to show that X’ is smooth at P. Consider U = X\V (ax0)
an open neighborhood of E. Consider x = =20y = 2=1i € HO(U, Oy (—F)) such that their restric-

ak,0
tions give the basis of H°(E,Og(1)) and for some smaller neighborhood U’ we have that x,y do not
vanish at the same time. Thus we can define a morphism hy : U’ — PL: (o, 8) — [2(a, B) : y(a, B)]
and a morphism hy : U’ — AZ: (o, 8) — (sa:(a, B), sy(a, 6)) Now we obtain a morphism:

(hi,ho) : U — AL x PL

Since V(s) = E then this morphism factors through A2 < A2 x PL (since z - sy = y - sz) and moreover
FE =~ E, where E, is the exceptional curve on A<2c~ Now we recall that

&% = {((x17m2)7 [yo : y1])| 1y = $2y0} < A?c X R%: = {(($1,$2), [yo : y1])}

Suppose @ € E. We have that x,y do not vanish at the same time thus we may assume that z(Q) = 0,
y(Q) = 1. In this case we have that h(Q) = ((0,0),[0: 1]). Consider (x2,y0/y1) as local coordinates
at h(Q). Note that h*zs = sy (has order of vanishing 1 at E), h*(yo/y1) = z/y (local coordinate at
Q on E). Thus, for any point @ on F the local coordinates at h(Q) under the inverse image of h give
local coordinates at ). We see that h is étale.

Let’s now view this situation in the analytic topology and consider a commutative diagram:

EcU—">A25E,

ok

PeeU)—> A2 5(0,0)

Note that in this case we have a local homeomorphism n : U — X = h(U) (i.e. for any point on F
we have that h is a homeomorphism near this point). Thus, there exist neighbourhood U’ of E such
that h: U’ = V' = h(U’). So we get that h : ¢(U’) =~ n(V’) and €(U’) is smooth since n(V') = AZ is
smooth. O
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Bubble Spaces

6.1 Basic Definitions

Definition 6.1.1. Suppose X is a smooth projective surface, consider the bubble space of X:

(y,Y,m)| y is a point on smooth projective surface Y and /
w:Y — X is a birational morphism

B(X) = {

where (y,Y,m) ~ (v, Y, 7’) if and only if there is an open neighborhood of y such that the birational
map (7'"Y)om Y --» Y’ restricts to an isomorphism of neighborhoods ye U, < Y,y € Uy < Y’
which sends y — 1/, i.e. the following diagram is commutative:

yey — - —— — - =y eY', () lon(y) =y and U, = Uy via (x') Lo

N

e If the point is equivalent to (x, X, idx) then we call it a proper point:

K

yey zeX, n(y)=c and Uy = U, viaw
X

otherwise we call it an infinitely near point.

e Suppose now we have y,y’ € B(X) corresponding to (y,Y, ), (y',Y’',7’) respectively we say that y
is infinitely near to 3/ if (7')" ' on: Y — Y is the morphism such that a curve C containing y is
contracted to y':

(")~ tor

yeCcY yeY' , (7)) lon(C)=y
X

e Suppose now we have y,y € B(X) corresponding to (y,Y,7), (v, Y',7') respectively. We say that
y is proximate to y' if if y lies on the strict transform of the curve given by the blow-up of y'
(notation: y > y'). If we also have that there exists a neighborhood in which (7')~! o 7 is the blow-up
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of i/, we say that y belongs to the first neighborhood of 3/; we say that y belongs to the n-th
neighborhood of ' if there exists a sequence of points yi, ..., yn (Yyn = y) such that for all i = 2 we
have that y; is in the first neighborhood of y;_1 and y1 is in the first neighborhood of y'.

Note that since birational morphisms are represented by the sequence of blow-ups (up to isomorphism)
then we have that any point y € B(X) is either a proper point or is in the n-th neighborhood of a
unique point z € X (n = 1). If n > 1 then by induction we have that y is in the first neighborhood of
a unique point y' € B(X) which is in the (n — 1)-th neighbourhood of z.
Suppose we have a birational morphism 7 : Y — X. So we may consider

B(rm') = { base points of 71}

We know that birational morphisms are represented by the sequence of blow-ups so we write m =
m o ...0m, where 7; : X; — X;_1 is the blow-up of a point p; € X;_; for i € {1,..,k}. Then:

B(r=) = Jpil i e {1k} = | J{pi, Xicv,moomi)| i e {1, ., k)
K3 K3

This set does not depend on the factorization since the blow-ups are local and we can exchange the order.
Moreover, if we have birational morphisms 7 : Y — X, 7’ : Y/ — X such that B(r~1) = B((«")~!)
then there exists an isomorphism 7:Y — Y’ with 7/ o7 = 7.

Suppose C' is an irreducible curve on a smooth projective surface X, and p € B(X), so that p
corresponds to (p, X, ), where 7 : X — X is a birational morphism. Then we define m,,(C') as the
multiplicity of the strict transform C of C at pe X.

Proposition 6.1.2. Suppose C, D are irreducible curves on the smooth projective surface X. In this
case we have that:
C-D= 3 my(C)-my(D)

peB(X)

Proof. For C n D = J we have then C' - D = 0 and the result follows. Otherwise, suppose we have a

~

point pe C' A D, and let 7 : X — X be the blow-up of X at p. We have that C' ~ 7*(C) — my(C)E,
D ~ 7*(D) — m,(D)E. Thus:

C-D=C-D—my(C)-my(D)

We managed to reduce C-D so we get the result by induction on integer C'- D which is always > 0. [
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Del Pezzo Surfaces

Recall that the canonical divisor Kx € Pic(X) on an algebraic variety X is given by the divisor of a
differential form. It is well-defined since two distinct 2-differential forms give linearly equivalent divisors.
Moreover for the blow-up 7 : X — X at point p by Proposition we have K¢ = 7% Kx + E where
E = 771(p). We state the Nakai-Moishezon Criterion ([Har77],V.1.10) mentioned in the previous
chapters:

Theorem. A divisor D on a smooth projective surface X is ample if and only if D> > 0 and D-C > 0
for any (irreducible) curve C < X.

7.1 Definition of del Pezzo Surfaces and Equivalent Conditions

Definition 7.1.1. We call a smooth projective surface X a del Pezzo surface if its anti-canonical
divisor —K x 1is ample.

Proposition 7.1.2. Suppose X is a smooth projective surface and we have a birational morphism
Tm: X — ]P’%, Then the following conditions are equivalent:

1. X is a del Pezzo surface;

2. 7 is the blow-up of 0 < k < 8 points of PZ (not infinitely near points) such that no 3 are colinear,
no 6 belong to the same conic, and no 8 lie on a cubic having a double point at one of them;

3. K% > 1 and for any irreducible curve C of X we have C? > —1 ;
4. C-(=Kx) >0 for an effective divisor C

Proof. Suppose we blow-up a point x which infinitely near to a point z’. Then 7 blows-up z’. Now
we blow up 2’ and see that the strict transform of the curve obtained after this blow-up is a smooth
curve C' =~ PL < X such that C? < —2 on X. By genus formula we have

C-Kx=-2+29(C)-C?>-2—-(-2)=0
We see that in this case all the statements are false and thus we may that 7 is the blow-up of k points
which are not infinitely near: z1,...,zx € P% . Pic(X) is generated by L = m*[, where [ is the line on
PZ, and E; = 7 '(z;) for i € {1,...,k}, such that
E}!=-1,L-E;=FE;-E;=0fori#j
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(1)=(4) By definition of del Pezzo surface we have that —Kx is ample. Thus, for sufficiently large
m we have that —mKx is very ample, so the linear system | — mK x| defines an embedding into a
projective space. Then the degree of an effective divisor C' in this embedding is given by

—mKX-C>O:>C-(—KX)>O

(4)=(2),(3) Suppose we have an irreducible curve C' on X such that C? < —2. Then the genus formula
gives:
C-(C+Kx)=-24+29(C)=2=C--Kx <2+C?*<0

-contradiction with (4). So it follows from (4) that for any irreducible curve C' on X we have C2 > —1.

e Suppose x1, T2, r3 belong to the same line L1 then f/l ~ L —> F;. So we have
2=(L-YE)<®W1-3=-2
() is true since we have >, E? < —3. So we have a contradiction with (4) as was mentioned above.

e Suppose x1, T2, T3, T4, T5, Tg belong to the same conic Q3 we obtain:
Qi=(2L-YE) =4-6=-2
- contradiction with (4) as was mentioned above.
e Suppose 1, T3, T3, T4, Ts, Tg, L7, g belong to the same cubic Q3 and Q3 is singular at x;
we obtain:

8
@=(BL-2E - E) =9-4-T=-2
2
- contradiction with (4)as was mentioned above. So we have (4)=(2).

e Suppose that k > 9 then we can consider an irreducible (points in general position) cubic @
through 9 of them (so we have g(Q) = 1). Then we have

Q?=BL-)E)?<9-9=0

Thus, from the genus formula Q% + Kx - Q = —2+2¢g(Q) = Kx - Q > 0- contradiction with (4). Thus

k
k<8and K% = (m*Kp + ) Ei)* =9—k>1
i=1
(3)=(2) we know that K% = (7% Kp2 +Zf:1 E;)? =9—k > 150 k < 8. Moreover, since for irreducible
curve C' we have C? > —1 then we have zy,...,zx (k € {1,...,8}) satisfy the conditions: no 3 are

colinear, no 6 are on the same conic, and no 8 are on a cubic having a double point at one of them,
since otherwise as in the previous part we can find an example with C? < —2.

(2)=(1) Note that k < 8 thus K% = (m* Kpz + Zf;l E)? = 9 —k > 1. By Nakai-Moishezon
Criterion to prove that —Kx is ample it is left to prove that for any irreducible curve C' < X we
have —Kx - C > 0. Note that if C' = E; then —Kx -C = —Kx - E; =1 > 0. Suppose C # E; for
i €{1,...,k}. In this case we can write

k
C ~dL- ) (C-E;)E; for d>0
i=1
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d = 1: then C is a strict transform of the line, so it contains at most two points out of x1, ..., zx. So

k

Ky C = —(W*KP% +Zk:Ez> ) (W*I_Z(C'Ei)EZ) =

i=1 i=1

d = 2 : then C is a strict transform of the conic, so it contains at most five points out of x1, ..., zx. So

Ky-C = —(W*K]p% + i Ei) . (27T*l — i(cEz)Ez) =
i=1

i=1

k k
_ <3L_;E,»)~(2L—;(O~Ei)Ei) >6-5>1

d = 3 : then C is a strict transform of the cubic, so it contains at most eight points out of z1, ..., x.

“Kyx-C = _<7T*KP% + i Ei) . (37r*l - i(OEz)El) =
i=1 i=1

k k
- (3L—;Ei)'(3L—;(C'Ei>Ei) >9-8>1

d > 4 : consider a cubic @ passing through 1, ..., z; (we can find such cubic since k < 8) now we have
that Q ~ 3L — Zf=1 FE; ~ —Kx. Thus, —Kx is an effective divisor and —Kx - C = 0, so its enough to
prove that —Kx -C # 0. Suppose —Kx-C =0,C ~ deZle(C‘Ei)Ei =: deZle o,; E; for d = 4.
We have:

k k k
—2429(C) = C*+ Kx - C=C%=(dL— Y. a; ;)" =d® = D a2 = Y a2 = d? +2 - 24(C)
i=1 i=1 i=1

k k k k
OZC.KX:(dL—ZaiEi)(?)L—ZEi):3d—zai:>3d22ai
=1 =1

i=1 i=1

Thus:
8

k k
90 = (Y o) <k Dla?<s
i=1 i=1 i

For d > 4 we have the solution d = 4, g(C) = 0 and «o; = «; for all ¢,j. But then the equality
k .
3d =Y, _, o fails. O

a? = d? < 8(2 —2¢(C))
1
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Hirzebruch Surfaces

8.1 Definition and Construction
Definition 8.1.1. We call
Fp = {([z:y:2],[u:v])| yo" = 2u™} < PE x Pg

the n-th Hirzebruch surface F,,, and 7, : F,, — P{. is the projection on the second factor. Remark
that then Fo =~ P x PL via ([z:y: 2], [u:v]) = ([z: y], [u: v]).

Proposition 8.1.2. The maps:
prn P& x AL — Ty, where ([a: B],t) — ([a: B: Bt"],[1:t])

pan P& x AL — Ty, where ([a: B],t) — ([a: Bt™ : B], [t : 1])

are open embeddings with py,(PE x AL) = Ut n, p2,n(PE x AL) = Uz such that {U; n}ieq1,2y an open
cover of F,, so that F,, is smooth and 7 : F,, — Pé is a ]P’(lc—bundle. Moreover, we have a birational
map:

prn o (pan) " 1 PL x AL - PE x AL, where ([a: 1,¢) — ([a's Bt"], 1/%)

Proof. They are clearly injective. Moreover, for example Uy ,, (similarly for Us ,,) is open since:

Fo\Uin = {([z:y: 2], [u:v])| yo" = 20, u=0,0=1} = {([x:0:2],[0:1])| } = P{

8.2 Birational Map between [F,, and [,

Proposition 8.2.1. Let E, = {([1:0:0],[u:v])} € F,. Forn >0 the map p1y41° pf}l gives a
birational map ¢, : Fy,, --+ Fp 11 such that we have the commutative diagram:

Y
V ml

¢7L
Fp——-=-—--- >F1

where Ny, Nns1 are birational morphisms such that:
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1. n, is the blow-up of

= ([1:0:01,[0:1]) = po,u(([1: 01,0) € B, < F,
2. Npi1 is the blow-up of

= ([0:0:11,[0: 11) = po,nsr (([0: 1],0)) € Foyy

3. the curve contracted by n,+1 on q is the strict transform by n, of the fiber of m, containing p
4. the curve contracted by m, on p is the strict transform by n,11 of the fiber of w11 containing q.

Proof. In the notation of the proposition above we have an isomorphism

—1 . = 1 1 =
PLn+1°Pinlur, Utn = Po x Ag = Ui nia

So we get the birational map ¢, : F,, --» F,,41. Now we have the commutative diagram (here U, , are
identified with P& x AL for i € {1,2}, k€ {n,n + 1}):

n0(p2,n) L
U 22 Uy ([a: B, 1) — ([or: Bt"], 1/t)
¢n|U17nl Pnlug , l
P1, nO(P2 n) Ly 7Y+1
Ui nt1— = >Uznt1 ([a: B],t) —— ([a: pt" 1], 1/8)

Thus, the birational map Us 5, --+ Uz p41 is given by: ([« : 8],1/t) — ([« : Bt],1/t) which is equivalent
to ([a: B],u) — ([ua : B],u), where u = 1/t. Now consider

Y' = {([a:b],[c:d],t)| tad = bc} = Pf x P x Ag

with morphisms 7}, : Y' — Uz, and 0, ., : Y — Uz py1:

P S

,,,,,, > Uz i1 ([a:b],t) = = === === === =>([c:d],t)

n;, is the blow-up of p = ([1 : 0],0) € Us,p, 7},4, is the blow-up of ¢ = ([0 : 1],0) € Uz ,41. The
morphism 7, ; sends the curve contracted by n, onto the {t = 0}, which corresponds to the fiber
of 7,41 containing ¢. The same way, 7}, sends the curve contracted by 7;,,, onto {t = 0}, which
corresponds to the fiber of 7, containing p. Now we just extend morphisms to get the desired
construction. O

8.3 The Picard Group of Hirzebruch Surfaces

Proposition 8.3.1. Recall that E, = {([1:0:0], [u:v])| [u:v] € P}
Then for any n = 0, we have:

(1) Pic(F,,) = Z[ f] ® Z[E,], where f is the class of a fiber
(2) [>=0,(En)’=—n, E,- =1
(3) Kg, = —2E, — (2+n)f
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Proof. (1), (2) Let’s prove by induction that Pic(F,,) = Z[f] ® Z[E,] and (E,)? = —n:
n = 0: in this case we have Fy =~ P} x Pl and the Ej and f are fibers of the projections. Thus

|Pic(Fo) = Z[f] ® Z[Ey) and E = 0|

n — n + 1 : Consider the birational map ¢, : F,, --+ F,, .1 together with the morphisms n,, 7,11
which we constructed in the proposition [8.2.1

Y
v\
Pn

Fp———---- =Fp1
Y
Pg Pg

In the notation of this proposition we have that p € F,, and 7, is the blow-up at p. Now suppose f,
is the fiber of 7, over p. Then we have that pr is contracted by 7,41 onto g € F,, 1. Now suppose
fq is the fiber of m,41. Then we have that fq is contracted by 7, onto p € F,,. Moreover, ¢,, maps
E,, onto E, 1. By induction we have that E2 = —n. Now since p € E,, then for En c Y we have
that E2 = —n — 1 = —(n + 1). We have that E, n fp = J and 7,11 acts by contraction of fp SO
(77,L+1(E~’n))2 = —(n+1). Thus:

En=—(n+1)

Now we need to show that Pic(Fy,41) = Z[f;] ® Z[E,,11]: note that 7,41 is the blow-up of ¢ which
contracts f,. Thus, we have that:

Pic(Y) = %1 (Pic(Fat1)) ® Z[Jy)
Similarly, 7, is the blow-up of p which contracts fq. Thus, we have that:
Pic(Y) = i (Pic(F,.)) @ Z[f]

By induction we have that Pic(Fp4+1) = Z[fp] @ Z[E,]. So Pic(Y) is generated by n(f,) = fp + fq,
nE(E,) = E, and fq- We see that

77:+1(fq) = fp + fqa 77::+1(En+1) =FE,

Thus, \Pic(]FnH) = Z[f,] ® Z[Epi1] \

Note that E,, is a section of the ]P’(%:—bundle T Fy — IP’%:. Thus we have that | E, - f =1 | f2=0
since for points p # p’ on ]P’(%: we have X, n Xy = &

(3). We can write Ky, = aE, + bf and by genus formula we have that
f-(f+Kg,)=—2+2(f) = -2=f Kg, = [ (aE, +bf) =a

E, (E,+Kp,)=—-2+29(E,)=—-2+n=FE, Ky, =
=FE, (aBE, +bf)=—an+b=2n+b=b=—-2—-n

n

Thus, | Ke, = —2E, — (2+n)f]. 0
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Proposition 8.3.2. F,, satisfy the following properties:
1. Suppose that we have a curve C' < F,, then there exist a,b = 0 such that

C ~ aE, + bf

2. Suppose s # E,, is a section of m, : F, — P<1c then

s~FE,+(n+k)f fork=0, s>=n+2kands-E, =k

3. Suppose we have a morphism w : F, — ]P’}C such that a general fiber is isomorphic to ]P’(lc,
Then there exists a € Aut(Pg) such that either 7 = aom, orn =0 and ™ = a o), where
7w : Fo — PLis given by ([z:y : 2], [u,v]) = [z : y].

4. Suppose we have a morphism w : F, — ]P’%: such that a general fiber is isomorphic to ]P’(l:. Then
minimum of the self-intersections of the sections of m is —n.

5. F,~F,, m=n.
Proof. (1) Note that since Pic(F,) = Z[f] @ Z[E,] then we can write a curve C as C = aFE,, + bf
for some a,b € Z. Suppose C' = f then a = 0, b = 1. Suppose C = E,, then a = 1, b = 0. Suppose
C ¢ {f, E,} then
—na+b=C-E,=20=b=na,a=C-f>20=b=2na=>a>=0
(2) Suppose C # E,, is the section of 7,. By the previous part we can write C as C' ~ aF,, + bf. Then
1=C-f=a,b—n=C-E,20=C=E,+(n+k)f
Moreover:
C?=(E,+(n+k)f)>=FE24+2m+k)E, - f+n+k)>fP=-n+2(n+k)=n+2k,
C-E,=E,+n+k)f) E,=E>4+n+kf E,=-n+n+k=k
(3) Suppose for a morphism 7 : F,, — P} we have that a general fiber f’ is isomorphic to P{. Note
that in case fibers of m and m,, coincide we can find a € Aut(P{) such that 7 = oo m,,. Assume that
f' # f, where f is a fiber of m,,. We can write f’ as f’ ~ aFE,, + bf such that a > 0,b > 0. Now we
have that
0= (f')2 = (aE, + bf)2 = aE,2I + 2abE, - f + b2 f? = —na® + 2ab = a(2b — na) = 2b = na
0<E, - f'=E, (aB,+bf)=—an+b=-2b+b=-b=b=0= f =E,

0= (f")?2 = E2 = —n = n = 0 and the fibers of 7 are equal to the fibers of 7, so we can find
o € Aut(PL) such that m = a o

(4), (5) We conclude from (2) that the minimum value of self-intersections of the sections of m,
equals —n. We have that n{, = mo7 for 7 € Aut(Fy) where 7 exchanges the factors, thus we obtain
that the minimum of the self-intersections of the sections of 7, also equal 0. Thus, by (3) we obtain
statement (4) which gives (5). O
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8.4 Automorphisms of Hirzebruch Surfaces
Recall that GL(2,C) acts linearly on C? thus we have a linear action on polynomials in 2 variables.

This action preserves the subspace of homogeneous polynomials of degree n and gives the group
C"*! x GL(2,C) with elements:

(aOY” + o XY" b 4a, X", <CCL Z) > e C""! x GL(2,C)
C"*! % GL(2,C) acts on F,, in a following way:
(aoY" +a XY+ L+ a, X (CCL Z) )([m cy 2] fusv]) =
for u # 0 :
([zu™ + y(aov™ + a1uv™ ! + ... + apu™) : ylau + bv)™ : y(cu + dv)"], [au + bv : cu + dv])

forv#0:
([zv™ + z(agv™ + aruwv™ ' + .. + apu™) @ z(au + bv)"™ : z(cu + dv)™], [au + bv : cu + dv])

Proposition 8.4.1. The kernel of this action consists of matrices of the form <g 2) where ™ = 1.

Proof. Suppose we take some element in kernel and apply it to ([« : y : 2], [u : v]), where u,v # 0:

( (¢ Z))([x:y:zl,[u:vp—<[x:y:z1,[u:v1>:

= ([2v" + z(agv™ + aruv™ " + .+ apu”) ¢ z(au + bo)™ ¢ z(cu + dv)"], [au + bv : cu + dv]) =
= ([z + z(ao + a1 (w/v) + ... + an(w/v)") : y(a + b(v/u)"™ : z(c(u/v) + d)"], [au + bv : cu + dv]) =

=([x:y:z],[u:v])
we see that we should have ag = ... = a,, = 0 (we get it from points where z # 0). From the point
[u:v] =[0:1] we get that b = 0; doing similar calculations for point [u : v] = [1: 0] we get ¢ =0
thus [au : dv] = [u : v] = a = d and we have:

(o ya" : zd™] Ju:v]) = ([ 2] [u: o)) > a" =d" = 1 = (CCL Z) _ (g 2) where a” — 1

Moreover, all matrices of the form (’g 2) where p™ = 1 are in the kernel. O

So we have that C"*! is the subgroup of Aut(F,); (ag,...,a1) sends ([x :y : 2], [u:v]) € F,, to

([zu™ + y(agv™ + aruv™™ ' + . + apu™) : yu™ s yo"], [u : v]) for u # 0
([zv™ + 2(aov™ + ayuv™ ™ + ... + apu™) : zu" 1 20", [u: v]) for v # 0

Suppose fy is the fiber over [1 : 0] which consists of points with v = 0. We see that the open set
F,\(E, U fo) is invariant by the action of C"*!. Moreover, we have the isomorphism:

A% =N F.\(En U fo), where (z,y) — ([z:y" : 1], [y : 1])

The action of C™ on this subset corresponds to (x,y) — (z + ag + a1y + asy® + ... + a,y™, y).
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Proposition 8.4.2. Aut(Fy) acts transitively on Fy. Forn > 1 Aut(F,,) has 2 orbits: E,, and F,\E,.

Proof. n=0: PGL(2,C) x PGL(2,C) acts transitively on Py = PL x Pf.

n > 1 : Note that there is a unique curve E,, < ,, such that E,QL = —n. Thus F, is invariant by action
of Aut(F,), by the same reason F,\FE,, is invariant by action of Aut(F,). GL(2,C) acts transitively
on fibers and C"*! acts transitively on f\E,, for f a fiber. Thus, C**! x GL(2,C) acts transitively
on E, and F,\E,,. O

Proposition 8.4.3. For n > 1 we have that:

Aut(F,) = " x GL(2,(C)/{ (’é 2) = 1}

Proof. Let’s prove by induction:
n =1:in this case Aut(F;) = Aut(P%), i.e the automorphisms of PZ with one point fixed. Without
loss of generality we can assume this point to be p = [1:0: 0].

ailp a2 ais
Now suppose g = | az1 a2z ags | € PGL(3,C) = Aut(}P’%) and g(p) = p = ag1 = az1 = 0 so we can
az1 asz2 a3z

. . . az a
fix aj; = 1 (since wee look up to linear equivalence), moreover ( 22 a23> e GL(2,C), a12,a13 € C.
33

a32
Thus
Aut(F;) = C? x GL(2,C)

n — n+ 1: by induction we know that
Aut(F,) = € % GLE,©) /{(49)] w" =1}

Moreover, the automorphisms of F,; that fix ¢ = ([0 : 0 : 1],[0 : 1]) € F,41 correspond to
automorphisms of F,, fixing the base-point p = ([1:0: 0], [0 : 1]) of ¢,,. We see that the automorphisms
((ao, ey Q) (CCL g),) which fix p of F,, are in one-to-one correspondence with the automorphisms
((bo, .-y bn11), (25)) = ((0,a0, ...,an), (¢ 4)) that fix ¢ of F, 1. We know that

G = C"*2 x GL(Q,(C)/{(g O) p = 1} & Aut(Fpss)

(note that it it reasonable to take the quotient modulo the kernel of the action). Suppose that it is not
the equality (i.e. G & Aut(F,,)) and take f € Aut(F,,1)\G such that f(q) = ¢' (¢’ € Fp11\Fn41 since
q ¢ FEn+1 and by the previous proposition F,,.; and F,,.1\E,+; are different orbits of Aut(F,1)).
Note that G acts transitively on F,,11\E,+1 so we can find h € G such that h(¢’) = g. Thus,
ho f(q) = q and ho f is the automorphism of F,, 1 that fixes ¢, i.e. it comes from the automorphism
that fixes p, i.e. ho f(¢) e G = fe G and G = Aut(F,,41). O
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Elementary Links and Decomposition
Theorem

Recall that the the n-th Hirzebruch surface F,, is given by:
F, = {([17 sy cz] [uc ]| yot = zu”} c P2 x P}
thus we naturally have the projection F,, — IP’(% which takes E,, to [1:0: 0]. Note that for n = 1 this

is a blow-up of PZ at [1: 0 : 0]. Moreover, we have that if X is the blow-up of P% at any point then
X =Ty

9.1 Elementary Links
Suppose 7 : F; — P2 is the blow-up of a point. We call a birational map 7= : PZ --» F; an

elementary link of type I. We call a birational map ¢ : F,, --+ F,,, an elementary link of type
IT when there exists a commutative diagram:

Y a € Aut(PL)
7 Nm
F,- - - - - - >, Mn, N are the blow-ups at points
\Lfrn J/ﬂ'm
RIC -« [[D(lc

We call a birational map F; --» IF’?C an elementary link of type III if it is the blow-up of a point
of IP’?C. We call birational map Fy --+ Fy an elementary link of type IV if it is an automorphism
which exchanges the fibers of the two projections.

9.2 Decomposition Theorem
Proposition 9.2.1. Suppose we have a point p € F,,. The we can find a unique (up to automorphism
of ., ) elementary link ¢ : Fy, --+ F,,, with exactly one base point p. Moreover, if n > 1 and p ¢ E,

then m =n—1 and m = n + 1 otherwise.
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Proof. By proposition there exists an elementary link ¢,, : F,, --» [F,, .1 where ¢,, has a base-point
on E,, and the inverse ¢, * has a base-point on F,,; 1\E, 1. Take a,, € Aut(F,,) and a1 € Aut(F,,.1).
We have that the map v¥,, = a1 0 ¢, © @, is an elementary link F,, --» F,,q:

Fp——=>F,p
(DA
Qn QAn+1

Moreover, the Proposition [8.4.2| shows that we may take any point of F,, as base-point of ¥ and any
point of F,,11\E,+1 as base-point of 4, 1. The result follows. O

Theorem 9.2.2. Suppose X = P2 or X =F,, for somen > 0; n:Y — X is a birational morphism
and E Y is a (—1)-curve. Then:

1. There exists a birational morphism 7 1Y — Z, where Z is a smooth projective surface such that
7(E) = q (q is a point on Z) and moreover T is the blow-up at q.

2. There exists a sequence of birational maps ¢1, ..., px, where each ¢; : X;—1 --+ X; is an
elementary link, X = Xo, and 1 = ¢y 0...0¢1 ono71 ! is a birational morphism.

Y,.=Y T Z
| |
Xf—¢1—>le¢f>-~-f@“>Xk

Proof. By assumption 7 : Y — X is a birational morphism. Thus, by the Theorem [5.4.5]it can be
decomposed into the sequence of blow-ups 7; : Y; — Y;_; of point p; € Y;_1 (Yo = X, Y,, =Y) where
&; is the curve contracted by n;:

Yo=Y z Z
Nm

Y1

NMm—1 n W
m
YO:X7¢L>X17¢3>---7%>X1€

Suppose E; = (141 0 ... 00 )*(E;)-

Suppose we have a smooth curve E < Y such that F =~ Pl and E? = —1. Note that if  contracts E
then there exists E; such that £; = E and p; is not infinitely near to any other p;. In this case we
can change the order and put ¢ = m so that 1 =n,,, Z2 =Y,,—1.

Now we suppose that 1 does not contract E. Suppose Ex = n(E) < X. We see that in this
case B = Ex and E = Ex ~ n*Ex — Ym,,(Ex)E;. Suppose that fx € Pic(X) is the fiber of
7 Fp — PLoand fy = n* fx € Pic(Y). We may assume that X = F,, for some n > 0 (since P2 = Fy)
and denote d = F - fy = Ex - fx. We also have that:

~1=E%= (f*Ex — Y. my,(Ex)E;)* = E% — Y my,(Ex)?

Suppose d = 0 : in this case we have that d = Ex - fx = 0 = Ex is a fiber of 7, = Eg( =0
(x) = >mp,(Ex)E; = 1 and without loss of generality we can assume that my,, (Ex) = 1 and
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my, (Ex) = 0 for i # 1. Now we have that ; : Y1 — X = F,, is the blow-up of a point so we can
write 77 : Y7 — F,41 = F, for contraction of the strict transform of Ex in Y7 onto some point
q € F,/(the existence follows from 8.4.2). So we obtain an elementary link ¢ : F,, --» F,, where

¢p=1"0(m)"
ml X
¢

X=F,-"->Fp

Now define ' : Y — F, asn =7 ony0...0n,, n contracts F onto point ¢ € F,/. Since no infinitely
near point is blown-up, we can decompose 77’ as a sequence of blow-ups where ¢ will be the last point
blown-up instead of begin the first one. We denote the last blow-up Y — Z and ¢ : Z — F,,, remains.
Thus:

v k=1 X1 =Fu, ¢ =
Yy G Y=n'or !t =¢ronor!
Thl\

Suppose d > 0. Let’s prove the result by induction on d.
Suppose that we have a point p; with 2m,, (Ex) > d. By changing the order we can assume that

2my, (Ex) > d. Similarly to the previous case we denote 7’ : Y7 — F,, the contraction of ficy
onto point g € F,,; where f; is the fiber of 7, : F,, — P{ such that p € f; and obtain the elementary
link ¢ = 7" on; ' : F,, - F,,,. Note that replacing n by 1 = 7/ 012 0 ... 0 1, does not affect d (since a
general fiber of 7, is sent onto a general fiber of 7, by ¢) and multiplicities m,,, (Ex) = my, (' (E))
for i # 1. Let’s look at m,, (7' (E)):

My, (WI(E)) = (772 ©...0 nm)(E) ’ .]?1 = (772 ©...0 nm)(E) ’ (Uikfx - 51) =d— Mp, (EX)
Since 2my, (Ex) > d and d = my,, (Ex) + my, (' (E)) we obtain that m,, (7' (E)) < m,, (Ex). Using
this method we can assume that for all p; we have 2m,, (Ex) < d.
Note that Pic(X) = Pic(F,) = Z[E,] ® Z[fx]. Note that d = Ex - fx thus we can write
Ex =dFE, +bfx (b € N)
Suppose Ex - E, < 0. We have that —1 = E? = E% — Y. m,,(Ex)*> = E% > —1 so

b=0,d=1

E% = —d*n—2db> —1 = d’n + 2db < 1 =4>0dn>0 { A
n =

n=1and EFx = E;. Now we consider a map F; — IP’% which contracts E; and get the result:

Y

I

X=F ' ~P2

Suppose Ex - E, = 0, then by similar calculations we obtain that either n = 1,6 =0,d = 1 and we
proceed as above or b= 0,n = 0 and Ex = dEy = E% = 0 and we proceed as in (*).
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Suppose Ex - E,, > 0,i.e b—dn > 0 and so € = 2b — dn > b > dn. We have that:
E*W*EX_Zmp (Ex)E; = dn*(En) + bn*( me (Ex)E

Ky:T]*(Kx)—FZEi, Kx-En:—Q—n, KX'fX:_2

So:
—1=E? = —d®n + 2bd — ) (my, (Ex))* = de — Y (my, (Ex))?

1=Ky -E=(-2-n)d—2b+ »\(mp,(Ex))® = —e —2d + > m,, (Ex)

Thus:
Z(mm(EX))2 =de+ 1 and Z(mm(EX))2 =e+2d+1

Moreover, since d > 2m,,, (Ex) = 0 we obtain:

0< Y myp, (Ex)(d—2my, (Ex)) = d Y mp, (Ex) — 2 (my,(Ex))* = 2d* —d — ed — 2 =

=22 —ed>d+2>0=2d>c—20—nd>b>nd=n <2

n=0:2d>¢e=2b—dn =2b=d>b. Wenow apply the elementary link of type IV which exchanges
Ey and f exchanging d and b, which decreases d and we can proceed by induction.

n =1:b>nd=d. Suppose that for all i we have m,,, (Ex) < b — d. Then we have:
0= D (my, (Ex))? = > my, (Bx)(b—d) = 2bd —d* + 1 — (2b+d — 1)(b — d) =

= b(3d —2b) + (b—d) — 1 =b-D=120020 37 _ 9y < 0 — contradiction with 2d > e = 2b — d

Thus there exists p; such that mp, (Ex) > b — d, without loss of generality we set my, (Ex) = b— d.
Note that EFx - F1 = b—d = p; ¢ E1 and we can assume that p; is a proper point of X = ;. Now
we contract Fy via blow-up 7 : F; — P(% and blowing-up p; 7 : F; — IP’% with the exceptional curve
F; we have that:

TH(1(Ex)) T (7(fx)) = (Ex + (Ex - E1)E) - (fx + (fx - EV)E1) = (BEx + (b= d)Ey) - (fx + E1) =
—Ex fx+(0—d)E - fx +E-Ex +(b-d)E>=d+(b-d) +(b—d) —(b—d) =b
Since b = 7*(7(Ex)) - 7*(7(fx)) = 7(Ex) - 7(fx) = 7*(7(Ex)) - 7*(7(fx)) we obtain:

b=7*(r(Ex)) - 7*(7(fx)) = (T(Ex) + myp, (T(Ex)) - F1) - 7%(7(fx)) =

= 7(Ex) - 7(fx) + my, (1(Ex)) = 7(Ex) - 7(fx) + mp, (Ex) >

>7(Ex) T(fx)+(b—d)=b>d +(b—d)=d <d

and we proceed by induction. O

Corollary 9.2.3. Suppose X is a smooth projective rational surface. Then we can find a birational
morphism ¢ : X — X', where X' =P2% or X' =F,, forn # 1.
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Proof. Note that if we find a morphism X — F; then we find the desired morphism X — F; — PZ.
Now we have that X is a rational surface. By definition there is a birational map ¢ : P2 --» X. By
we can find morphisms 7,7 (which are the compositions of blow-ups) such that the following
diagram is commutative by :

$=nor

P2---%__

In case 7 is an isomorphism we are done. Suppose 17 is NOT an isomorphism. Then 7 is the
sequence of blow-ups (up to isomorphism). Suppose E < Y is the first curve contracted by this
sequence. Then by the theoremwe have a morphism 7 : Y — Y, where Y’ is a smooth projective
surface and 7 contracts E. Moreover, from the same theorem we get a morphism 7’ : Y’ — X”, where
X" =P% or F,, for n > 0 and the following diagram is commutative:

Yy —— >V

,r]/
™ 7
’

PZ-->x"-%~X

We replace ¢ with ¢', © with 7/,  with 5’ and decrease the number of contractions in 7 so eventually
we will get the isomorphism. O

Remark. Note that from the results above we obtain the Castelnuovo’s contraction criterium
for rational surfaces which was already proved in general case as Theorem|5.5.1:

Suppose X is a smooth rational projective surface. E < X is a (—1)-curve. Then here exists a
birational morphism 7 : X — 'Y to a smooth projective surface Y contracting E onto some point, and
which is the blow-up of this point.

Proof. By corollary we can find a birational morphism ¢ : X — X', where X’ =P% or X' =F,
for n # 1. Thus, from theorem [9.2.2| we obtain the result. O

Corollary 9.2.4. Suppose X is a smooth rational projective surface with a point p € X. Then there
exists an open neighborhood U 3 p such that U = A(QC.

Proof. For X = IP?C we have the result. In case X = F,, we have the result from the description in

Assume that we have the statement for X let’s prove it for the blow-up = : X > X at point
g € X. Consider an open subset U ¢ X such that U ~ AZ. If ¢ U = n Y(U) = U ~A2. If qe U

we move ¢ to the origin AZ. We also have that 7= }(U) =~ 1&%, which is covered by open subsets
isomorphic to A%. Thus, from we get the result. O

Corollary 9.2.5. Suppose we have surfaces X1, Xo such that X; € {P%, F,| n > 0} fori = 1,2.
Then any birational map ¢ : X1 --+ Xo decomposes into automorphisms and elementary links of type

LILIILIV

Proof. Note that by we can find morphisms 7,7 (which are the compositions of blow-ups) such
that the following diagram is commutative:

Y p=nom !
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in case 7 is an isomorphism 7 is a blow-up at one point so ¢ is the link of type 1. Otherwise at in
we reduce the number of blow-ups and so get the result. O

Corollary 9.2.6. Bir(P2) is generated by Aut(P%) and by the birational maps preserving a given
pencil of lines through one point.

Proof. Note that the links of type LILIII clearly preserve the pencil of lines. So by [0.2.5] its only
enough to prove that we can get rid of links of type IV. Suppose we have a link of type IV:

Fo = PL x PL =— PL x PL

pmhl lpmh

Pg Pg

Note that projs = m o 77;1 oo ¢y where: ¢g: Fy --» Iy is a link of type II (we take p and ¢ from
the notation in [8.2.1), 7 : F; — P2 is a blow-down of (—1)-curve on F; which is a link of type III,
7rq_1 : PZ --» Fy is a blow-up of 7(g) which is a link of type I and 7; : F; — P{ is the fibration and so
we are done. O

9.3 Description of Del Pezzo Surfaces

Theorem 9.3.1. Suppose X is a smooth projective rational surface. Then the following conditions
are equivalent:

1. X is a del Pezzo surface

2. X 2PLxPL, X ~P% or X is the blow-up of 0 < k < 8 points of PZ such that no 3 are colinear,
no 6 belong to the same conic, and no 8 lie on a cubic having a double point at one of them

3. K% =1 and for any irreducible curve C of X we have C? > —1

4. Suppose C' is an effective divisor then C - (—Kx) >0

Proof. Let’s prove that Fo = P§ x PL satisfies (1), (3), (4):
We know that Kpi.p1 = —2(f1 + f2) where f1, fo are the fibers of the projections by [8.3.1] Let
D = _I/QK]P%X]P},- Note that

D*=(fi+f2)>=2>0,D-f;=(fi+fo) fi=1>0fori=1.2

Thus, by Nakai-Moishenson criteria D is ample (with any irreducible curve on Fy is positive) =
_K]pé xp}, 18 ample = by definition Fy = Pl x P{ is a del Pezzo surface. Moreover we can write any
irreducible curve C as afs + bEg and a,b = 0. So we see that C? > —1, C - (_Kpéxpn}‘) > 0. So all
the conditions are satisfied for ]P’%: X IP’%:. In case we have a birational morphism X — IE”?C we already
proved all the equivalences in Suppose we do not have such morphism. Then in any case by
we have 7 : X — F,, for n # 1. Suppose n = 0, then X =~ P} x P{. In case m an isomorphism
and we are done. Otherwise 7 factors through the blow-up 7 : Z — F( at point p. An elementary link
centered at p (described in gives rise to a birational morphism Z — [y, and then to a birational
morphism X — ]P’?c:

Z
X—"+Fy-->F ——=DP2
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So we can assume that n > 2. In this case, the strict transform on X of FE,, gives a smooth curve
C < X such that C =~ P} and C? < —2. By genus formula we have Kx -C +C? = -2 = Kx -C <0
- contradiction with (1), (3), (4). O

Definition 9.3.2. We call a smooth projective surface X minimal if any birational morphism X — Y
to a smooth projective surface Y is an isomorphism.

Proposition 9.3.3. Suppose X is a smooth projective rational surface. Then the following are
equivalent:

X is minimal < there is no (—1)-curve on X < ( X =xP% or X =F, forn#1).

Proof. (2)=(3) By assumption there is no curve which can be contracted.

(1)=(3) By there exists a birational morphism X — X’ where X’ = PZ or F,, for n # 1
which should be an isomorphism by definition of minimality.

(3)=(2) there is no (—1)-curve on PZ. Suppose X =F,, for n # 1. Suppose we have a curve C c F,,,

C ~ aE, + bf for a,b > 0. Then C? = —a®n + 2ab = a(2b — an). We see that C?> = -1 = n =1
which is not the case. O
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Regulations of Finite Groups

We know that for the pair of smooth projective surfaces X, Y and a birational morphism ¢ : X --» Y
we can find a smooth projective surface Z together with morphisms nx, 7y (which are the sequence
of blow-ups and no (—1)- curve in Z is contracted by both of them) such that the following diagram

is commutative by
A
7\
@

X--—-—--- Y

¢ =nyony

the base-points of ¢ (resp. of ¢~!) are the points blown-up by nx (resp. 7y ). These points form
two subsets of the bubble spaces B(X) and B(Y') respectively. We denote them B(¢) < B(X) and
B(¢~1) = B(Y).

10.1 Properties of B(¢)

Proposition 10.1.1. 1. Suppose 7 : X — X the blow-up of a point p € X. Then w induces a
bijection
o : B(X) — B(X)\{p}

2. Suppose we have a pair of smooth projective surfaces X, Y and ¢ : X --»Y is a birational map.
Then ¢ induces a bijection

e : BIX)\B(¢) — B(Y)\B(¢™")

3. Suppose we have smooth projective surfaces X, Y, Z and birational map ¢ : X --» Y, ¢ :Y --» Z
between them. Then for any point p € B(X)\B(¢) such that ¢«(p) € B(Y)\B(¢) we have:

e (@e(p)) = (V0)s(p)
Proof.
1. The points in B()N() are given by equivalence classes of triplets (y,Y,n) such that y € Y and
7 :Y — X is a birational morphism. These points correspond to (y,Y, 7 on) which are the elements
of B(X). Note that all the points of B(X)\{p} are obtained this way.

2. We can find a smooth projective surface Z together with morphisms 7y, ny (which are the
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sequences of blow-ups and no (—1)- curve in Z is contracted by both of them) such that the following
diagram commutes by

Z ¢ =nyony
2\
Xx---?_ .y

By (1) we see that nx gives the bijection B(Z) — B(X)\B(¢) and ny gives the bijection B(Z) —
B(Y)\B(¢~1). Thus we obtain the desired bijection.

3. Follows from construction of ¢,.
O

Proposition 10.1.2. Suppose X is a smooth projective surface and G c Bir(X) is a finite subgroup.
Define B(G) = U e B(9)- Then there exists a birational morphism 7 : X — X, which is the blow-up
of the points of B(G) and 7~ Gr < Aut(X).

Proof. Note that B(g) is finite (since resolution of intermediates of ¢ has a finite number of blow-ups),
and if p € B(g) is infinitely near to some point ¢ then g € B(G) so we see that B(G) = (U, B(9)

is finite. Thus, we can blow-up X in points of B(G) to get a smooth projective surface X. Let
7 : X — X be the sequence of blow-ups.
Let us fix g € G. Now we consider a minimal resolution of g:

Z g=maon "
O\
X---2__+Xx

Note that B(g) © B(G) = 7 = 5 ox : X — Z is a birational morphism. Similarly, since
B(g~Y) < B(G) = m =ny ' on: X — Z is a birational morphism:

X X
N\ :2/
™ 7 T

By the previous proposition we have a bijection

g : B(X)\B(g) — B(X)\B(9™")
This induces the bijection we want

g : B(G)\B(9) — B(G)\B(9™")

since for p € B(G)\B(g) we can find h € G such that p € B(h). Since p is not a base-point of g, the
image g.(p) is well-defined in B(X) and is a base-point of h o g~! and is not a base-point of g~!. In
particular g.(p) € B(G)\B(g~!). We do the same thing with ¢! and get the result. O

Definition 10.1.3. We say that two groups G < Bir(X) and G’ < Bir(X’) are birationally conju-
gate if there is a birational map ¢ : X --» X' such that pGo~' = G, i.e two groups represent the
same conjugacy class in Bir(P%).
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10.2 Definition of GG-surfaces

Definition 10.2.1. Suppose X is a smooth projective rational surface, G — Aut(X) is a group acting
biregularly on X. We call a pair (G, X) a G-surface. We call a rational map ¢ : (G, X) --» (G, X)
G-rational if for any element g € G we can find g’ € G such that the following diagram commutes:

x-2.x

Q\L lﬂg'

x-2-x

Suppose (G, X) is a G-surface. We say that a birational map ¢ : X --» X' is G-equivariant if the
G-action on X' induced by ¢ is biregular and ¢ itself is called a birational map of G-surfaces.

We say that a pair (G, X) is minimal or G acts minimally on X if any G-equivariant birational
morphism ¢ : X — X' is an isomorphism.

10.3 Classification of (G-surfaces

We proved in that we can realize a finite subgroup G < Bir(P2) as a subgroup of Aut(X) where
X is a rational surface. After contracting orbits of disjoint exceptional curves we can assume that
(X, G) is minimal and the study of all G-surfaces can be reduced to studying only minimal ones. But
before stating a very powerful result we need to give a definition:

Definition 10.3.1.

1. Suppose we have a rational surface X together with a morphism w: X — IP’}C. Then we call a
pair (X, ) a conic bundle if:
e all but finitely many fibers are isomorphic to Pg.
e singular fibers are the union of rational curves F, F' satisfying

F?2=F?—=_1 F-F' =1

2. Suppose we have two conic bundles (X, 7), (X', 7"). We call a birational map ¢ : X — X' a
birational map of conic bundles if it sends general fibers of m to general fibers of «’ (i.e. it
preserves the fiber structure).

3. Suppose we have a conic bundle (X, 7). We call it minimal if any birational morphism of conic
bundles (X,m) — (X', 7') is an isomorphism.

The classification of minimal G-surfaces was given by Yu. Manin in the abelian case [Man67]| and
V.A. Iskovskikh in the general case [Isk79]. We want to apply their result to the examples in the
upcoming chapters:

Theorem 10.3.2. Suppose X is a rational surface, G < Aut(X) is finite, (G, X) is a minimal
pair. Then exactly one of the following holds:

1. tk(Pic(X)¥) =1 and X is a Del Pezzo surface.

2. 1k(Pic(X)%) = 2 and X is a conic bundle (with the structure invariant by G).

49



10.3. CLASSIFICATION OF G-SURFACES Chapter 10

In the first case the generator is the canonical divisor and in the second case the generators are the
canonical divisor and the divisor class of a fiber.

Some comments:

In the second case, we have a morphism 7 : X — P{ such that general fibers are rational and
irreducible and every singular fiber is the union of two rational curves F, F” satisfying F2 = F'2 = —1,
F - F'" =1. G embeds in the group of automorphisms of the generic fiber of 7. This group can be
viewed as the group of birational maps of P{. x P{ preserving the first projection.

We will not prove this theorem, but we will prove the proposition which is hidden inside it:

Proposition 10.3.3. Suppose X is a rational surface, G = Aut(X) is a finite group. IfrkPic(X)¢ =1
the surface X is a Del Pezzo surface and

%ZKX, if X ~ P2
Pic(X)Y =< 1ZKx, if X ~PL x P}
ZKx, otherwise

where Pic(X)% is the part of the Picard group which is fized by the group G = Aut(X).

Proof. 1. The canonical divisor Kx is preserved by G. Thus:
Pic(X)% ®;, Q = QKx

X is a projective surface. Thus there exists H an ample divisor on X. Consider

geG

Note that O(H) is G invariant and ample. Thus, there exist m € Q such that H := mO(H) is
an ample generator of Pic(X)¥ ®; Q (since by assumption rk(Pic(X)“) = 1). We now have that

—Kx = aH for a€ Q, a > 0 since otherwise the Kodaira dimension x(X) > 0 which is not the case
for rational surfaces by [Bea96] Chapter VII. So

(*KX)z _ a2]f[2 >H-ample 0

Now take an irreducible curve C. We have that:

CH(~x) = g 2 9(0)-(+Kx) =) (b (Kx) = e~ Kx)+(~Kx) = B =0
geG

(%) is true since the orbit of the curve C' is G-invariant, () here b € Q, b > 0 since otherwise the
Kodaira dimension x(X) = 0 which is not the case for rational surfaces by [Bea96] Chapter VII.
Thus, by proposition X is a Del Pezzo surface.

2. Note that
Pic(X)% ®2 Q = QKx = Pic(X)% = QKx n Pic(X)

The picard group has no torsion, since X is rationalﬂ

e Suppose X =~ IP’(QC. Line is a generator of Pic(}P’(zc) and it is given by —%KX. Thus:

. , 1
Pic(PZ) = QKpz N Pic(PZ) = 32K

I This is true for rationally connected varieties over C [CT-Sk19] Corollary 12.4.5.
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e Suppose X =~ PL x PL. The generators of Pic(PL x PL) we will give further in from which

we conclude: )
Pic(Pg x Pe)? = QKpyyp. N Pic(Pg x Pg) = 5ZEpixpy

e Otherwise X is a blow-up of IP’% at k = 1 points x1, ..., zx. Thus:
k
Kx =-3L+ ) E
i=1

here L = 7*, where [ is the line on P%, and E; = 7~ !(z;) for i € {1,...,k}. We see that Kx is
not a multiple of any divisor so we obtain:

Pic(X)Y = ZK x
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Chapter 11

Conjugacy Classes between Examples

Note that if we consider two minimal pairs (G, X) and (G, X’) it would be nice to understand if
these pairs are birationally conjugate, i.e. if it is possible to find a G-equivariant birational map
¢ : X --» X'. There exist two main tools for that:

11.1 Tool 1: Point-Wise Fixed Curves

Suppose we have an element h € Aut(X) such that it point-wise fixes a smooth irreducible curve C
with g(C) > 0. ¢ : X --» X' is a birational map (note that g(C) > 0 = ¢ does not contract C') and
h =¢ohog¢=te Aut(X') fixes ¢(C) = C’ point-wise. |c : C --+ C’ is an isomorphism since C' and
C’ are smooth curves. The important result from in [Ba-Be00] is:

Theorem 11.1.1. Suppose we have G1,Go < Bir(P2) and Ord(G1) = Ord(Gs) = p where p is prime.
Then Gy, Gy are conjugated in Bir(IP’%) if and only if one of the following occur:

1. There exists an irreducible curve C' point-wise fized by both G1 and G4

2. There does not exist an irreducible curve C with genus(C) > 0 fized by Gy or Ga. In this case
both G1 and G5 are conjugate to:

{l[o:y: 2] > [az:y: 2] &P =1}

11.2 Tool 2: G-elementary links

We can divide G-surfaces in two sets (X is a smooth projective rational surface):
(D) Pairs (G, X), such that G = Aut(X) is finite satisfying rk(Pic(X)%) = 1.
(C) Triples (G, X, ), such that (X, 7) is a conic bundle and G = Aut(X, 7) satisfying rk(Pic(X)%) = 2.

Some remarks:

e By theorem [10.3.2] for any minimal pair (G, X) we have (G, X) € (D) or there exists a conic
bundle structure (X, ) such that (G, X, ) € (C).

e (D) and (C) contain to distinct pairs (G, X) because of conditions on rk(Pic(X)).

e Suppose (G, X) € (D) then X is a del Pezzo surface by [10.3.3|and the (G, X) is minimal since it
is not possible to contract anything G-equivariantly (after such action rk(Pic(X)%) = 1 should
decrease).
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e Suppose (G, X, ) € (C) then it is possible that (G, X) is not minimal: the example is (G, X) =
(Fq,m) and finite G < Aut(Fy).

e It is possible that (G, X, 7) € (C) is a del Pezzo surface.
Let’s define G-elementary links which are G-equivariant birational maps
o: (G, X)--» (G, X")

e G-links of type I: suppose (G, X) € (D), (G,X',7’) € (C); ¢ is the blow-up of one orbit of
points of X under the action of G is G-link of type I.

e G-links of type II: we have a minimal resolution:

N

X-—=——-—-—-- > X'

g=n'on!

where 7 and 7’ are blow-ups of a G-orbit (on X and X’ respectively). Moreover, either
(G,X)e (D), (G,X") e (D) or (G, X,n) € (C),(G',S",n") € (C). For the second case, we ask
for o € Aut(PL) such that mon = aon’ on (so ¢ takes general fibers to general fibers)

e G-links of type III: consider (G, X,n) € (C), (G', X’) € (D) and a birational morphism ¢ is
which is the blow-up of one orbit of points of ' under the action of G.

e G-links of type IV: consider (G, X, ) € (C), (G', X', ') € (C) and the map ¢ : X — X' is an
isomorphism which is not compatible with = and 7/, i.e. we take another conic bundle structure
on the same surface.

The important result from [Isk96] is:

Proposition 11.2.1. Suppose (G, X;) is such that either (G, X;) € (D) or (G, X;,m;) € (C) for some
conic bundle m; on X; for i€ {1,2}. Then any birational map (G, X1) --» (G, X3) decomposes into
G-elementary links of type I, II, III, IV.
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Automorphisms of Conic Bundles

In we proved that we can realize a finite subgroup G < Bir(PPZ) as a subgroup of Aut(X) where
X is a rational surface. After contracting orbits of disjoint exceptional curves we can assume that
(X, @) is minimal and the study of all G-surfaces can be reduced to studying only minimal ones. By
[10.3.2) we know that if X is a rational surface, G < Aut(X) is finite, and (G, X) is a minimal pair then
one of the two options for X is that rk(Pic(X)¢) = 2 and X is a conic bundle (with the structure
invariant by G). Thus, we need to study the automorphisms of conic bundles.

12.1 Minimal Conic Bundles

Theorem 12.1.1. Suppose we have a conic bundle (X, ). Then the following are equivalent:
(1) (X, m) is a minimal conic bundle < (2) w is a smooth fibration < (3) X =F, for some n.

Proof. (3)= (2) Follows from construction of F,,.

(2)= (1) Suppose we have a birational morphism of conic bundles ¢ : (X,7) — (X',#’) which
is not an isomorphism. In this case ¢ should contract at least one (—1)-curve F on X so that w(F) is

a point. The fiber structure is preserved thus F' is contained in some singular fiber and (1) = (2)
which is equivalent to (2) = (1).

(1)= (3) Suppose we have a minimal conic bundle (X,7) then there is no (—1)-curve contained
in a fiber (otherwise we could contract it and get birational morphism which is not an isomorphism to
some other conic bundle) we see that rk(Pic(X)) = 2 so by X =T, (since we exclude PZ with
rtk(Pic(P%)) = 1). O

12.2 Properties of Conic Bundles

Proposition 12.2.1. Suppose we have a conic bundle (X, ) such that X % P& x P&:
1. We can find a section s of ™ such that s> < 0.

2. For any section s such that s> = —n < 0, there exists a birational morphism of conic bundles
p: X — T, sending s onto F,.

3. Suppose that s, t are the sections of m such that s> = t> = —n < 0; let r be the number of
singular fibers of ™ and k be the number of these fibers where s, t intersect the same component.
Then we have

r=2s-t+2n+k

54



Chapter 12 12.3. DE JONQUIERES GROUP

and there exist birational morphisms of conic bundles py : X — Fg and p1 : X — Fy.

Proof. (1) By the previous proposition we have a birational morphism of conic bundles
p: (Xvﬂ') i (]Fnaﬂ')

which can be decomposed as a sequence of blow-ups by [5.4.5]

Suppose n > 0 then E2 <0 on X.

Suppose n = 0 then X # Fo = IP’l X IE”}C thus p contains at least 1 blow-up, so the strict transform s
of the section s containing this point with s2 =0has 32 <s2—1<0on X.

Suppose that the number of singular fibers r = 0: then X = F,,. For (2) we take p = id and in (3) we
have only one section with negative intersection E2 = —n for which the statement holds.

Suppose r > 1:

(2) Consider the set {F;| i = 1,..,,r} where any F; is the component of singular fiber verifying

F; ns = . Now we blow-down all F; and get F,, for some m. Note that since F; n s = (J then

p(s)2=s2=-n=m=nandp(s) = E,.

(3) Consider p: X — F,, from the previous part. In this case we see that
s
Pic(X) = Zp* (Ey) @ ZLf1 ® D ZIF,

and we can write a section t as t = s+bf —Y,._, a;F; where be Z, a; = t- F; € {0,1}. Note that a; = 0
if and only if s, ¢ intersect the second component of the singular fiber containing F; = k =r—3_, a;.
We have that:

sS=t?=(s+bf-X_ ,) =s24+20—%" a?=5>+20—(r—k)=2b=r—k

s-t=s~(s+bffZ::1aiFl-)=52+b70=bfn:r:2b+k=25't+2n+k

We observe that r > 2n. We obtain a birational morphism of conic bundles py : X — Fy such
that po(s) = Ey by contracting the set {f\F;, Fj|i = 1,..,n; j = n+ 1,..,r} and we obtain a
birational morphism of conic bundles p; : X — Fy such that p;(s) = F; by contracting the set
{f\Fi, Fjli=1,.,n—1; j=n,..,r}

We call the case when r = 2n the exceptional case. O

Definition 12.2.2. We say that a conic bundle (X, ) is exceptional if it has 2n singular fibers
and two sections of self-intersection —n.

12.3 De Jonquieres Group

We now want to explore the group of automorphisms of conic bundle. First, consider an example.

Example 12.3.1. Suppose we have w1 : Fg = PL x PL — PL a projection on the first factor. The
group of birational maps on Fy which preserves the fibration structure is the group of birational maps

of the form:
ar+b alx)y+ B(x)
(@,9) - (cm +d y(x)y+6(x) )
where a,b,c,de C: a(z),B,v(z),8(z) € C(z), (ad — be)(a(z) — B(z)y(z)) #0

This is de Jonquieres group and it is isomorphic to PGL(2,C(x)) % PGL(Q, C).
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Definition 12.3.2. Suppose we have a conic bundle (X, 7). We denote Aut(X, ) is the the group
of automorphisms of X which preserve the conic bundle structure.

Suppose A is a pencil of rational curves a surface X. Then denote by Cr(X, A) the group of birational
maps of X that leaves A invariant. In case A is induced by a morphism m : X — P (ie. if is
base-point-free), we write Cr(X,m) = Cr(X, A).

Suppose that G < Aut(X, 7) and we have a birational morphism of conic bundles (X, n) — (X', 7),
where (X', 7) = (F,,,7,), i.e. it is minimal. Note that using elementary links, we can go to Fy and
see G as a subgroup of the de Jonquieres group and we can also do the converse. Thus, the study of
finite groups of automorphisms of conic bundles is equivalent to the study of finite subgroups of the
de Jonquieres group. More precisely:

Proposition 12.3.3. e Suppose X is a surface, A is a pencil of rational curves on X. Then
there exists a birational map
¢: X - Pt x PL

such that ¢(A) is the pencil of fibers of 1 : P& x Pt — PL and ¢Cr(X,A)¢p~! = Cr(PE x P, m)

e Suppose G is a finite subgroup of Cr(Pt x PL,m1). Then there exist a conic bundle (X, )
together with a birational map of conic bundles ¢ : X --» P{ x P such that G~ Aut(X, 7).

e Suppose G be a finite subgroup of automorphisms Aut(X, ) of a conic bundle (X,m). Then G
is conjugate to a subgroup of Cr(PL x P, m) by a birational map of conic bundles.

Proof. 1. Consider the pencil of rational curves A given in the proposition . We blow-up the base
points of A such that it becomes base-point free and obtain a surface X together with the morphism
X > PL. We made X in a way such that the general fiber of 7 are rational. The morphism
a : X — X sends fibers of 7 to A. The morphism « also conjugate Cr(X,A) and Cr(X, 7). By
Noether-Enriques Theorem([Bea96| Theorem I11.4) we obtain a birational map ¢ : X --» PL x Pk

such that the following diagram is commutative:

here m; is the projection on the firs factor.

2. By proposition [10.1.2] we can find a rational surface X; together with a birational morphism
#1: X1 — PL x PL such that G1 = ¢1 0 Go ¢ = Aut(X). Fibers of m : PL x PL — P{ are sent to a
pencil of rational curves A; on X7 which is Gi-invariant.

Now since the base points of A; are Gp-invariant we can blow them up and get a surface Xs together
with a base point free pencil of rational curves As on Xs. Suppose 7’ : Xo — PL. We can suppose that
any exceptional curve contained in a fiber is not contractible. In this case any reducible fiber is the
union of two (—1)-curves which meet transversely (proposition[[2.3.4). Thus, (X»,7”) is a conic bundle.

3. We have that G < Aut(X,n) < Cr(X,n) which is conjugate by a birational map of conic
bundles to Cr(PE x PL, 1) by the first part. O

The first statement of the proposition implies that the group Cr(X, ) is birationally conjugate to the
de Jonquieres group.
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Proposition 12.3.4. Suppose that X is a surface, m : X — ]P’(l: a morphism such that one of the
fibers is isomorphic to IP’(l:, and F = 211 a;F; (a; > 0) is a fiber where F;-s are irreducible curves.
Then, the possible cases are

1. m=1,F=F >P{
2. m=2,F=F uF,, with F}, EFQ;I%, Fy - Fy =1 where F2 = F} = -1
3. m > 2 where:

e F2<0,a;=1 foralli

e two of the F;-s that have self-intersection —1 do not intersect

e one of the F;-s has self-intersection < —2

Proof. By the Noether-Enriques Theorem (|[Bea96]| I11.4) we can find a birational map ¢ such that
the following diagram is commutative:

where 7, € are the compositions of blow-ups . Note that since the diagram commutes we have
that any curve contracted by £ is contained in some fiber. So the fibers of 7 are given by the blow-up
of some points of P{ followed by blow-down the (—1)-irreducible components. Thus all the fibers are
connected and any irreducible component of any fiber is isomorphic to P¢. Now we can enumerate the
irreducible components of any fiber F' in such a way that F; - F; =1 < (i — j) = +1. Now consider
three cases:

1. m = 1: This case is clear.
2. m = 2: We have:
0=F?= ([ +F)?=F}+2F - Fh+ F} = F? + F} = -2
(F)? =(F—F)?=F242F - F+ (F,)? =0+ 0+ (F)? = F2 = F? = -1
3. m > 3: Note that F? <0 for all i since:

F?=F; (F— 2 a;F;) <0, since F'- F; = 0 and 3j s.t. F; - F; > 0 (F is connected)
J#i
Suppose that F; n Fj4q # &, with F? = F2 | = —1. Note that when we contract F; we get that
the image of Fj i has self-intersection 0, so the image of F' becomes a fiber equal to the image

of F; 11 and m = 2. Thus, if we have two components with self-intersection (—1) and m > 2
then these components are disjoint.

O
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12.4. ACTION OF A GROUP G ON A CONIC BUNDLE (X, ) Chapter 12

12.4 Action of a group G on a conic bundle (X, )

For a conic bundle (X, ) consider the subgroup G < Aut(X, ) such that it acts biragularly on (X, 7).
Every element g € G < Aut(X, 7) sends fiber to fiber so we obtain a homomorphism

7: G — Aut(PL) = PGL(2,C)

satisfying w(g) om =mwog: if g: f, = fu then p — p’ where f,, f,y are fibers over p,p’ respectively.
The group G’ = Ker(w) which consists of automorphims leaving every fiber invariant embeds in the
subgroup PGL(2,C(z)) of automorphisms of the general fiber ]P’}C(x):

1-G -G6G570) -1

For G finite we have that G’ and 7(G) are finite subgroups of PGL(2,C) and PGL(2,C(x)) so they
are either cyclic groups C,,, dihedral groups D,, (with 2n elements), the tetrahedral group A4, the
icosahedral group As, the octahedral group Sy ([K156]).

12.5 Finite subgroups of Aut(X,7) with (G, X) minimal

Proposition 12.5.1. Suppose (X, 7) is a conic bundle which contains at least one singular fiber
singular fiber, G < Aut(X, ) is a finite group such that a pair (G, X) is minimal. Then, one of the
following occurs:

1. (X, 7) is the exceptional conic bundle;
2. G’ := {elements which preserve any fiber} = G is isomorphic to Z/27 or (Z/27)>.

Proof. By proposition we can find a section s such that s2 = —n < 0. By assumption (X, )
is a conic bundle containing at least one singular fiber. Suppose this fiber has components F}, Fo
and s n Fy # . Moreover, we have that the pair (G, X) is minimal so we can find g € G such that
g(F1) = F» and g(F») = F; (note that if there is no such element then we contract the elements in
Orb(Fy) - contradiction with minimality of (G, X)). So we obtain a section ¢ with the property

t =g(s) # s and t* = s°

(1). Suppose we can find an element h € G such that h # id but it acts trivially on Pic(X) and the basis
of the fibration so it preserves s and ¢ and fixes them point-wise. Moreover, the set {p € X| h(p) = p}
is smooth = s-¢ =0 and s and ¢ intersect different components of each singular fiber. Thus, in the
notation of r = 2n and (X, ) is the exceptional conic bundle.

(2). Suppose G does not contain h as above, so any non-trivial element which acts trivially on
the basis fibration gives a non trivial action on the Picard group. Denote the group of such elements
and the id element by:

G’ = {g| g acts trivially on the basis of fibration}

For any g € G’ we have that ord(g) € {1,2}. To see this we look at the square of each element. Note
that g € G’ preserves the two components of each singular fiber which gives a trivial action on Pic(X)
(since if we contract X to the minimal bundle F,, we get a trivial action on Pic(F,)). By we have
that G’ < PGL(2,C(z)) thus it can be isomorphic to {1}, Z/2Z or (Z/27)?.

Suppose G’ = {1}: let g € G such that g(Fy) = F» and g(Fz) = Fy. Note that 2|ord(g). Now by
replacing g we assume that ord(g) = 2™.
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Chapter 12 12.5. FINITE SUBGROUPS OF AUT(X,n) WITH (G, X) MINIMAL

m = 1 : Note that g fixes the point p = F; n F>. Moreover, g does not act trivially on the
tangent directions (since it exchanges Fy and F) thus p is not an isolated fixed point, so we can find
a curve C' 3 p such that g(C) = C so g acts trivially on the basis and we get g € G' = G £ {1}-
contradiction.

gm

m > 1: Consider ¢’ = ¢2" . Note that ¢’2 = ¢2" = id, i.e. ord(g’) = 2. Moreover,

m—1

JgF) =9 (F)=F, Jd(F)=yg

277171

(Fy) = I3

The set {p € X| ¢’(p) = p} is smooth and ¢’ does not act trivially on F; and Fy. We conclude that ¢’
fixes exactly three points on the fiber Fy U Fa: = Fy N Fa, y1 € F1\F> and ys = g(y1) € F5\F;. Note
that if we contract F3 (so that its image is point ¢) we conjugate ¢’ to an automorphism of order 2
which fixes g. The action on F} is not trivial thus ¢ is not an isolated fixed point so we can find a curve
C 5 psuch that ¢'(C) = C so ¢’ acts trivially on the basis and we get ¢’ € G’ = G’ % {1}-contradiction.
We conclude that either G’ =~ Z/2Z or G’ =~ (Z/27)?. O
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Chapter 13

Automorphisms of del Pezzo Surfaces

In we proved that we can realize a finite subgroup G < Bir(PP%) as a subgroup of Aut(X) where
X is a rational surface. After contracting orbits of disjoint exceptional curves we can assume that
(X, @) is minimal and the study of all G-surfaces can be reduced to studying only minimal ones. By
we know that if X is a rational surface, G < Aut(X) is finite, and (G, X) is a minimal pair
then one of the two options for X is that rk(Pic(X)®) =1 and X is a Del Pezzo surface. Thus, we
need to study the automorphisms of del Pezzo surfaces.

Recall that we call a smooth projective surface X a del Pezzo surface if its anti-canonical di-
visor —Kx is ample. In theorem [9.3.1| we proved that a del Pezzo surface X is one of the following:
]P’(lC X IP’(l:, IP’?C or X is the blow-up of 1 < k < 8 points of ]P’% such that no 3 are colinear, no 6
belong to the same conic, and no 8 lie on a cubic having a double point at one of them. In or-
der to understand the structure of the Cremona group we need to explore the subgroups of group
of automorphims of these surfaces. The classification of subgroups of Aut(P%) = PGL(3,C) and
Aut(PL x PL) = (PGL(2,C) x PGL(2,C)) x Z/2Z can be found in [Do-1z09]. Let’s take a closer look
at groups of automorphisms of del Pezzo surfaces obtained by non-trivial blow-up of PZ.

13.1 Del Pezzo Surfaces Obtained by Non-Trivial Blow-Up

Suppose X is the blow-up of PZ at 1 < k < 8 points in general position (so it has degree K% =
(m* Kp2 + Zle E;)? =9 — k). Then the group Aut(X) acts on the set of (—1)-curves. We see that
the kernel of this action corresponds to the elements of Aut(IP’%) which fix the blown-up points. Thus,
for k < 3 the kernel is infinite and for 4 < k < 8 it is finite. If d = 9 — k > 3 we can view X, as a
subset of P& via the embedding given by the linear system | — Kx,|. In case d = 1,2 | — Kx,| is not
very ample so it does not give an embedding.

Proposition 13.1.1. Suppose 7 : X — IP% is the blow-up of 1 < k < 8 points p1,...,px € IP’% m
general position. Then we can describe all (—1)-curves of X as:

e cxceptional curves E; = w1 (p;)

e strict transforms of the curves given in the following table (here k = number of blown-up points;
m= degree of the curve):
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k degree m | multiplicities number of such curves for
at the points 1 2 3 4 5 6 7 8
=2 1 (1,1) - 1 8 6 10 15 21 28
=5 2 (1,1,1,1,1) - - - - 1 6 21 56
>7 3 (21,1,1,1,1,1) |- - - - - - 7 56
8 4 (2,2,2,1,1,1,1,1) | - - - - - - - 56
8 5 (2,2,2,2,2,2,1,1) | - - - - - - - 28
8 6 (8,2,2,2,2,2,22) | - - - - - - - 8

Remark. Note that we just directly compute multiplicities. For example, to compute the first line of
the table we say that we need to choose 2 points from k and get the result

Proof. Suppose L = 7*| where | P2 is a line. Suppose E # E; = 7~ !(p;) is a (—1)-curve on X.
Note that we can write £ = mL — Z?:l a;E; for m >0, a; = 0 fori e {1,...,k}. By the genus formula
we have:

E*+E - Kx=-2=-1+E-Kx=-2=Kx-(mL—-Y\ aE)=-1=

= 3m+ Y jai=-1=YF a;=3m—1
—1:E2:(mL—Zf_loziEi)Q:mQ—Zz a2 =YF a2 =m?+1
(21,1%) kZ _1a; = (Bm -1 <k(m®+1) =
=Pm)=0Bm—-12—km*+1) =9 —-km?>—6m+(1-%k) <0

this is a parabola with branches turned up (since (9 — k) > 0) with P(0) =1—-k <0, P(7) =
50(8 — k) = 0 and the vertex is at m = 52;. Thus, we only need to check m € {1, ..., 7} (the results
below are obtained by checking cases). Note that the dimension of the system of curves of degree m
with multiplicities a1, ..., ax at the points pi, ..., pi satisfies

(m+1)(m+2) Z ai(a; +1)

d(m) = #|Opz(m) @mp; @ ... @ my*| > 5 >

%

m=1: Zf=1 a?=m?+1=2, Zi;l a; = 3m — 1 = 2 we get the curves of degree 1 (lines) passing
through exactly two p;-s; d(1) = 1 = there exists such line.

m=2: Zle a?=m?+1=5, Zf;l a; = 3m —1 =5 we get the curves of degree 2 (quadrics) passing
through exactly five p;-s; d(2) > 1 = there exists such curve.

m=3:Y" a2=m>+1=10,3" ;a; = 3m —1 = 8 we get the curves of degree 3 passing
through seven p;-s with multiplicities (2,1,1,1,1,1,1); d(3) = 1 = there exists such curve

m = 4 : Zle ai =m?+1 =17, Zle = 3m — 1 = 11 we get the curves of degree 4 pass-
ing through eight p;-s with multiplicities (2,2,2,1,1,1,1,1). ; d(4) > 1 = there exists such curve.

=5: Zle a? = m? +1 = 26, Zle a; = 3m — 1 = 14 we get the curves of degree 5 pass-
ing through eight p;-s with multiplicities (2,2,2,2,2,2,1,1); d(5) = 1 = there exists such curve.

=6 : Zfﬂaf =m?+1 =37, Zf:ﬂli = 3m — 1 = 17 we get the curves of degree 6 pass-
ing through eight p;-s with multiplicities (3,2,2,2,2,2,2,2); d(6) = 1 = there exists such curve.

m = 7 : no solutions.
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Note that the curves of this systems are irreducible since they pass through the points in general
position. 0

We see that the overall number of curves is:

k 1 2 3 4 5 6 7 8
Number of (—1)-curves which are not E; -1 3 6 11 21 49 232
Number of all (—1)-curves 1 3 6 10 16 27 56 240

Corollary 13.1.2. Suppose m : X — PZ% is the blow-up of k points for k = 1,2. Then the pair
(Aut(X), X) is not minimal.

Proof. Note that if we blow-up P2 at 1 point we get one (—1)-curve E; which is invariant by Aut(X)
so we can contract it and get that (G, X) is not minimal for G < Aut(X).

If we blow-up IP’(QC at 2 points we get 3 classes representing (—1)-curves: Eq, Es and L — Ey — .
EinFEy=g,E1,EFanL—E) — Es # @ = L— E; — Es is invariant by Aut(X) so we can contract
it and get that the pair (G, X) is not minimal for G < Aut(X). O

Proposition 13.1.3. Suppose X is a Del Pezzo surface, which is the blow-up of 1 < k < 8
points pi,...,px, € P% in general position; G < Aut(X) is a finite subgroup of automorphisms with
tk(Pic(X)%) = 1. Then G is not trivial and the size of any orbit of the action of G on the set of
exceptional divisors is divisible by deg(X) = 9 — k so deg(X)||Orb(G)|.
Proof. Note that rk(Pic(X)%) = 1 and rk(Pic(X)) >2>1 = G # {1}.
Consider the orbit of G consisting of (—1)-curves Dy, ..., D;. Note that Zézl D; is invariant by G thus

we have that 22:1 D, = —aKx where a € Q. From the genus formula for D; we deduce D; - Kx = —1
S0:
a=D,-(—aKx)=D;-(3'_,D;) e

Moreover:

a(k—9) = Kx - (—aKx) = Kx - (32 Di) = ¥y Kx - Di = =1 = (9 = k)|l

Let’s also prove the theorem:

Theorem 13.1.4. Suppose we have points py, ..., pi € ]P’% (k < 6) in general position. Then the linear
system of cubics containing py,...,pr (Opz(3) @ my, @ ... @my, ) gives an embedding: j : PZ ;. — P

P2
I
Tk
[P% - — > [E”(d:

We see that X4 = ji (ﬁ%k) the surface of degree d is a del Pezzo surface.

Proof. To prove that jj is an embedding we need to prove that the corresponding linear system
separates points and tangent directions. Now consider the case k = 6, i.e. we have jg : IE”?Q6 — IP’(?&.
Suppose that mg(x) # pi,p; (1 < j < 6) and consider the linear system of cubics (taking proper
powers) defined by QF ; is the unique conic containing m¢(x), px-s (for k # 4, 7); Q7 is the unique conic
containing pg-s (for k # ¢) so that for strict transforms we have that

QinQj =, Lij=<pi,pj> fori#j
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e This system separates points: take z,y € ]TD(%,G such that « # y. Then without loss of gen-
erality we have that mg(z), 76(y) # x1 and z ¢ Q;. In this case we have that Q% m @”fj = {x}
for x; ¢ {p1,pi, m6(x)} (since Q1; N Q1; = {me(x),pr| k # 1,4,7} - 4 points already: if ‘ihere were
5 points then the conics would coincige). Thus, there~is at ~most one 7 such that y € @7,. Then
we see that there exists j such that € Qf; U L1; but y ¢ Q7; U L1;. Thus, the system separates points.

e This system separates tangent directions. Consider z € PZ\{p1, ..., ps} and a cubic Q;u < z;,z >
we have that @Q;,Q; for i # j have different tangent directions. Suppose now that x € E;. Then Q3;
intersect with @3, at  with multiplicity 2 (since x € F; then "passing trough z" means being tangent
at p; in the direction corresponding to x). In this case x € @53 U Lys and z € @54 U Ly have different
tangent directions. Thus, this system separates tangent directions.

We conclude that jg is an embedding.The result for smaller k follows. The degree of Xg_j = Xy is
given by: N
deg(Xa) = deg(ju(P2)) = d” = Y mi=9—k =d

13.2 The del Pezzo Surface of Degree 6

Suppose Xg is a del Pezzo surface of degree 6. We see that X is the blow-up of 3 points p1, p2, ps
in general position and up to isomorphism there is only one Xg. Without loss of generality we may
assume that p; =[1:0:0], p2 =[0:1:0], p3 =[0:0:1]. Note that Xg an be viewed as a surface in
P given by the embedding corresponding to the liner system of cubics passing through p1, ps, ps:

X6
embedding
blow-up at p1,p2,ps
2 6 - 2, 2, 2 222
Pz — — > P¢ [z:y:z] - —>[ay: 2%z 2y ayz w2 y?z Y27

We can also view X as a subset of IP’?C X IF’(QC:
Xe={[z:y: 2] x[u:v:w]| ur =vy =wz} = PE x PZ
projy: X¢ — P2 isgiven by [z:y: 2] x [u:v:w] — [z:y: 2]
Using this description we can write down explicitly all (—1)-curves of Xg:
By ={[1:0:0]x [0:0: 8] [[a:p]ePe} =proji ' (m)
By ={[0:1:0] x [a:0: 8] [ [a: B] € Pe} = proji ' (p2)
By ={[0:0:1] x [a:8:0]|[a:p]ePL} = proji (ps)
log ={[0:a:f]x [1:0:0]]| [a: 5] € P}
iy ={[a:0:8]x[0:1:0] | [a: f] e Pt}

lip={[a:B8:0] x[0:0:1] | [a:B] e P{}

where [;; are the strict transforms of the lines connecting p; and p; for 1 < i # j < 3. From this
description we see that (—1)-curves form a hexagon.
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Proposition 13.2.1. The action of Aut(Xg) on this hexagon gives the exact sequence
1 — (C*? > Aut(Xg) & S5 x /27 — 1

this sequence splits and we get

| Aut(Xe) = (C*)° » (3 x 2,)22) |

Here (C*)? is generated by automorphisms of the form
[z:y:2] x[u:v:w] > [z:ay:Bz] x [afu: Bv:aw], where o, € C*

(C*)2 x (S5 x Z/2Z) is the lift on X3 of the group of automorphisms of P4 that fiz the set {p1, p2, 3}
Z/27 is generated by the automorphism

[z:y:z]x[u:v:w]>[u:v:w] x[z:y:z]

which corresponds to the standard quadratic transformation [z 1y : 2] — [yz : 2 : xy] of P% which
exchanges E; and lji,, for {i,j,k} = {1,2,3}. S5 acts on (C*)? by permuting the coordinates. Z/27
acts by the inversion.

Proof. Note that Aut(Xg) preserves the hexagon (since it preserves the (—1)-curves and the intersec-
tion). Note that S3 x Z/2Z acts on the hexagon thus we obtain the homomorphism:

p: Aut(Xg) — S3 x Z/2Z

The kernel of this map consists of those elements which fix all (—1)-curves thus each element of
the kernel corresponds to the element in Aut(P2) which fixes points py,pa, p3. Note that ker(p) is
generated by automorphisms of the form

[z:y:2] x[u:v:w] > [z:ay:B2] x [afu: Bv: aw], where o, 8 € C*

So we see that ker(p) = (C*)? and (C*)? x (S3 x Z/27Z) is the lift on Xg of the group of automorphisms
of PZ that fix the set {p1,p2, p3}. S5 is generated by:

[z:y:z]x[u:v:w]—>y:z:z] x[v:u:w]
[z:y:z]x[u:v:w]—>[z:y:z] x[w:v:u]

And Z/27 is generated by:
[z:y:z]x[u:v:w]>[u:v:w] x[z:y:z]

So p is in fact surjective and we get the desired splitting. O

Proposition 13.2.2. Suppose Xg be the del Pezzo surface of degree 6, G — Aut(Xg). Then the pair
(G, Xg) is minimal if and only if the action on the hexagon of (—1)-curves is transitive.

Proof. Suppose we have a transitive action then no orbit of (—1)-curves such that it can be contracted.
So we see that (G, Xg) is minimal. Suppose the given action is not transitive. Then there exist two or
three invariant disjoint (—1)-curves of the hexagon. Thus, we can contract them and (G, Xg) is not
minimal. O

Proposition 13.2.3. There is only one up to conjugation finite cyclic group G < Aut(Xg) such that
(G, X¢) is minimal. This group is conjugate to a subgroup of Aut(P%) by a birational map X¢ --» PZ.
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Proof. Note that by theorem [10.3.2| we have that rk(Pic(Xs)“) = 1. Thus, we can apply proposition
13.1.3|to get that 9 — 3 = 6/|Orb(G)|. We see that the action of G on the hexagon is transitive so we
can find an element g € G which has the form:

g: ([z:y:2),[u:v:w]) > ([av: fw: ], [By : az : afx]), where a, 3 € C*
conjugating it with:
h:([o:y:2][uv:w]) > ([Bz:y:az], [au: afv: fuw])

we get:

([m:y:z],[u:v:w])h—71>([%x:y:éz],[luzév:%w])ﬁ

(07

% ([goew: gul [ve= an]) & (o oy: 2hlopu s ago - asul) = (i v ) s s w)

so we may assume that ¢« = § = 1 and we conclude that up to conjugation there is only one finite
cyclic group G < Aut(Xg) such that (G, Xg) is minimal.

Now let’s prove that this group is conjugate to a subgroup of Aut(IP’%) by a birational map Xg --» ]P’%.
Consider proj : X¢ — P2% and define § = proji o g Oprojfl : P2 --» PZ:

-1
§:[x:y:z]frij;[x:y:z][u:v:w]Whereum:vy:sz

i>([v:w:u],[y:z:ar])Whereux=11y=wzw>
proju, [v:w:u] = [zyzv: xyzw : zyzu] = [x2 : zy : yz] since ux = vy = wz

Note that g preserves |Kx,| (since g € Aut(Xg)) so g leaves the linear system of cubics containing
p1, P2, p3 invariant. Moreover, it fixes exactly one point in IP% which is py = [1:1: 1]. The action of
it on the tangent space P(T},, (P%)) at ps has order 3. To prove it we consider the action of § on the

affine chart y # 0:
. [z z z 2
we get: §:(Z,2) — (27 %) We can write:
f : (‘%’2> - (fl(‘%7§)af3(‘%7§))
o Lo Z - - 1
0nf = (@ h1(#.2), 0:f2(3,2) = (0,==5),  0:f = (0:h1(3. ), 0:£0(@.2) = (1, <)

Now the action on Tp = T(y 1) is given by:

osfr 0xfs B 0 —z/3 B 0 -1\ _ B

(t1,t3) — (t1,13) <6gf1 é’gfg) ’(171) = (t1,t3) <1 1/i ‘(1’1) = (t1,13) 1 1)~ (ts,t3 —t1)

Thus, the order of the action in P(Tp) is 3:

Denoting ¥ = £,
Yy Yy

(t1,t3) 5 (ts,t3 —t1) 5 (t3 — t1,—t1) > (—t1, —t3) ~ (t1,t3) in P(Tp)

Exactly two points which correspond to the lines (z — ) +w*(z —y) = 0 (w = €2™/3 and k = 1,2) are
fixed. To prove this we note that the lines in Tp are given by the equations 1 (z — 1) + t3(z — 1) = 0.
When we projectivise Tp we can look at the action of § on the chart {¢t; = 1} and get:

[1 : t3] i [tg : t3 - 1] = [1 : (t3 - 1)/t3:|

So to find the fixed points we solve the quadratic equation t2 —t3 + 1 = 0 and get the roots e*
We see that the birational map § preserves the linear system of cubics of P4 passing through pi, p, ps,
which have a double point at p, and are tangent to the line (x — y) + w(z — y) = 0 at py. This linear
system induces a birational transformation of IP(QC conjugating g to a linear automorphism. O

27i/3
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13.3 The del Pezzo Surface of Degree 5

Suppose X5 is a del Pezzo surface of degree 5. We see that X5 is the blow-up 7 of 4 points p1, p2, p3, ps
in general position and up to isomorphism there is only one X5. Without loss of generality we may
assume that py =[1:0:0],p2=[0:1:0], p3 =[0:0:1], py = [1:1:1]. We already described all
the (—1)-curves on X5: E; = m!(p;) for i € {1,2,3,4} and strict pull-backs /;; of the lines passing
through each pair p;, p; where ¢, j € {1,2,3,4}. Define the sets:

Fy = {E1,lo3, 104,134}, Fo = {Fa, 113,114,134}, F3 = {E3,l12,l24,l14},

Fy = {E4, 123,112,113}, F5 = {E1, Ea, E3, Ey}

Proposition 13.3.1. The action of Aut(Xs) on F1, Fy, F3, Fy, F5 gives an isomorphism:

p: Aut(Xs) = S5

Moreover, the actions of Sy, Am < Aut(X5) on X5 given by the usual embedding of these groups into
S5 do not have fized points if and only if n = 3,4,5, resp. m = 4,5.

Proof. Note that the elements in ker(p) leave Ey, Es, E3, E4 are invariant. These automorphisms
correspond to the automorphisms of P% which fix p1, ps, ps, ps (denote this set by S). So p is injective.
To prove that it is surjective we need to prove that we obtain the whole group S5. First we see
that we have Sy as the image of the lift of group of automorphisms of P% that leave the set S
invariant : Sy = Symp, F, Fy, F,, second, we have the lift of the standard quadratic transformation
[:y: 2] --+[yz:xz: xy] (we also know that it belongs to Aut(Xs) since it belongs to Aut(Xs) and
fixes p4). We see that the image of this lift gives a transposition (Fy, F5) and we get the whole Ss.
Let’s prove the second statement:

* Sz = {(>7 (172)}
(1,2) corresponds to the map [z :y: 2] — [y : x: 2] on PZ so it fixes all points of the form
[a:a:b] for a,be C and and so we see that Sy fixes some points.

o Az = {()a (17 2, 3)7 (1737 2)}
(1,2,3) corresponds to the map [z :y: z] — [z : z : y] on PZ so it fixes three points of the form
[a%:a: 1] for a e C and a® = 1. Moreover, (1,3,2) fix the same set of points and so we see that
Ajz fixes some points.

e S3=<(1,2,3),(1,2) >
this group fixes only the point p; and after we blow-up this point the action becomes fixed
point-free.

o Ay =<(1,2,3),(1,2)(3,4) >

(1,2,3) corresponds to the map [z :y: z] — [z :  : y] on PZ so it fixes three points of the form
[ :a:1]forae Canda® = 1. (1,2)(3,4) corresponds to the map [z :y: 2] —» [z—y:2z—2: 2]
on P2 which does not fix points of this type. Thus, A4 is fixed point-free.

e For S4,S5, Ay the result follows.

O

Proposition 13.3.2. Suppose G < Aut(Xs5) = S5 is cyclic of order 5. Then the pair (G, X5) is
minimal and G is conjugate to a subgroup of Aut(IP’%) by a birational map X5 --» IP’(QC.
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Proof. From the description of Aut(X5) we see that (G, X5) is a minimal pair with rk(Pic(X5)%) = 1.
Note that all subgroups of this type are conjugate in Aut(X5) = S5, so we can assume that G is
generated by the lift of the birational transformation of P4:

hilz:y:z]--+[zy:ylx—2):z(y—2)]

it fixes points [£ +1: € : 1] where £ is a root of the polynomial 22 — 2 —1 = 0. We denote one of these
points by P. The linear system of cubics passing through pq, p2, p3, p4 which have a double point at
P is invariant by h. This linear system induces a birational transformation of ]P’?C conjugating h to a
linear automorphism of IP’(%. O

Proposition 13.3.3. Suppose G < Aut(X5). The pair (G, X5) is minimal if and only if the action
of G on the set {F1, ..., F5} is transitive.

Proof. Suppose the action is transitive, then there is an element of order 5 in G and (G, X5) is minimal
by the proposition above. Suppose the action is not transitive, then we have that there is an invariant
set F; for some i so it can be contracted and we get that (G, X5) is not minimal. O

13.4 The del Pezzo Surface of Degree 4

Suppose X4 is del Pezzo surface of degree 4. We see that X, is the blow-up of 5 points py, ..., p5 € P%
in general position. There are infinite (of dimension 1) isomorphic classes of such surfaces. The linear
system | — Kx,| gives an embedding into IP’% and the image is the intersection of two quadrics:

Proposition 13.4.1. X, c Pé is a complete intersection of 2 quadrics.

Proof. Consider a smooth curve C € |H| (where H is the hyperplane in X,). Note that we can project

= W = 1. The exact sequence:

C on a smooth cubic on PZ so we have g(C)
0— Ox,(H) —> Ox,(2H) - Oc(2H) — 0
induces a long exact sequence in cohomology from which we get the inequality :

h(X4,0x,(2)) < h°(X4, Ox, (1)) + h°(C, Oc(2))

Similar the exact sequence:
00— 0Ox, > Ox,(H)—> Oc(H)—0

induces a long exact sequence in cohomology from which we get the inequality :
hY(X4, Ox, (1)) < h%(X4, Ox,) + h°(C, 0c(1))
We have that H - C = H? = 4. We also have:
h°(C,0c(C)) = h'(C,0c(C)) = X(C,0c(C)) = deg(C) + g(C) —1=4+1-1=14

and
RYH(C, 0c(C)) = h°(C,0c(Ke — C)) =) h0(C, 0 (—C)) = 0 = h°(C, 0c(C)) = 4

(%) is true since the canonical divisor on the elliptic curve is trivial. Similarly:
h(C,0c(20)) = W1 (C,0c(2C)) = x(C,0c(2C)) = deg(20) + g(C) —1=84+1—-1=38
and

R (C, 0 (20)) = h(C, Oc (Ko — 20)) = h°(C, 0c(—20)) = 0 = h°(C,0c(2C)) = 8
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so we obtain:
R0 (X4, 0x,(2)) < h% (X4, Ox, (1)) + h°(C,00(2)) <

< hO(Xy4,0x,) + h2(C,0c(1)) + R°(C,0c(2)) = 1+ 4+ 8 = 13 = h¥ (X4, 0%, (2)) < 13

We know that hO(Pg, Ops(2)) = (4;2) = 15. From the short exact sequenc

0— Ops(2) ®Ix, — Ops(2) — Ox,(2) = 0
and the induced long exact sequence in cohomology we get that
HO(B, 051 (2) ® I,) > 1O (B, Ops (2)) — hO(X4, Ox, (2)) > 2

so there are at least two irreducible quadrics @1, ()2 containing X4, i.e. X4 € @1 N Q2. Note that
deg(X4) = 4 thus by means of degree of X4 c P{ is the intersection of these quadrics. O

Using linear change of coordinates we can write the equation of this surface as:

5 5
2 _ 2
D= Y a
=0 1=0

The group Aut(X4) is isomorphic to (Z/2Z)* x Aut(Xy,m,5), where Aut(Xy,w,5) is the lift of the
group of automorphisms of P% that leave the set {p1,..,ps} invariant. More precisely:

Proposition 13.4.2. Suppose X, is a del Pezzo surface of degree 4, E; = 1= Y(p;), L is a pull-back
of a line of IP’?C. Then we have:

1. There are 10 conic bundle structures on X, with fibers: L—FE;, —Kx, —(L—E;) forie {1,...,5}

2. The action of Aut(Xy) on the five pairs of divisors {L — E;, —Kx, — (L — E;)} gives rise to a
split exact sequence
0 — (Z/27)* — Aut(X4) 5 Ss,

where (Z/22)* = {(ay, ...,as) € (Z/2Z)%| Y. a; = 0} and the automorphism (ay, ...,as) permutes
the pair {L — E;,—Kx, — (L — E;)} if and only if a; = 1.

3. We have

‘Aut(X4) = (Z/27)* % Aut(X477r,5)‘

where Aut(Xy,7,5) acts on (Z/2Z)* by permutation of the a;-s.

Proof. 1). Suppose F = mL — Z?:1 a; F; is a fiber obtained from some conic bundle structure on Xj.
We have that F? = 0 and from genus formula we have F' - Kx, = —2. This gives us equalities:

We also have that
(Dla)? <5) a2 = (3m —2)? <5m® = 4(m* —3m +1) <0 = me {1,2}
m=1: Z?:l a; =1 and Zle = 1so we obtain F = L — FE; for i e {1,...,5}.

m=2: 25’:1 a; =4 and Zle = 4 so we obtain:

5
F=2L-Y E;=—(-3L+ ) E)-(-L-E;)=—-Kx, — (L—E;),for je{1,...5}
i#j k=1

Lhere Ix, is the ideal sheaf of X4
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2). We see that Aut(Xy) acts on the set S = U?=1{L — E;,—Kx, — (L — E;)} and since K, is
fixed there is an induces action on the set of pairs {L — E;,—Kx, — (L — F;)}. So we obtain the
homomorphism p : Aut(X,) — S5. Moreover, by the description of the structure of the action on
conic bundle we have embedding ker(p) — (Z/27)5.

We can assume that p; = [1:0:0],p2 =[0:1:0],p3=[0:0:1], ps=[1:1:1] and ps =[a:b: ¢,
where a,b,c € C*. Consider the rational map:

Ty z] -+ [ayz : bxz : cay]

We can lift it to 7~ loTom € Aut(X,) whose induced action on Pic(Xy) in the basis (E1, E, Es, Ey, Es, L)
is described by:

0 -1 -1 0 0 -1
-1 0 -1 0 0 -1
-1 -1 0 0 0 -1
0 0 0 01 0
0 0 0 1.0 0
1 1 1 0 0 2

Note that 7! o 7 o7 € ker(p). For i = 1,2,3 it leaves the pair (L — E;,—Kx, — (L — E;)) exactly
the same, for ¢ = 4,5 it exchanges the elements of such pair but preserves the pair itself. We see that
for p the action on S is equivalent to (ay, as,as,as,as) = (0,0,0,1,1) € (Z/2Z)°. Permuting points
in set {p1,p2, 3, P1,p5} We get the elements (a1, as,as, as,as) € (Z/27)° such that exactly two a;-s
equal 1 and others are 0-s. These elements generate:

{(al,ag,ag,a4,a5)| a; € Z/QZ, Zai = O} = (2/22)4

and we see that (Z/2Z)* < ker(p). Now we need to prove the equality. Note that it is enough to
prove that (1,1,1,1,1) ¢ ker(p). Note that Kx, = —3L + Z?zl E; = L=1/2(Kx, + Z?=1(L - E;)).
Then (1,1,1,1,1) sends L to the element:

1/2(KX4 + i(L - Ei)> LLLLY, 1/2(KX4 + i(—KX4 L+ Ei)) =

i=1 =1

=1/2(—2L — 3Kx,) ¢ Pic(X4) = (1,1,1,1,1) ¢ ker(p)
Thus, ker(p) = (Z/27)*.

3). Suppose we have some permutation o € S5 lying in the image of p. In this case we can
find g € Aut(X4) such that p(g) = 0. Consider the element o € Aut(Pic(Xy)) sending E; — E, ;) and
fixing L. Note that Aut(X,) can be viewed as a subgroup of Aut(Pic(X,)) and goa~! € Aut(Pic(X4))
fixes our pairs of conic bundles. We can find h € (Z/2Z)* = Aut(X4) such that hogoa™! either fixes
the divisor of every conic bundle from part 1) or permutes the divisors of conic bundles in each pair.
We already showed that second case is not possible; thus, hogoa~! fixes L — Fy,...; L — E5 and Kx,
so hogoa™! acts trivially on Pic(X4) and a = h o g € Aut(Xy).

We see that « is a lift of an automorphism of IP’(Q: the action of which on {pi,...,ps} coincides
with the action of o on {1,...5}. Vice versa, we see that any ¢ € Aut(P%) leaving the set {p1, ..., ps}
invariant can be lifted to 77! o ¢ o m € Aut(X4) whose action on the pairs of conic bundles coincides
with the action of ¢ on {p1,...,ps}. O
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13.5 The del Pezzo Surface of Degree 3

Suppose X3 is del Pezzo surface of degree 3. We see that it is the blow-up of 6 points py, ..., ps € P2 in
general position. The linear system | — K x,| gives an embedding into P2 and the image is a smooth
cubic surface by theorem Moreover, this way we can obtain all smooth cubic surfaces. To
prove this we first prove two propositions:

Proposition 13.5.1. A smooth cubic surface X < ]P’fé contains a line.

Proof. Consider the space of cubics P = |Ops (3)| in P2, the space of lines in P2, is given by G4 = G(2,4)
where dim G4 = 4 (note that we can view it as a smooth hypersurface of IP’% since we get the single
quadratic equation in Pg using Pliicker coordinates.) Consider Z — G4 x P together with projections
p and g:

{ILX)lcX}cGyx P

/\/\

Suppose X contains a line [ defined by (Z = 0,7 = 0) where X,Y,Z, T are the coordinates on
P%. Then in the equation which defines X we should have 0 coefficients before the terms which
do not contain Z or T, i.e. X3, X?Y, XY?2, V3. Thus, dim(fiber of p) = dim(P) — 4 so dim(Z) =
dim((fiber of p) x G4) = dim(P).

Suppose that X does not contain lines. In this case we see that codim(q(Z)) > 1. Note that ¢~ (X))
is either empty or has positive dimension. We see that ¢ is surjective. Thus, a smooth cubic surface
X < P? contains a line. O

Proposition 13.5.2. Suppose we have a smooth cubic surface S < P¥ and a line l = S. Then we
have 5 disjoint pairs of concurrent lines intersecting . Hence, we can find 2 disjoint lines on S.

Proof. Suppose {P\} AePl IS the pencil of planes in P2 such that for all A € PL we have [ € Py. Then
we have that X n Py = lu C'\, where C), is a conic.

We want to explore the cases when C) contains a line (which means that actually C) is the union of
two lines). Now suppose C) is contained in a plane P = 0 (linear form), C is a double line defined
by the equation Lo = 0 (linear form), [ is defined by the equation L; = 0 (linear form). In this case S
is defined by the equation:

PQ + L1 L2 = 0, where Q is a quadratic form

Note that in this case the following system has solution:

=0
PQ+LiL3=0 Q '
2 / = <{ Ly =0 has a solution
P'Q+ PQ + L\L5+2LsL5 L, =0 S

Which gives us singular points-contradiction.
Suppose C), is the union of two concurrent lines. (X,Y, Z,T) are the coordinates on IP)% and [ is given
by Z =T = 0. Then S is given by:

S: A(Z,T)X? +2B(Z,T)XY + C1(Z,T)Y? +2Do(Z, T)X + 2E5(Z,T)Y + F3(Z,T) =0

where A;(Z,T) ,B;(Z,T), Ci(Z,T), Di(Z,T), E(Z,T), F;(Z,T) are homogeneous polynomial in Z, T
of degree for some i. (Note that we do not have terms X3, X2V, XY 2, Y3 since they should vanish
identically when we plug in Z =T = 0.) Suppose Z = AT then S is given by:

S AL MDTX? 4 2B (M D)TXY + Cy(\1)TY? 4+ 2Dy (A, 1)T?X + 2F,(\, 1)T?Y + F3(\, 1)T3 =0
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Dividing by T we get the equation of Cj:
Cy: AN DX? 4+ 2B (N 1)XY + O (N, 1)Y2 +2Dy( N\, 1D)TX + 2E,(A\, 1D)TY + F3(\,1)T? =0

We want C; to be singular such that it is not a double line. Thus, we want A(Z,T') the determinant
of the equation above to be 0 and not to have a double root:

Al(Aal) Bl(/\vl) DQ(Aa 1)T
A(Z,T)=| Bi(A\,1)  Ci(A\1)  E3(\1)T|ahomogeneous polynomial of degree 5 in Z, T
Do\ 1T Ex(\ )T F3(\, 1)T?

Changing the coordinates we can suppose that (Z = 0) is a root with corresponding conic Cyp, a € Cy
is a singular point on Cj (i.e. the intersection of lines). We need to explore two cases: a €l and « ¢ I:

1). triangle (a ¢ I). By changing coordinates we assume that Cy : XY = 0 = we see that
all coefficients of C) except By (A, 1) are divisible by A. Thus, expanding A(Z,T) we see that all the

terms except (Bi(A, 1))2F3()\, 1)T? are divisible by A%. We know that At B;(),1). Let’s prove that
A2t F5(\,1). Suppose not, i.e. A? | F3(\,1). Then the equation of S is given by:

S: A(Z,T)X? +2B1(Z, T)XY + C1(Z, T)Y? + 2Dy (Z,T)ZX + 2E1(Z,T)ZY + Fy(Z,T)Z* = 0

where A1(Z,T), B1(Z,T), C1(Z,T), D1(Z,T), E1(Z,T), F1(Z,T) are homogeneous polynomial in
Z,T of degree 1. Substitute T = 1:

St A(Z,1)X? +2B1(Z,1)XY + C1(Z,1)Y? +2D1(Z,1)ZX + 2E,(Z,1)ZY + F1(Z,1)Z* = 0

So we see that S is singular at [X : Y : Z:T] =[0:0:0: 1] - contradiction with S being smooth.
Thus, A is a simple root.

2). asterisk (a ¢ [). As in previous case by changing coordinates we can assume that A = 0
and Cj is given by X? — T? = 0. We see that A;(\,1) = —F3()\, 1) and all coefficients of C) except
A1(\ 1), F3(\ 1) are divisible by A. Thus, expanding A(Z,T) we see that all the terms except
A1 (N, 1)C1 (X, 1) F3(X\, 1)T? are divisible by A2, A1 (X, 1)C1 (X, 1)F3(X\, 1)T? is not divisible by A? since
A1(\ 1), F3(), 1) are not divisible by A and C;(A, 1) is a linear polynomial. Thus, ) is a simple root.

Thus, there are exactly suitable 5 distinct singular conics (the ones meeting [) where each of them is
the unions of 2 lines. Finally, we can take 2 conics defined above Cy = Iy u | and Cy = 1; U l}. Note
that from the construction we have that [, [y, [; are not coplanar. Thus, I N1 = . O

Theorem 13.5.3. Suppose X < P2 is smooth cubic surface. Then X = Xj.

Proof. Prom the proposition above we know that there are some disjoint lines [,!’ ¢ X. Now define
rational maps ¢ and 1 that are the inverses of each other:

¢:lx1" --» X, where (z,2") > 2" ={(x,2'y n X
where (z,2’) €l x I’ and a line {x, 2") meets X at a”.
X --» I x ', where y — {(x,2") = { n {y, 1), ' n {y, 1))

it is defined for y € X\(I x I'). Note that we can view 1) as a morphism: for y € [ or y € I’ we can just
take tangent plane to X at y. In this case ¢ is a birational morphism so thus it can be seen as the
composition of blow-ups. The curve is contracted by % if it intersects both [ and I’.

By the propositionwe know that there are 5 pairs of lines which meet [, i.e. d;,d} for i € {1, ...,5}
and d;, d} lie in the same plane P;. Note that P; n 1’ is a point which belongs exactly either to d; or
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d; deg(X n P1) = 3 so we have X n P, =1 u d; u d}, moreover | nl' = & thus I’ intersect either d;
or d}; it does not intersect both of them since d;, d;,!’ are not coplaner). We obtain exactly 5 lines
which are contracted by v, i.e. we can view X as the blow-up of PL x P% at 5 points of the form
(z,2}) and @; # x5, 2} # a; for i # j which is isomorphic to the blow-up of PZ at 6 points. Moreover,

j: X - IE”% is the anticanonical embedding thus X =~ Xj. O

In general a cubic X3 has a trivial group of automorphisms ([MaKo88|). However, there are many of
examples of cubic surfaces X for which Aut(X) # {1}. The classification of group of automorphisms
of cubic surfaces can be found in [Dol10] § 9.5.

Example 13.5.4. Consider the Fermat cubic surface, which is a Del Pezzo surface of degree 3
Sp={lw:z:y:z]eP} w®+2®+y°+2° =0}

SE admits non-trivial automorphisms. For example:

2im/3

prifwix:y:z] o> [w: e ™y 2 x]

4im/3

poilwiz:iy:z] > [w:e y:z:x

13.6 The del Pezzo Surface of Degree 1 and 2

Recall that in case d = 1,2 we have that | — Kx,| is not very ample so it does not give an embedding,.

13.6.1 The del Pezzo surface of degree 2:

Suppose X is a del Pezzo surface of degree 2. We see that it is the blow-up of 7 points p1, ..., p7 € P%
in general position. The system | — Kx,| gives a morphism js : X5 — P2:

™2
IP’Q7 = X5

PZ- - - —»P2

is surjective but not an isomorphism. Since we have K% = (7*Kp2 + E1 + ... + E7)? =9 -7 =2
then it is a double covering (since —Kx, = W*OP%(I) thus 2 = K%, = w*Oﬂmé(l) . W*O]p%(l) =
deg(j2)Opz(1) - Opz2(1) = deg(j2) = 2). Note that for a general line on PZ we have that its preimage

corresponds to a smooth cubic through the 7 points so it has genus W = 1. By Riemann-

Hurwitz, the restriction of the double covering to the curve has four ramification points. This shows
that the ramification curve of js is a smooth (since X5 is smooth) quartic. So one can see X, as a
surface which is given by the equation

w? = Fy(x,y,2), where Fj is a form of degree 4

in a weighted projective space P(2,1,1,1) = {(w,z,y,z) € C*\{(0,0,0,0)}/ ~ where (w,z,y,2) ~
(A%w, Az, Ay, A\z) for A € C*. Moreover, all smooth quartic curves are obtained this way (|[Kol96]).
Now the 56 (—1)-curves of X5 correspond to the 28 bitangents of the smooth quartic. The involution
te of X5 obtained from the double covering is called Geiser involution and there exists an exact

sequence:
1 -><i1g > Aut(Xs) - Aut(I") — 1

where Aut(T") is the group of automorphisms of the curves. The structure of the group of automorphisms
of del Pezzo surfaces of degree 2 can be deduced from [Do-1z09], §6.6.
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13.6.2 The del Pezzo surface of degree 1:

Suppose X; is a del Pezzo surface of degree 1. We see that it is the blow-up of 8 points p1, ..., ps € P%
in general position. The system | — K, | gives a rational map j; : X1 --» P{:

=0
PePly =X
~N .
~
blow-up at p1,...,ps S
RN

2 1
Pz — - - —=P¢

The fibers of j; correspond to the cubics on PZ containing the points p1, ..., ps. Two cubics intersect
in 9 points thus this pencil has the ninth point P. This point is fixed by any automorphism, and it is
a unique base-point of jy.

The linear system | — 2Ky, | induces a morphism X; — P2 , which lies in a quadric cone Q:

™2
Pe P«:,s =X;
[—2Kx, |
blow-up at pi,...,ps
2 3
Pz — — — — >P¢

The restriction gives a double covering of @), ramified over the vertex v of () and a smooth curve C' of
genus 4 such that C is the intersection of @ with a cubic surface ([Ba-Be00], [dFe04], [Do-1z09]).
Note that @ is isomorphic to P(1,1, 2)E| and C has the equation of degree 6 there. Using the change
of coordinates X7 is given in P(3,1,1,2) by ([Kol96]):

w? =23 + Fy(z,y)z + Fg(x,y), where Fy, Fs are forms of degrees 4,6 respectively
the vertex of the quadricisv =[1:0:0:1] = [(=1)%-1:(=1)-0: (=1)-0: (=1)2-1] =[-1:0:0: 1].

The involution associated to the double covering given by: o([w : z : y : 2]) = [w : z : y : 2]
is called the Bertini involution.

A family of del Pezzo surfaces of degree 1 has a complicated group of automorphisms described
in [Do-1z09], §6.7.

2Consider 7 : Agy,2\{0} — P?X:Y:Z:T]’ where (z,y,2) — [2? : zy : y? : z]. Note that we have 7 ((z,y,2)) =
n((z,y,2)) & 3IX € C* such that 2’ = Az, y' = Ay, 2/ = A2z, Thus, the image of P(1,1,2) is given by the quadratic

cone XY = Z2 in IF’%.
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Chapter 14

Examples

In this chapter we will take a closer look at some examples of the conjugacy classes of the finite
subgroups in Bir(P2).

14.1 Conjugacy Invariants

Suppose G is a finite abelian subgroup of Aut(X) where X is the surface. Before studying the
examples it is important to mention some birational invariants which help us to prove that subgroups
of Bir(P%) have different conjugacy classes.

14.1.1 Invariant Pencil of Rational Curves

The existence of a pencil of rational curves of the surface X invariant by the group G is the conjugacy
invariant. The fact that it is invariant is equivalent to the existence of a birational map ¢ : X --+» X'
where (X', ) is a conic bundle such that $G¢~! acts biregularly on the conic bundle. Note that we
obtained such ¢ in the proof of the Proposition

14.1.2 Pairs of Invariant Pencils

The ezistence of two G-invariant pencils of rational curves on the surface X, with some given free
intersection is the conjugacy invariant. This is equivalent to the existence of a G-equivariant rational
map ¢ : X --» P& x P{ which such that G acts on the target as a subgroup of PGL(2,C) x PGL(2,C).

14.1.3 The Existence of Fixed Points

If there exist some points on the surface X fixed by G < Aut(X) is a finite abelian group. ¢ : X --+ X
is a birational map of surfaces, G’ = Aut(X’) a finite abelian group such that ¢ conjugate G and G’.
Then, by Proposition A.2 [Ko-Sz99|, there is at least one point on X’ fixed by G'.

14.2  Finite Abelian subgroups of of Aut(P%)

In this section we will classify the conjugacy classes of Finite Abelian subgroups of Aut(P%) in Bir(PZ).

Definition 14.2.1. We call a automorphism [z : y : z] — [az : by : cz] of PZ the diagonal
automorphism and denote it [a: b : c]. We also denote (,, = e>™/™.

74



Chapter 14 14.3. FINITE ABELIAN SUBGROUPS OF AUT(P{ x PL)

Proposition 14.2.2. Every finite Abelian subgroup of Aut(PZ) = PGL(3,C) is conjugate, in the
Cremona group Bir(P%), to one and only one of the following:

1. a diagonal group, isomorphic to Z/nZ x Z/mZ, where n|m, generated by
[1:¢:1] and [Gn 1 :1]
When n =1 we obtain the cyclic groups

2. Vo ~7Z/37 x Z/3Z, generated by
[1:¢G:Gland[r:y:2] —[y:2: 2]

Thus, two isomorphic finite Abelian subgroups different from Vy of PGL(3,C) are conjugate in Bir(P%).

Proof. From the Theorems 4.7, 4.8 of [Do-1z09] we deduce that every finite Abelian subgroup of
Aut(P%) = PGL(3,C) is conjugated in PGL(3,C) to

e A cyclic group which is isomorphic to Z/nZ, generated by

[1:¢%:¢%] where ged(n,a,b) = 1

n

e A diagonal group, isomorphic to Z/mZ x Z/nZ, such that m|n generated by

[1:1:¢,]and [1:¢%: ¢ where ged(n,a,b) = 1

e The special group Vg, isomorphic to Z/3Z x Z/3Z, generated by
[1:¢6:Gland [2:y: 2] — [y: 2: 2]

V4 is not diagonolizable in Bir(IP?C) since it does not have fixed points, but a diagonal group fixes
[1:0:0],[0:1:0],[0:0:1] (by [141.3).

Linear automorphisms of P2 of the same finite order are conjugate in the Cremona group Bir(PP%)
([Be-B104], Proposition 2.1.). Thus cyclic groups of PGL(3,C) of order n are conjugate in Bir(Pg)
to a cyclic group isomorphic to Z/nZ, generated by [, : 1: 1].

2
C
2
C

Suppose G is a finite abelian subgroup of PGL(3,C) such that it is not cyclic and not conjugate
to Vy. In this case it is diagonal and is isomorphic to Z/mZ x Z/nZ, such that m|n. The group
GL(2,Z) = Cr(P2) of birational maps of the form

g (z,y) --> (2%, xY?)

normalizes the torus 7 of diagonal automorphisms (g7'g~! = T for T € T). We can conjugate the
group G by an element of GL(2,Z) [Be-B104|, Proposition 2.1.) in such a way that it contains
[Cn 2 1:1]. Since g normalizes the torus, G stays diagonal and contains a subgroup isomorphic to
Z/mZ x Z/nZ. This subgroup contains all elements of T of order m including [1 : (, : 1], so we get a
diagonal group, isomorphic to Z/mZ x Z/nZ, where m|n, generated by [1: (p : 1] and [¢, : 1:1]. O

14.3 Finite Abelian subgroups of Aut(P{ x P})

In this section we will classify the conjugacy classes of finite abelian subgroups of Aut(P{ x P{) in
Bir(PPZ). First consider an example of a subgroup of Aut(P{ x P¢) = (PGL(2,C) x PGL(2, C)) % Z/2Z:
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Example 14.3.1. Consider a subgroup (C*)? x Z/27 where the action of (C*)? is given by:

(z,y) = (ax, By)

and the action of Z/27 is given by
(z,y) = (y, )
Consider a birational map:

h:PE x PE ——» P2, where (x,y) - [x:y: 1]
h conjugates (C*)? x Z/27 < Aut(PL x PL) to the subgroup of Aut(lP2) generated by:
c X ¢ C
[z:y:2] > [ax:By:2] and [x:y: 2] — [y:x: 2], where o, € C*

Proposition 14.3.2. Fuvery finite Abelian subgroup of Aut(P x PL) is conjugate, in the Cremona
group Bir(P2), to one of the following groups:

(i) G =~ Z/nZ x Z/mZ, (@,y) = (G, y) and (z,y) — (2, Cny)

(
(it) G = (Z/27)* x Z/nZ, (z,y) = (Fzt!,y) and (z,y) — (z,$0y)
(iii) G =~ 7/27 x 7./2nZ, (z,y) = (@71, y) and (z,y) — (=, (2ny)
(iv) G = (Z/27,)* (z,y) = (Fz*!,y)
() G = (Z/27)? (z,y) = (2, —y) and (z,y) — (z~1,y)
(vi) G = (Z/27.)* (z,y) = (2, —y) and (z,y) — (z71,y7")
(vii) G = (Z,/2Z)3, (z,y) — (£, +y) and (z,y) — (z~1,y)
(viii) G = (Z/2Z)*, (z,y) = (Fat!, £y*)
(ix) G = 7,/27 x 7,/AZ, (z,y) = (@ y™") and (2,y) — (~y,z)
(x) G = (Z/27)%, (,y) = (~y, ), (x,y) = (271, y~") and (z,y) — (y, )

Where m,n € Z=o and n|m. Moreover, the groups of type (1) are conjugate to subgroups of Aut(P%).
Proof. 1. Suppose G < (C*)? x Z/2Z then by the example [14.3.1] we can conjugate G with the
subgroup in Aut(P%) in Bir(PZ). We see that G is conjugate to the group in case (i).

2. Suppose G < PGL(2,C) x PGL(2,C) and w; : PGL(2,C) x PGL(2,C) — PGL(2,C) are the
projections on i-th factor. Note that 7;(G) is a finite abelian subgroup for ¢ = 1,2. Let’s explore the
cases of the structure of m;(G):

e 7;(G) is cyclic for i = 1,2: in this case we have that G is conjugate to the subgroup of (C*)?2
which consists of automorphisms of the form:

Thus, we are in the case ().

e exactly one of m;(G) is cyclic: after conjugation in Aut(PE x PL) we can assume that m (GQ)
is a non-cyclic group which consists of the maps of the form z --» %! and 72 (G) is a cyclic
group generated by y — (ny. E| Consider the exact sequence:

1 - Gnker(m) > G—m(G)—1

Hinite subgroups of PGL(2,C) are up to isomorphy exactly the following: cyclic groups Cy,, dihedral groups Dy,
(with 2n elements), the tetrahedral group A4, the icosahedral group As, the octahedral group Si. Thus, the only
abelian groups are cyclic groups Cy, and D1 = Z/2Z (cyclic), D2 = (Z/2Z)2.
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We can view G as a subgroup of m1(G) x mo(G) = (Z/27)? x Z/mZ. By assumption m(G) is
cyclic, but G is not cyclic, thus G n ker(ma) 2 {1}. So we have that G n ker(ms) is isomorphic
to Z/27Z or (Z/27)2.

If G n ker(my) = (Z/27)? we have that G = 7, (G) x mo(G) = (Z/2Z)? x Z/mZ and we get (ii)
for m > 1 and (iv) for m = 1.

In case G  ker(me) = Z/27Z we have that G = Z/27 x Z/mZ or G =~ Z/2mZ. By assumption G
is not cyclic thus m is even. Using conjugation we can assume that G n ker(ms) is generated by
x— 27t and G = Z/27 x Z/mZ and we get (iii) with n = m/2 for m > 2 and (v) for m = 2.

o m(G) = m(G) = (Z/2Z)?: after conjugation in Aut(P¢ x PL) we can assume that m (G) consists
of the maps of the form z --» +2*! and 72(G) consists of the maps of the form y --» +y*1.
Consider the exact sequence:

1—>Gnker(m) > G- m(G) > 1
We can view G as a subgroup of 71(G) x m2(G) = (Z/2Z)*. Then G is one of the following:

G n ker(mg) = {1} = case (vi)
G n ker(mo) = Z/27 = case (vii)
G N ker(m) = (Z/27)* = case (viii)

3. Suppose G ¢ PGL(2,C) x PGL(2,C) and ¢ € Aut(P¢ x PL)\PGL(2,C) x PGL(2,C). Then we can
write ¢ as:
¢: (z,y) — (a(y), B(z)), where o, B € Aut(Pg)

Now we conjugate ¢ by ¢ : (z,y) — (8(z),y):
posout: (wy) L (57 ()w) > (aly),w) L (Blaly)), o)
Thus, up to conjugation ¢ is of the form:
(z,y) — (a(y),z), where o € Aut(P)

Note that if ¢ is of finite order then « is of finite order, so up to conjugation « is of the form y — Ay
(A e C*) and ¢ is of the form (z,y) — (Ay,x).

We see that if G < Aut(P{ x PL), G ¢ PGL(2,C) x PGL(2,C) is a cyclic group, then we get
case (7). If G is not a cyclic group, then it is generated by the group

H =G n (PGL(2,C) x PGL(2,C))

together with the element of finite order (thus diagonalizable) which is conjugate to ¢y : (z,y) — (A\y, z)
(A e C*). G is an abelian group so for any element h € H given by h: (z,y) — (hl(:ﬂ), hg(y)) we get:

$roh: (z,y) B (hi(@), ha(y)) 2> (Mha(y), b (z))

hooy: (z,9) 2> (Mg,z) = (h(My), ha(w))
proh =hody= (Ara(y),hi(z)) = (hi(Ay), he(x)) = hi(z) = ha(z) and Ahy(y) = hi(A\y)

Thus, any element of H has the form
(z,y) — (a(x),a(y)), where a(Az) = Aa(z)

Let’s look at the elements of PGL(2,C) which commute with .. The possible cases depend on A:
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e A=1:
We suppose that H is either diagonal or equal to the group generated by (z,y) — (—x,—y) and
(z,y) — (271, y~ 1) after conjugating it by some element (x,y) — (y(z),v(y)) . If H is diagonal
then G < (C*)% x Z/27 and we are in case (i). The second option gives case ().

e \=—1:
H contains the square of (z,y) — (—y, z), which is a : (z, y) — (—x,—y). The group H is either
cyclic or generated by (z,y) — (—z,—y) and (x,y) — (z~%,y~1). If H is cyclic, it is diagonal,
so G < (C*)? x Z/27Z and we are in case (i). The second option gives (ix).

o \# +1:
The group H is diagonal and then G is contained in (C*)? x Z/27Z.

Let’s now prove that some of these groups are conjugate in Bir(P%):

Proposition 14.3.3. Every finite Abelian subgroup of Aut(P{ x PL) is conjugate, in the Cremona
group Bir(IF’(%), to one and only one of the following groups:

(1) G =~ Z/nZ x Z/mZ, z,y) = (Caz,y) and (z,y) — (2, Cmy)
x_lay) and ($7y) - (_x7<2ny)

(
(2) G ~7/27 x 7.)2nZ, (@,9) = (
(3) G =~ (Z/2Z)% x Z/2nZ, (z,y) = (£a*',y) and (z,y) — (2, Gny)
(4) G = (7)27,)? (z,y) = (£z*!,y)
(5) G = (7)27)3, (z,y) = (£z, +y) and (v,y) — (z7,y)
(6) G = (7)27)*, (z,y) = (Fa*!, £y*)
(7) G =~ 7/27 x 7)AZ, (z,y) = (7' y™") and (z,y) — (~y,x)
conjugate to the group g.b. (z,y) = (=" y™") and (z,y) — (27, —m‘ly)
(8) G = (7)27)3, (z,y) = (~y, —2), (2,y) = (@~ 1y~ 1) and (2,y) > (y,2)
conjugate to the group g.b. (z,y) = (z7' =27 1y), (z,y) = (@ y™) and (fc y) — (a7

Where m,n € Z~q and n|lm. Moreover, the groups of type (1) are conjugate to subgroups of Aut(P%).
Proof. We now use the results from the previous proposition to determine conjugacy classes.

1. The case (i) corresponds to (1).

2. Suppose we have the group of type (ii) G = (Z/27Z)* x Z/mZ with generators (z,y) — (£ztl,y)

and (2,y) — (2, (ny)-
e for m = 2n we get (3).

e for m = 2n + 1 consider the map:

o te) s (5 L)

T+ 1
it conjugates f : (z,y) — (—=,y) to (z,y) — (-, —y):

-1 c+x!
oofos < (e) s (@ yara ) Lo (o ylera) Do (o LEEETDY 2y

—r—T
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Moreover ¢ commutes with g : (z,y) — (x71,9) and h : (z,y) — (2, (ny):

9965 @) %o @yt a) Lo @yt a) }@gm—mg
6og: (m,y) 2 (@ Ly) L (@), yla ! + )

hoo: (m) S (o ylat 2 ) s @ Guyle +27) } ~hoo=goh
h
boh: (5,y) 2 (@,Gny) 2> (@ Gyl +27)
We get the group of type (2) with m = n.

3. The case (7i?) corresponds to (2).

4. Suppose we have a group of type (iv) G = (Z/27)? with generators (z,y) — (+z*!, y).

e Consider a birational map:
y + a2 )
Ty a2

¢ (z,y) --> (w

Suppose g : (z,y) — (x71y), h : (z,y) — (—x,y). Now we have that g is conjugate to

(z,y) = (@1 y"):

2

¢! x
g1 (0,y) = (a,
y—1

how: (my) o (o, 225) s (L, it

Tyt w2 b oh—hog
h é T2
poh:(z,y)--» (—z,y) --» (—x,%)
We can conjugate this group to the group of type (v) by the element in Aut(P}C X IP’}C);
) z+1 y+1
¥ (z,y) (l‘—l’y—l)

Then we have:

2_ -2 _

—27%y\ e N P =
7) - (—fﬂa 7) |, ] =

y—1 y—1 Lo Y g2

_ ob rz+1 y+1y\ g r—1 y—1\ % 141 L5 +1
vogov " (r.g) 2 Jos (e, (St

x—1"y—1 r+17y+1 2 T

-t 1 1 1 1
pohoyt: (z,y) Homs (B0 L) s (L0 2R ( s

) ?
r—1y—-1 r—1y—1 v pn

e Consider a birational map:

y+x2)

d) : (x,y) - (xaxy +JI_2

Suppose ¢ : (z,y) — (—z,y), h : (z,y) — (x7',y). Now we have that g is conjugate to

(-’E,y) - (7‘%3 7y)

-1 2

3 —yx~

3 -2
3 -2 Toyw 2
(z,y) 2., (x, 7) 9, (*ZE, i) 2, —x,xﬁ# = (—z,—y)
y—x y—x LEZYT T L 2

h is conjugate to (z,y) — (x71,y71)

B B 3, -2 o
ot 23 — ya? n L a® -y B o Ty yf‘; +x
(x7 y) ? m? ke :I" ) k4 x ’x 3 -2

y— y—x zd—yz=2 | 2
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Thus, (iv) and (vi) are birationally conjugate so (iv), (v), (vi) are birationally conjugate to (4).
5. Cases (vii) and (viii) correspond to (5) and (6) respectively.

6. Suppose we have the group of type (iz), i.e. G = Z/27 x 7Z/AZ generated by g : (z,y) — (z7 1,y 1)
and h: (z,y) — (—y,x) so we are in case (7). Let’s prove that it is conjugate to the group with the
generators given in the proposition. Consider the birational map

¢ : P& x PG ——» P2, where (2,y) —» [z :y: 1]

Then:

-1

g =¢ogogt:[r:y:2] RN (E, Q) Ly (E, E) LR [zy : 2z : wy]
2’z z’y

W =¢ohoop ™ :[x:y:2] —Qf—l—a (g, %) o, (—%, g) 2, [—y:x: 2]

So we get the group of birational maps of P% generated by ¢’ : [z : y : 2] --» [2y : 22 : zy] and
W :fx:y:z] --+[—y:x: z] up to conjugation. This group leaves invariant the pencil of lines trough
point [0 : 0 : 1] which is {az + by| [a : b] € P{}. Now consider the birational map

Y P2 — PL x PL, where [2:y: 2] - [z:y] x [z: 2]

Then

d)og'oyfl:(a,ﬂ):[z:y]><[a:’:z’]z[x:y]x[x:z]——il—+ [:Z::y:z]iié
—gi-> [yz : xz : xy] RN [yz:axz] x [yz:ay]l =[y:z] x[z:2] = (o, 871)

Ypohop ™ i(e,B) =[x y]x[2':2]=[x:y] x[z:2] —di_—lﬂ [z:y: 2] N

B fryioia] s [myial x [y 2] = (ca —a7B)

So our group is conjugate to the group generated by (x,y) --» (x=1,y~ 1) and (z,y) --» (—z~*

77$71y)

7. Suppose we have a group of type (z): G = (Z/2Z)® generated by f : (z,y) — (~y,—2),
g:(z,y) = (7Y y~ ) and h: (z,y) — (y,x) so we are in case (8). Let’s prove that it is conjugate to
the group with the generators given in the proposition. Consider the birational map

¢ (z,y) - (2/y, )

Now we have:
_ ¢! _ f _ ¢
pofod "t (my) -—--> (y,a7y) => (=7 'y,—y) -=» (@', a7y
—1
_ _ g
pogog™t:(z,y) - (y.a'y) > (y
—1

pohog": (z,y) ‘qi“* (%x_ly) s (m_lyvy) ‘(i)‘* (727 y)

and the first projection is invariant.

Let’s now prove that different cases give different conjugacy classes in Bir(IE”?C).

8. The groups of type (1) fix at least one point and others don’t so they are different from other cases.
9. Note that the only candidates for being conjugate are:
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e (5) and (8) with G =~ (Z/2Z)3
e (2) for n =2 and (7) with G = Z/2Z x Z/AZ

Note that (2) and (5) leave invariant two pencils of curves given by the projections m; : P& x P& — PL
on i-th coordinate and which intersect freely in exactly one point. Let’s prove that it is not true for

(7) and (8).

Consider G as a subgroup of Aut(P¢ x PL) such that G permutes fibrations. By proposition [10.3.3| we
have that:
Pic(Pg x Pe) = —1/2KpyyprZ =: dZ

Suppose that we can find two G-invariant pencils of rational curves A; = nid and Ay = nod
(n1,n2 € Z=y). Cousider the intersection :

1
A1 . A2 = (7§Kpéqul:)2n1n2 = (EO + f)2n1n2 = 2711712 - even

Moreover, the fixed part of the intersection is even since Ord(G) = 8 (in both cases) and G does not
have fixed points on P¢ x PE. Thus, the free part of the intersection is also even thus they cannot

intersect freely in exactly one point.

Thus, the members of pairs (5)+(8) and (2) + (7) are not birationally conjugate to each other. [
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Conclusion

We proved in that the minimal rational surfaces are given by X is a smooth projective rational
surface X where X ~ P2 or X ~F,, for n # 1. Then we have that the groups of automorphisms of
minimal rational surfaces are given by:

Aut(P2) = PGL(3,C)
{Aut(IFn) =C"*l x GL(Z,(C)/{(’S 2)| p" =1}

We proved in [12.1.1] that the minimal conic bundles are given by X = F,, for some n. Moreover, [12.5.1
gives us the result on the finite subgroups of groups of automorphisms of conic bundles containing
singular fibers:

Theorem. Suppose (X, ) is a conic bundle which contains a singular fiber (at least 1), G < Aut(X, )
is a finite group such that a pair (G, X) is minimal. Then, one of the following occurs:

1. (X, 7) is the exceptional conic bundle
2. G' = {elements which preserve any fiber} = G is isomorphic to 727 or (Z/27)*.

Suppose we have a finite subgroup G < Bir(P2). By proposition we can find a rational surface
X together with a birational morphism 7 : X — P% such that 77'Gr < Aut(X), i.e. we can realize
the subgroup of Bir(P2) as a subgroup of Aut(X) where X is a rational surface. After contracting
orbits of disjoint (—1)-curves we can assume that (X, G) is minimal. Then we study minimal pairs

(X, G) using theorem [10.3.2

Theorem. Suppose X is a smooth projective rational surface, G < Aut(X) is finite. Suppose we
have a minimal pair (G, X). Then exactly one of the following holds:

1. tk(Pic(X)%) = 1. In this case, X is a Del Pezzo surface.
2. The surface X has a conic bundle structure invariant by G, and rk(Pic(X)G) = 2.

In the first case X is a del Pezzo surface by proposition For the second case recall proposition
which proves that the study of finite groups of automorphisms of conic bundles is equivalent to
the study of finite subgroups of the group of birational maps of Fy which preserve the conic bundle
structure. This group is called de Jonquieres group and it is isomorphic to PGL(2, C(z)) x PGL(2,C).
Combined with the results from chapters 12 and 13 it gives us the following result:
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Theorem. Let G < Bir(P%) be a finite group. Then G is conjugated to the subgroup of one of the
following groups:

1.

De Jonquieres group which is isomorphic to PGL(2,C(z)) x PGL(2,C).

. Aut(P%) ~ PGL(3,C).
. Aut(PE x PL) = (PGL(2,C))? x Z/2Z.

2
3
4.
5
6

Aut(Xg) = (C*)% x (S3 x Z/2Z), where X¢ is the del Pezzo surface of degree 6.

. Aut(X5) = S5 where X is the del Pezzo surface of degree 5.

L Aut(Xy) = (Z/22)* x Aut(Xy, 7, 5), where Aut(Xy,,5) is the lift of the group of automorphisms

of P% that leave the set {p1, .., ps} invariant.

Aut(Xy) where Xy, is a del Pezzo surface of degree k for k =1,2,3.
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