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Chapter 1

Introduction

History of the Results

The projective space is one of the central objects in mathematics. That is why it is important to
understand the structure of BirpPnKq the group of birational transformations of the projective space
PnK of dimension n over the field K. This group was introduced by Cremona ([Cr63], [Cr65]) and it
is called the Cremona Group.

For n “ 1 we have that the group BirpP1
Kq is the group of birational transformations of the projective

line P1
K which is well-know and equals PGLp2,Kq. In case n “ 2 the structure of BirpP2

Kq is way more
complicated and very few results are known on BirpPnKq for n ě 3. We will concentrate our attention
on the plane Cremona group over the field C.

The first way to understand the structure of the Cremona group is to study it group-theoretically.
There exist works based on presentations of the group using the generators and relations (for example
[Giz82], [Isk83], [Bla12b]), but they do not provide the full understanding of the algebraic properties
of the group. For example, given an abstract group it is not possible to say if the given group is
isomorphic to a subgroup of the Cremona group. In fact it is known that BirpP2

Cq is not simple (i.e.
it is not a nontrivial group whose only normal subgroups are the trivial group and the group itself,
[Ca-La10]), not linear (i.e. it is not conjugate to the subgroup of GLpn,Kq for any n and any K,
[Cor13]) and not an algebraic group (i.e. it is not a group which is an algebraic variety, such that the
multiplication and inversion operations are given by regular maps on the variety, [Bl-Fur13]).

The second way to understand the Cremona group is to study its subgroups. The history of these
results lasts for more then one hundred years.

‚ The earliest work studying the Cremona Group is considered to be the Bertini’s work on in-
volutions ([Ber77]). In 1877 Bertini identified three types of conjugacy classes of involutions which
are now known as de Jonquières, Geiser and Bertini involutions1.

‚ Later on S. Kantor ([Kan95]) and A. Wiman ([Wim{96}]) described finite subgroups of the
Cremona group. However, we cannot say whether a given finite group is isomorphic to a subgroup of
the Cremona group using this description.

‚ A lot of Russian mathematicians successfully worked in this area of study (especially M.K. Gizatullin,
V.A. Iskovskikh and Y. Manin). The result which we are particularly interested in is the classification

1there were some corrections in Bertini’s proof of classification of conjugacy classes ([Ba-Be00])
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Chapter 1

of minimal G-surfaces (rational surfaces with the regular action of some group G on them) provided
by Yu. Manin in the abelian case [Man67] and V.A. Iskovskikh in the general case [Isk79].

‚ Finally, it is considered that the modern approach has started with the work of L. Bayle and
A. Beauville on involutions ([Ba-Be00]). This was the first work which gave the example of a clear
description of conjugacy classes: using their results it is possible to conclude whether the two given
involutions are conjugate or not. This approach was developed by J. Blanc in his thesis ([Bla06]).

Goals and Structure of this Project
The goal of this project is to study the basic theory of algebraic surfaces and some finite subgroups of
the plane Cremona Group to understand its structure. In this section we will discuss the structure
this project.

We first note that for a rational surface X (i.e. X birational to P2
C) we have BirpXq – BirpP2

Cq.
Let G Ă BirpP2

Cq be a finite group. We can regularize its action: there exists a smooth projective
rational surface X on which G acts biragulary (10.1.2). Now we give the definition which will help us
in later discussion:

Definition. Suppose X is a smooth projective rational surface, G Ă AutpXq is a group acting
biregularly on X. We call a pair pG,Xq a G-surface.

Now there we have two options:

1 G “ id. This case corresponds to the birational theory of projective surfaces.

2 G ‰ id. In this case we we apply the birational theory of projective surfaces to study of finite
subgroups of BirpP2

Cq.

1 We start with the case: G “ id .

We go through some tools we need to develop in this project:

1 Theory of Intersections.

The first thing we are interested in is to learn to compute the number of points where two curves on
X intersect. To do this for different irreducible curves C, C 1 we look at the intersection locally at
point x P X and define multxpC,C 1q :“ dimC OX,x{pf, gq where f, g P OX,x are local equations for C
and C 1 resp. at x) and then define intersection multiplicity by taking the sum:

C ¨ C 1 :“
ÿ

xPCXC1

multxpC,C
1q

Note that this description is very natural. To see it let’s consider some examples:

x “ y

x “ ´y pic. 1

y “ 1

y “ x2

pic. 2

y “ x2

y “ 0 pic. 3

3
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Two lines on pic. 1 intersect at 1 point so the intersection number is 1; a line and a parabola on pic. 2
intersect at 2 points each of multiplicity 1 so the intersection number is 2; a line and a parabola on
pic. 3 intersect at 1 points but it has multiplicity 2 so the intersection number is also 2.

It turns out (3.2.5) that we can define a symmetric bilinear form:

PicpXq ˆ PicpXq Ñ Z, pD,D1q ÞÑ D ¨D1

which respects this definition.

2 Blow-Up Construction.

The second important thing is the blow-up construction which is described in 4.1:

Theorem. For a smooth projective surface X and point p on X there exists a smooth projective
surface rX and a morphism π : rX Ñ X which are unique up to isomorphism such that:

1. π|π´1pXztpuq : π´1pXztpuq Ñ Xztpu is an isomorphism.

2. π´1ppq “ E – P1
C.

P1
C – E Ă rX

πthe blow-up

��
p P X

π is called the blow-up of X at point p, and E is called the exceptional divisor.

3 Castelnuovo’s contractibility Theorem and Minimal Surfaces.

The third thing we want to understand is when it is possible to contract curves. Castelnuovo’s
contractibility criterion (5.5.1) gives the answer:

Theorem. Suppose X is a smooth projective surface, there is E Ă X such that E – P1
C and E2 “ ´1.

Then there exists a morphism f : X Ñ X 1 to a smooth projective surface X 1 and point P P X 1 such
that X is isomorphic via f to the blow up of X 1 at point P and E is the exceptional curve.

Using the blow-ups it is possible to define the order on the set of smooth projective surfaces. Moreover,
if we consider a smooth projective rational surface X then we can find a minimal rational surface Y 2

after we contract all the exceptional curves using Castelnuovo’s contractibility criterion. For rational
surfaces we have (9.3.3):

Theorem. Suppose X is a smooth projective rational surface. Then the following are equivalent:

X is minimal ô there is no exceptional curve on X ô
`

X – P2
C or X – Fn for n ‰ 1

˘

.

2 The second case is: G ‰ id .

In this case we adapt the birational theory of rational surfaces to the G-equivariant setting.

4 Minimal G-pair.

Suppose pG,Xq is a G-surface. We say that a birational map φ : X 99K X 1 is G-equivariant
2i.e. for a surface Y we have that any birational morphism Y Ñ Z to a smooth projective surface Z is an isomorphism

4
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if the G-action on X 1 induced by φ is biregular and φ itself is called a birational map of G-surfaces.
We say that a pair pG,Xq is minimal or G acts minimally on X if any G-equivariant birational
morphism φ : X Ñ X 1 is an isomorphism.

We prove that we can realize finite subgroup G Ă BirpP2
Cq (10.1.2) as a subgroup of AutpXq where

X is a rational surface. After contracting orbits of disjoint exceptional curves we can assume that
pX,Gq is minimal and the study of all G-surfaces can be reduced to studying only minimal ones.

The classification of minimal G-surfaces was given by Yu. Manin in the abelian case [Man67]
and V.A. Iskovskikh in the general case [Isk79]:

Theorem. Suppose X is a rational surface, G Ă AutpXq is finite, pG,Xq is a minimal pair. Then
exactly one of the following holds:

1. rk
`

PicpXqG
˘

“ 1 and X is a Del Pezzo surface.

2. rk
`

PicpXqG
˘

“ 2 it is a conic bundle (with the structure is invariant by G).

So to study the minimal G-pairs we need to study the groups of automorphisms of conic bundles and
Del Pezzo surfaces.

The final goal of this project is to study the groups of automorphisms of some conic bundles and some
del Pezzo surfaces to get information about the conjugacy classes of finite subgroups of BirpP2

Cq. We
prove that:

Theorem. Let G Ă BirpP2
Cq be a finite group. Then G is conjugated to the subgroup of one of the

following groups:

1. De Jonquieres group which is isomorphic to PGLp2,Cpxqq ¸ PGLp2,Cq.

2. AutpP2
Cq – PGLp3,Cq.

3. AutpP1
C ˆ P1

Cq “ pPGLp2,Cqq2 ¸ Z{2Z.

4. AutpX6q – pC˚q2 ¸ pS3 ˆ Z{2Zq, where X6 is the del Pezzo surface of degree 6.

5. AutpX5q – S5 where X5 is the del Pezzo surface of degree 5.

6. AutpX4q – pZ{2Zq4¸AutpX4, π, 5q, where AutpX4, π, 5q is the lift of the group of automorphisms
of P2

C that leave the set tp1, .., p5u invariant.

7. AutpXkq where Xk is a del Pezzo surface of degree k for k “ 1, 2, 3.

The detailed summary of the results obtained in this project can be found in Chapter 2.
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Chapter 1

Notations
The word "surface" will mean a smooth projective surface over C, i.e. a nonsingular projective integral
separated scheme of finite type over C of dimension 2 if not stated otherwise.

Suppose X is a surface; D, D1 are the divisors on X. Then we write:

• PicpXq for the Picard group of X, i.e. group of divisors on X modulo linear equivalence 1 „1 it
is also a group of isomorphism classes of invertible sheaves

• D „ D1 if D and D1 represent the same class in PicpXq

• OXpDq for the invertible sheaf corresponding to D

• PicpXqG for the part of the Picard group which is fixed by the group G Ă AutpXq

• HipX,OXpDqq for the i-th cohomology group of the sheaf OXpDq

• hipDq “ hipX,OXpDqq “ dim
`

HipX,OXpDqq
˘

• χpX,OXpDqq “ h0pDq ´ h1pDq ` h2pDq

• |D| “ for the set of effective divisors linearly equivalent to D

• KX for the canonical divisor on X, i.e. OXpKXq “ Ω2
X

• AutpXq for group of automorphisms of X

• BirpXq for group of birational maps X 99K X

• GLpnq “ GLpn,Cq, general linear group over C

• PGLpnq “ GLpn,Cq{C˚, general projective linear group over C

• Sn for the permutation group of degree n

• An for the alternating group of degree n

• D2n for the dihedral group of order 2n

• Fn for the n-th Hirzebruch surface

6
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Summary

In Chapter 3 we define the intersection product on surfaces and prove the results which we use in
later discussion: Riemann-Roch for surfaces (here X is a surface and C is a divisor on X):

χpX,Cq “ χpX,OXq ` 1{2pC2 ´ C ¨KXq

and genus formula (here X is a surface and C is a smooth curve on X):

gpCq “ 1` 1{2pC2 ` C ¨KXq

In Chapter 4 we define and give the construction of the blow-up of the surface X at point x P X
and prove the important properties of the blow-up π : X̃ Ñ X with π´1pXq “ E – P1

C, C̃ is a strict
transform of irreducible curve C, D,D1 are divisors on X, F divisor on X̃:

π˚C “ rC `mxpCq ¨ E, pπ˚Dq ¨ pπ˚D1q “ D ¨D1, E ¨ pπ˚Dq “ 0, E2 “ ´1

PicpXq ‘ ZrEs – Picp rXq, π˚D ¨ F “ D ¨ π˚F , K
ĂX
“ π˚KX ` E and K2

ĂX
“ K2

X ´ 1

In Chapter 5 we prove that if we have surfaces X,X 1 and a birational map φ : X 99K X 1. Then we
can find a surface rX together with morphisms f, g which are composites of blow-ups and isomorphisms
such that the diagram commutes:

rX
f

��

g

  
X

φ // X 1

we also prove the Castelnuovo’s contractibility criterion: suppose we have a surface X and there is
E Ă X such that E – P1

C and E2 “ ´1. Then there exists a morphism f : X Ñ X0 to a smooth
projective surface X0 and point P P X0 such that X is isomorphic via f to the blow up of X0 at point
P and E is the exceptional curve.

In Chapter 6 we give the definition of bubble spaces and prove that for irreducible curves C,
D on the surface X we have C ¨D “

ř

pPBpXqmppCq ¨mppDq.

In Chapter 7 we study the del Pezzo surfaces.

In Chapter 8 we define and construct Hirzebruch surfaces Fn. We also prove the important
propeties of Fn (here En “

 

pr1 : 0 : 0s, ru : vsq| ru : vs P P1
C
(

, f is the class of the fiber of Fn Ñ P1
C)

PicpFnq “ Zrf s ‘ ZrEns, f2 “ 0, pEnq
2 “ ´n, En ¨ f “ 1

7
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KFn “ ´2En ´ p2` nqf , Fn – Fm ô m “ n

We also prove that AutpFnq “ Cn`1 ¸GLp2,Cq
M

 `

µ 0
0 µ

˘
ˇ

ˇ µn “ 1
(

.

In Chapter 9 we define the elementary links and prove that for the pair of surfaces X1, X2 such that
Xi P tP2

C, Fn| n ě 0u for i “ 1, 2. We have that any birational map φ : X1 99K X2 decomposes into
automorphisms and elementary links. We also prove that

Theorem. Suppose X is a rational surface. Then

X is minimal ô there is no p´1q-curve on X ô
`

X – P2
C or X – Fn for n ‰ 1

˘

.

In Chapter 10 we observe that a birational map φ :99K P2
C gives an isomorphism between BirpXq

and BirpP2
Cq. So a finite group G Ă AutpXq (for X a surface) corresponds to a subgroup of BirpP2

Cq:
we choose a birational map φ : X 99K P2

C and get φGφ´1 Ă BirpP2
Cq. We also give the definitions of a

G-surface, G-equivariant birational map, minimal pair, a conic bundle and state an important result:

Theorem. Suppose X is a rational surface, G Ă AutpXq is finite, pG,Xq is a minimal pair. Then
exactly one of the following holds:

1. rk
`

PicpXqG
˘

“ 1 and X is a Del Pezzo surface.

2. rk
`

PicpXqG
˘

“ 2 it is a conic bundle (and the structure is invariant by G).

In the first case the fixed part of the Picard group is generated by the canonical divisor, in the second
case the fixed part of the Picard group is generated by the canonical divisor and the class of a fiber.
We prove that if X is a rational surface, G Ă AutpXq is a finite group and rkPicpXqG “ 1 then X is
a Del Pezzo surface and

PicpXqG “

$

’

&

’

%

1
3ZKX , if X – P2

C
1
2ZKX , if X – P1

C ˆ P1
C

ZKX , otherwise

In Chapter 11 we discuss the tools which may help to understand if two groups are conjugate
in the Cremona group and give the definition of G-elementary links.

In Chapter 12 we give the definition of a minimal conic bundle and prove the following theo-
rem:

Theorem. Suppose we have a conic bundle pX,πq. Then the following are equivalent:

pX,πq is a minimal conic bundle ô π is a smooth fibration ô X “ Fn for some n.

We give the definition of de Jonquieres group which is isomorphic to PGLp2,Cpxqq ¸ PGLp2,Cq. We
prove the theorem:

Theorem. • Suppose X is a surface, Λ is a pencil of rational curves on X. Then there exists a
birational map

φ : X 99K P1
C ˆ P1

C

such that φpΛq is the pencil of fibers of π1 : P1
CˆP1

C Ñ P1
C and φCrpX,Λqφ´1 “ CrpP1

CˆP1
C, π1q

• Suppose G is a finite subgroup of CrpP1
C ˆ P1

C, π1q. Then there exist a conic bundle pX,πq
together with a birational map of conic bundles φ : X 99K P1

C ˆ P1
C such that φGφ´1AutpX,πq.

• Suppose G be a finite subgroup of automorphisms AutpX,πq of a conic bundle pX,πq. Then G
is conjugate to a subgroup of CrpP1

C ˆ P1
C, π1q by a birational map of conic bundles.

8
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This implies that the group CrpX,πq is birationally conjugate to the de Jonquières group thus, the
study of finite groups of automorphisms of conic bundles is equivalent to the study of finite subgroups
of the de Jonquieres group. We also prove that:

Theorem. If pX,πq is a conic bundle with at least one singular fiber, and there exists a finite group
G Ă AutpX,πq such that a pair pG,Xq is minimal. Then, one of the following occurs:

1. pX,πq is the exceptional conic bundle

2. G1 “ telements which preserve any fiberu Ă G is isomorphic to Z{2Z or pZ{2Zq2.

In Chapter 13 we discuss the groups of automorphisms of the del Pezzo surfaces. Recall that

AutpP2
Cq “ PGLp3,Cq, AutpP1

C ˆ P1
Cq “ pPGLp2,Cqq2 ¸ Z{2Z

and compute

AutpX6q – pC2q ¸ pS3 ˆ Z{2Zq, AutpX5q – S5, AutpX4q “ pZ{2Zq4 ¸AutpX4, π, 5q

We also say some words about group of automorphisms Xk for k “ 1, 2, 3.

In Chapter 14 we consider the examples of some finite subgroups of BirpP2
Cq. We classify finite

abelian subgroups of AutpP2
Cq and finite abelian subgroups of AutpP1

C ˆ P1
Cq.

9



Chapter 3

Intersection Theory on Surfaces

Suppose X is a smooth projective surface over C. In this case prime divisors on X are irreducible
curves and Weil divisors are the formal combinations of irreducible curves with coefficients in Z such
that only finitely many of these coefficients are non-zero. We denote by P pXq - prime divisors of X.
Consider a surface Y and a finite morphism f : X Ñ Y . Suppose C P P pXq is an irreducible curve
and define:

f˚pCq :“

#

0, if fpCq is a point
d ¨ fpCq, where d is the degree of the induced map C Ñ fpCq

By linearity we define f˚pDq for any divisor D.

3.1 Intersection Multiplicity

Definition 3.1.1. Suppose C, C 1 P P pXq are two distinct irreducible curves on X and x P C X C 1.
Suppose that C and C 1 are locally defined at x by f, g P OX,x respectively. We define:

multxpC,C
1q :“ dimC OX,x{pf, gq

We say that C and C 1 are transverse at x if multxpC,C 1q “ 1.
We define intersection multiplicity as:

C ¨ C 1 :“
ÿ

xPCXC1

multxpC,C
1q

Example 3.1.2. Since intersection multiplicity is a local property it is enough to consider it on an
affine neighborhood. Suppose X “ A2

C. Let’s compute the intersection multiplicity at the origin of:

1. fpx, yq “ x2 ´ y, gpx, yq “ x

dimC
OC2,p0,0q

px2 ´ y, xq
“ dimC

Crx, yspx,yq
px2 ´ y, xq

“ dimC
Crx, yspx,yq
py, xq

“ dimCpCq “ 1

2. fpx, yq “ x2 ´ y, gpx, yq “ xy

dimC
OC2,p0,0q

px2 ´ y, xyq
“ dimC

Crx, yspx,yq
px2 ´ y, xyq

“ dimC
Crx, x2spx,x2q

px3q
“ dimC

Crxsx
px3q

“ 3

10



Chapter 3 3.1. INTERSECTION MULTIPLICITY

3. fpx, yq “ y2, gpx, yq “ px´ yq2

dimC
OC2,p0,0q

py2, px´ yq2q
“ dimC

Crx, yspx,yq
py2, px´ yq2q

“ dimC
Crx, yspx,yq
py2, x2 ´ 2xyq

“

“ dimC

´ Crx, yspx,yq
py2, xpx´ 2yq

¯

“ dimC

´Crx, yspx,yq
py2, xq

ˆ
Crx, yspx,yq
py2, px´ 2yq

¯

“

“ dimC

´Crx, yspx,yq
py2, xq

¯

` dimC

´ Crx, yspx,yq
py2, px´ 2yq

¯

“ dimC
Crysy
py2q

` dimC
Crysy
py2q

“ 4

Proposition 3.1.3. Suppose X is a surface over C, and C a smooth irreducible curve on X, i : C Ñ X
is the associated closed immersion. Then we have an exact sequence of sheaves:

0 Ñ OXp´Cq Ñ OX
i#
ÝÑ i˚OC Ñ 0

Proof. C is an effective Cartier divisor (we can assume that because C is given by the equation) which
is given by the collection tpUi, fiquiPI , fi PM˚

XpUiq, φij “ fi{fj P O˚XpUi X Ujq. Note that for open
U we have:

OXp´CqpUq “ tf PMXpUq| f{fi P OXpU X Uiq @i P I such that U X Ui ‰ Hu

Thus if f P OXp´CqpUq ñ f P OXpUq and the map OXp´Cq Ñ OX is defined this way.
Now to check that the sequence of sheaves is exact it’s enough to prove that it is exact on stalks.
Suppose x P X so we need to prove that:

0 Ñ pOXp´Cqqx Ñ OX,x
i#x
ÝÑ pi˚OCqx Ñ 0

is exact and if x P Ui we write it as:

0 Ñ fiOX,x Ñ OX,x
i#x
ÝÑ pi˚OCqx Ñ 0

1. The first map is injective by the construction.

2. The last map is surjective since i# is a closed immersion by assumption.

3. Suppose that x R C then pi˚OCqx “ 0. Moreover, the fi-s are invertible in some neighborhood
of x. Thus fiOX,x “ OX,x and the desired sequence is exact.

4. Suppose that x P C and suppose that C is locally defined by fi. The image of fiOX,x in pi˚OCqx

is 0 since fi is 0 in all the points of C around x. Moreover, all the points in OX,x which are 0
are defined locally by fi and the desired sequence is exact.

We write OC instead of i˚OC in this sequence. So we get the important exact sequence:

0 Ñ OXp´Cq Ñ OX
i#
ÝÑ OC Ñ 0

Suppose C, C 1 are two distinct irreducible curves. Consider a sheaf supported on C X C 1:

OCXC1 :“ OX{pOXp´Cq `OXp´C
1qq

Note that for x P C X C 1 the stalks are given by:

pOCXC1qx “ OX,x{pf, gq

where f and g are local equations at x for C and C 1 respectively so we get that:

C ¨ C 1 “ h0pX,OCXC1q

11
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3.2 Intersection Product
Define the Euler Characteristic of a line bundle L as:

χpX,Lq :“

dimpXq
ÿ

i“0

p´1qihipX,Lq

For a sheaf F which has 0-dimension support we have HipX,Fq “ 0 for i ě 1 so

χpX,Fq “ h0pX,Fq ñ pC ¨ C 1q “ χpX,OCXC1q

Definition 3.2.1. Suppose L, L1 are line bundles on X.
Define the intersection product:

L ¨ L1 :“ χpX,OXq ´ χpX,L´1q ´ χpX,L1´1q ` χpX,L´1 b L1´1q

Recall that for a smooth projective surface X we have C Ñ OXpCq is a one to one correspondence
between divisors and invertible subsheaves of MX so for L “ OXpCq, L1 “ OXpC

1q we can write it as:

OpCq ¨OpC 1q :“ χpX,OXq ´ χpX,´Cq ´ χpX,´C
1q ` χpX,´C ´ C 1q

Proposition 3.2.2. Suppose C, C 1 are two distinct irreducible curves on X then:

OXpCq ¨OXpC
1q “ C ¨ C 1

Proof. Consider the sequence:

0 Ñ OXp´C ´ C
1q

inclusion
ÝÝÝÝÝÑ OXp´Cq ‘OXp´C

1q
ps´s1q
ÝÝÝÝÑ OX Ñ OCXC1 Ñ 0

To prove that it is exact it is enough to prove it on stalks:

0 Ñ OXp´C ´ C
1qx Ñ OXp´Cqx ‘OXp´C

1qx Ñ OX,x Ñ OCXC1,x Ñ 0

Which is equivalent to the following sequence where f , g are local expressions of C and C 1 respectively:

0 Ñ fgOX,x ÝÑ fOX,x ‘ gOX,x ÝÑ OX,x Ñ OCXC1,x Ñ 0

Where the map fgOX,x ÝÑ fOX,x‘gOX,x is given by fgαÑ pf ¨gα, g ¨fαq, the map fOX,x‘gOX,x ÝÑ

OX,x is given by pf ¨ α, g ¨ βq Ñ f ¨ α´ g ¨ β for α, β P OX,x.
Suppose x R C and x R C 1 then f, g are invertible in OX,x so fgOX,x “ fOX,x “ gOX,x “ OX,x;
OCXC1,x “ 0 and we get the exact sequence:

0 Ñ fgOX,x ÝÑ fOX,x ‘ gOX,x ÝÑ OX,x Ñ 0

since equivalent to exact sequence:

0 Ñ OX,x
inclusion
ÝÝÝÝÝÑ OX,x ‘OX,x

ps´s1q
ÝÝÝÝÑ OX,x Ñ 0

Suppose x R C and x P C 1 (the opposite case is proved similarly) then f are invertible in OX,x so
fgOX,x “ fOX,x, gOX,x “ OX,x; OCXC1,x “ 0 and we get the exact sequence:

0 Ñ fgOX,x ÝÑ fOX,x ‘ gOX,x ÝÑ OX,x Ñ 0

12
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since equivalent to exact sequence:

0 Ñ fOX,x
inclusion
ÝÝÝÝÝÑ fOX,x ‘OX,x

ps´s1q
ÝÝÝÝÑ OX,x Ñ 0

Suppose now x P C X C 1, I this case the sequence on the stalks is:

0 Ñ fgOX,x
inclusion
ÝÝÝÝÝÑ fOX,x ‘ gOX,x

ps´s1q
ÝÝÝÝÑ OX,x Ñ OX,x{pf, gq Ñ 0

1. The first map is clearly injective.

2. The last map OX,x Ñ OX,x{pf, gq is surjective as projection.

3. The image of fOX,x‘gOX,x Ñ OX,x is the ideal pf, gq which is the kernel of OX,x Ñ OX,x{pf, gq.

4. We have that afg Ñ pf ¨ ag, g ¨ afq Ñ afg ´ afg “ 0 thus:

imagepfgOX,x Ñ fOX,x ‘ gOX,xq Ă kernelpfOX,x ‘ gOX,x Ñ OX,xq

5. Suppose pa, bq P O2
X,x such that ag ´ bf “ 0, i.e pa, bq P kerpfOX,x ‘ gOX,x Ñ OX,xq). Then

since f and g are coprime there exists l P OX,x such that a “ lg, b “ lf . So we get that:
lÑ plg, lfq “ pa, bq.

Thus:
kernelpfOX,x ‘ gOX,x Ñ OX,xq Ă imagepfgOX,x Ñ fOX,x ‘ gOX,xq

and the desired sequence is exact, so we get:

C ¨ C 1 “ h0pX,OCXC1q “
p‹q χpX,OCXC1q “

“ χpX,OXq ´ χpX,´Cq ´ χpX,´C
1q ` χpX,´C ´ C 1q “ OXpCq ¨OXpC

1q

p‹q holds since C X C 1 has 0-dimension support.

Let’s recall the Riemann-Roch theorem for curves ([Har77] Theorem I.1.3):

Theorem 3.2.3. (Riemann-Roch for curves) Suppose C is a smooth curve (i.e a projective integral
scheme of dimension 1 over C) and D is a divisor on C then we have:

χpC,Dq “ degpDq ` χpC,OCq “

“ degpDq ` h0pC,OCq ´ h
1pC,OCq “ degpDq ` 1´ gpCq

where gpCq “ h1pC,OCq.

Proposition 3.2.4. Suppose C is a smooth curve on X, L P PicpXq then

OXpCq ¨ L “ degpL|Cq, where L|C “ LbOC

Proof. Consider the exact sequence:

0 Ñ OXp´Cq Ñ OX ÝÑ OC Ñ 0

Twisting by L´1 we get the exact sequence (since L´1 is flat):

0 Ñ L´1 bOXp´Cq Ñ L´1 ÝÑ L´1 bOC “ L´1|C Ñ 0

13
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So we get:
χpX,OXq ´ χpX,OXp´Cqq “ χpX,OCq

and
χpX,L´1q ´ χpX,L´1 bOXp´Cqq “ χpX,L´1|Cq

By definition:

OXpCq ¨ L “ χpX,OXq ´ χpX,OXp´Cqq ´ χpX,L´1q ` χpX,OXp´Cq b L´1q “

“ χpX,OCq ´ χpX,L´1|Cq “
p‹q 1´ gpCq ´ pdegpL|Cq ` 1´ gpCqq “ degpL|Cq

p‹q by Riemann-Roch for curves.

Proposition 3.2.5. The intersection product

L ¨ L1 :“ χpX,OXq ´ χpX,L´1q ´ χpX,L1´1q ` χpX,L´1 b L1´1q

is a symmetric bilinear form
PicpXq ˆ PicpXq Ñ Z

such that we have the equality:
OXpCq ¨OXpC

1q “ C ¨ C 1

for two distinct irreducible curves C, C 1 on X.

Proof. 1). The intersection product is symmetric:

L ¨ L1 “ χpX,OXq ´ χpX,L´1q ´ χpX,L1´1q ` χpX,L´1 b L1´1q “

“ χpX,OXq ´ χpX,L1´1q ´ χpX,L´1q ` χpX,L´1 b L1´1q “ L1 ¨ L
2). The intersection product is bilinear, i.e for L1,L2,L3 P PicpXq we have

L1 ¨ pL2 b L3q “ L1 ¨ L2 ` L1 ¨ L3

pL1 b L2q ¨ L3 “ L1 ¨ L3 ` L2 ¨ L3

Let’s prove the first one (the proof of the second one is similar). Suppose L1 “ OXpCq for C smooth.
Then:

L1 ¨ pL2 b L3q “ OXpCq ¨ pL2 b L3q “
3.2.4 degpL2 b L3q|C “

“ degpL2qC ` degpL3qC “ L1 ¨ L2 ` L1 ¨ L3

Now we need to prove a general case. We can write D „ A ´ B, where A, B are smooth curves
(for sufficiently large n we have OXpDq b OXpnq, OXpnq very ample and we take B P |OXpnq|,
A P |OXpDqbOXpnq| and we can chose them to be smooth by the Bertini Theorem [Har77] III.10.9).
Now suppose L1,L2,L3 P PicpXq, L1 “ OXpDq “ OXpA´Bq “ OXpAq bOXp´Bq:

L1 ¨ pL2 b L3q “ pOXpAq bOXp´Bqq ¨ pL2 b L3q “

“ OXpAq ¨ pL2 b L3q ´OXpBq ¨ pL2 b L3q “

“ degpL2qA ` degpL3qA ´ degpL2qB ´ degpL3qB “

“ OXpAq ¨ L2 `OXpAq ¨ L3 ´OXpBq ¨ L2 ´OXpBq ¨ L3 “ OXpA´Bq ¨ L2 `OXpA´Bq ¨ L3 “

“ OXpDq ¨ L2 `OXpDq ¨ L3 “ L1 ¨ L2 ` L1 ¨ L3

3) By Proposition 3.2.2 we know that for distinct irreducible curves C, C 1 we have:

OXpCq ¨OXpC
1q “ C ¨ C 1

14
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Definition 3.2.6. Suppose D, D1 are the divisors on X. Define:

D ¨D1 :“ OXpDq ¨OXpD
1q

Example 3.2.7. Suppose X “ P2
C. We know that PicpXq “ Z and any line L is a generator. Note

that we can find lines L1, L2 such that they meet transversely. Then:

L2 “ L1 ¨ L2 “ 1

The intersection product is linear. If C is the curve of degree d, C 1 is the curve of degree d1, then
C „ dL, C 1 „ d1L. Then we get the Bezout’s Theorem:

C ¨ C 1 “ pdLq ¨ pd1Lq “ pd ¨ d1qL2 “ d ¨ d1

3.3 Riemann-Roch for Surfaces

Recall that the canonical divisor KX P PicpXq on an algebraic variety X is given by the divisor of
a 2-differential form. It is well-defined since two distinct differential forms give linearly equivalent
divisors.

Proposition 3.3.1. (Riemann-Roch for surfaces)
For a smooth projective surface X and L P PicpXq we have:

χpX,Lq “ χpX,OXq ` 1{2pL2 ´ L ¨KXq

Recall that for a smooth projective surface X we have that C ÞÑ OXpCq is a one to one correspondence
between divisors and invertible subsheaves of MX so for L “ OXpCq we can write it as:

χpX,Cq “ χpX,OXq ` 1{2pC2 ´ C ¨KXq

Proof. First note that by Serre’s Duality we have:

χpX,OXq “ χpX,OXpKXqq and χpX,Lq “ χpX,L´1 bOXpKXqq

From definition we deduce:

L´1 ¨ pLbOXp´KXqq “ χpX,OXq ´ χpX,Lq ´ χpX,L´1 bOXpKXqq ` χpX,OXpKXqq “

“ 2pχpX,OXq ´ χpX,Lqq ñ χpX,Lq “ χpX,OXq ´ 1{2L´1 ¨ pLbOXp´KXqq “
bilinearity

“ χpX,OXq ` 1{2pL2 ´ L ¨OXpKXqq

Example 3.3.2. Suppose X “ P2
C. In this case χpOP2

C
q “ 1, OP2

C
pKP2

C
q “ OP2

C
p´3q. Then by the

Riemann-Roch for surfaces we obtain:

χpOP2
C
pdqq “ 1` 1{2pd2 ` 3dq

15
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3.4 Genus Formula
Proposition 3.4.1. (Genus formula)
For a smooth projective surface X and an irreducible curve C on X the genus of C is:

gpCq “ 1` 1{2pC2 ` C ¨KXq

Proof. Consider the exact sequence:

0 Ñ OXp´Cq Ñ OX ÝÑ OC Ñ 0

So we get:
χpX,OXq ´ χpX,OXp´Cqq “ χpX,OCq

By Riemann-Roch for X:

χpX,OXp´Cqq “ χpX,OXq ` 1{2pC2 ` C ¨KXq

Thus, we obtain:

1´ gpCq “p‹q χpX,OCq “ ´1{2pC2 ` C ¨KXq ñ gpCq “ 1` 1{2pC2 ` C ¨KXq

(‹) by Riemann-Roch for curves.

Example 3.4.2. Suppose X “ P2
C and C is an irreducible curve of degree d, i.e. C „ dL where L is

a line. Then:
gpCq “ 1` 1{2pd2 ´ 3dq “

pd´ 1qpd´ 2q

2
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Chapter 4

Blow-up

Suppose X is a smooth projective surface over C.

4.1 Definition and Construction
Proposition 4.1.1. For a surface X and point p on X there exists a surface rX and a morphism
π : rX Ñ X which are unique up to isomorphism such that:

1. π|π´1pXztpuq : π´1pXztpuq Ñ Xztpu is an isomorphism.

2. π´1ppq “ E – P1
C.

P1
C – E Ă rX

πthe blow-up

��
p P X

π is called the blow-up of X at point p, E is called the exceptional divisor/exceptional
curve. We will denote the blow-up of X at point p either BlppXq or rX.

Construction: First let’s construct the blow-up rA2
C of A2

C at point p0, 0q. It is given by:

rA2
C “ Blp0,0qpA2

Cq :“ tppx1, x2q, ry0 : y1sq| x1y1 “ x2y0u Ă A2
C ˆ P1

C

Note that for px1, x2q ‰ p0, 0q (without loss of generality x1 ‰ 0). We obtain

x1y1 “ x2y0 ñ y1 “ px2{x1qy0 ñ ry0 : y1s “ r1 : x2{x1s

so we see that π´1
`

px1, x2q
˘

consists of one point. For p0, 0q we have π´1
`

p0, 0q
˘

“ P1
C. Now consider

a point p on surface X, the affine neighborhood U of p with local coordinates x1, x2. Define rU as
above:

rU :“ tppx1, x2q, ry0 : y1sq| x1y1 “ x2y0u Ă U ˆ P1
C

It’s clear that Uztpu – rUztπ´1ppqu. So we can get rX by passing rU and Xztpu along this intersection.

Proposition 4.1.2. rX is a smooth projective surface with E – P1
C as above.

Proof. Note that rX is given by x1 “ x2y0 on A2
C ˆ U1 and by y1x1 “ x2 on A2

C ˆ U0 so it is smooth
on the each part of the cover of the neighborhood of E, so rX is itself smooth.
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Suppose π : rX Ñ X is a blow up of X at point p P X, π´1ppq “ E. Note that we can identify the
points of E “ π´1pxq with the tangent directions at point x on X. Suppose C is an irreducible
curve on X and C passes through x with multiplicity m. Here the multiplicity is defined as follows:
if f P mkpzm

k`1
p (mp is a maximal ideal of OX,p) then m “ k. Suppose we can we choose an open

affine neighborhood p P U Ă X (U Ă A2
C), such that locally we have p “ p0, 0q, and C is given by

C :
ř

i fipα, βq “ 0q, where fi are homogeneous polynomials of degree i in α, β. The multiplicity
mppCq is equal to min

 

i | fipα, βq ‰ 0
(

. We have:

(1) mppCq ě 0 (2) mppCq “ 0 ô p R C (3) mppCq “ 1 ô p is a smooth point of C
(4) mppCq ě 2 ô p is a singular point of C

Then the closure of π´1pCztpuq is an irreducible curve rC on rX called the strict transform of C.

Recall that for φ : X Ñ Y a dominant morphism of surfaces it is possible to show that there
exists a group morphism

φ˚ : DivpY q Ñ DivpXq

(the dominant hypothesis is not necessary but we assume it for simplicity). Such morphism gives is a
field immersion φ˚ : CpY q Ñ CpXq, where Cp´q denotes the field of rational functions. Consider a
Cartier divisor D on Y . It is given by a collection

 

pUi, fi
˘

uiPI where tUiuiPI is an open cover of Y
and fi PM˚

XpUiq, φij “ fi{fj P O˚XpUi X Ujq for all i, j P I. We define

φ˚D P DivpXq which is given by
 

pφ´1pUiqiPI , φ
˚fiq

(

iPI

The fact that it is a Cartier divisor on X can be proved straightforward.

Example 4.1.3. Consider a curve

C : x2
1 ´ x

3
2 “ 0 Ă A2

C

and its pull-back π˚C under the blow-up π : rA2
C Ñ A2

C at p0, 0q
Suppose y0 ‰ 0 ñ from x1y1 “ x2y0 we obtain x2 “ x1py1{y0q “: x1α. So π˚C on affine standard
open A2

C ˆ U0 is defined by

0 “ x2
1 ´ x

3
2 “ x2

1 ´ x
3
1α

3 “ x2
1p1´ x1α

3q

and rC is given by p1´ x1α
3q.

Suppose y1 ‰ 0 ñ from x1y1 “ x2y0 we obtain x1 “ x2py0{y1q “: x2β. So π˚C on affine standard
open A2

C ˆ U1 is defined by

0 “ x2
1 ´ x

3
2 “ x2

2β
2 ´ x3

2 “ x2
2pβ

2 ´ x2q

and rC is given by pβ2 ´ x2q.

Example 4.1.4. Consider a curve

C : x2
2 ´ x

2
1 ´ x

3
1 “ 0 Ă A2

C

and it’s pull-back π˚C under the blow-up π : rA2
C Ñ A2

C at p0, 0q.
Suppose y0 ‰ 0 ñ from x1y1 “ x2y0 we obtain x2 “ x1py1{y0q “: x1α. So π˚C on affine standard
open A2

C ˆ U0 is defined by:

0 “ x2
2 ´ x

2
1 ´ x

3
1 “ x2

1α
2 ´ x2

1 ´ x
3
1 “ x2

1pα
2 ´ 1´ x1q

and rC is given by α2 ´ 1´ x1.
Suppose y1 ‰ 0 then similarly from x1y1 “ x2y0 we obtain x1 “ x2py0{y1q “: x2β. So π˚C on affine
standard open A2

C ˆ U1 is defined by

0 “ x2
2 ´ x

2
1 ´ x

3
1 “ x2

2 ´ x
2
2β

2 ´ x3
2β

3 “ x2
2p1´ β

2 ´ x2β
3q

and rC is given by 1´ β2 ´ x2β
3.

18



Chapter 4 4.2. PROPERTIES OF THE BLOW-UP

4.2 Properties of The Blow-up

Note that in the examples above we have that π˚C “ rC ` 2E where 2 “ mp0,0qpCq. Let’s prove it in
the general case.

Proposition 4.2.1. Suppose C is an irreducible curve on X and C passes through point x with
multiplicity m. Then:

π˚C “ rC `mE

Proof. We see that there exists m1 P N such that π˚C “ rC ` m1E (since we have isomorphism
rXzE – Xztpu and πp rCq “ C, πpEq “ p0, 0q). Now consider local coordinates at point P “ p0, 0q P U -
neighborhood given by α and β. The equation of C is given locally at OX,P by:

f “ fmpα, βq ` fm`1pα, βq ` ..., where fmpα, βq is homogeneous of degree m

note that fmpα, βq ‰ 0 since m is a multiplicity at P by assumption.
Now consider rU as in the construction above. Points on E – P1

C are given by αv “ uβ consider it on
u ‰ 0 so we can write:

π˚f “ fpα, αpv{uqq “ αmpfmp1, v{uq ` fm`1p1, v{uq ` ...q

Since a local equation for E is given by α “ 0 we obtain that the local multiplicity of E equals m,
which means π˚C “ rC `mE.

Proposition 4.2.2. Suppose D,D1 are divisors on X. Then:

pπ˚Dq ¨ pπ˚D1q “ D ¨D1, E ¨ pπ˚Dq “ 0, E2 “ ´1

Proof. ‚ Note that similarly to the proof 3.2.5 we can find very ample divisors D1, D2, D11, D12 such
that D „ D1 ´D2, D1 „ D11 ´D

1
2. The divisors D1, D2, D11, D12 separate points so we can find the

divisors A1 „ D1, A2 „ D2, A11 „ D11, A12 „ D12 such that P R SupppAiq Y SupppA1iq for i “ 1, 2.
Then:

pπ˚Dq ¨ pπ˚D1q “ pπ˚pD1 ´D2qq ¨ pπ
˚pD11 ´D

1
2qq “

“ pπ˚pA1 ´A2qq ¨ pπ
˚pA11 ´A

1
2qq “ pA1 ´A2q ¨ pA

1
1 ´A

1
2q “ D ¨D1

‚ take the divisor A „ D such that P R SupppAq, Note that in this case rAX E “ 0. Then:

E ¨ pπ˚Dq “ E ¨ pπ˚Aq “ E ¨ rA “ 0

‚ Suppose C is a smooth curve passing through P such that π˚C “ rC ` E (i.e with multiplicity 1 at
point P ). rC meets E transversally. Thus:

0 “ E ¨ pπ˚Cq “ E ¨ p rC ` Eq “ E ¨ rC ` E2 “ 1` E2 ñ E2 “ ´1

Proposition 4.2.3. There are isomorphisms:

PicpXq ‘ ZrEs – Picp rXq, where pD,mq Ñ π˚D `mE
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4.2. PROPERTIES OF THE BLOW-UP Chapter 4

Proof. consider an irreducible curve rC ‰ E on rX. Note that π˚pπp rCqq “ rC `mE for some m P Z so
we can define a surjective map:

PicpXq ‘ ZÑ Picp rXq, where pD,mq Ñ π˚D `mE

Suppose π˚D `mE „ 0. Note that:

0 “ pπ˚D `mEq ¨ E “ π˚D ¨ E `mE ¨ E “4.2.2 0´m ¨ 1 ñ m “ 0

Thus we obtain:

OX –
p‹q π˚O

ĂX
– π˚pO

ĂX
pπ˚pD `mEqqq “ π˚pO

ĂX
pπ˚Dqq – π˚O

ĂX
pDq – OXpDq ñ D „ 0

the proof of p‹q can found in [Har77] Corollary III.11.4. Thus, our map is an isomorphism.

Corollary 4.2.4. Suppose C P PicpXq, D P Picp rXq, then

π˚C ¨D “ C ¨ π˚D

Definition 4.2.5. Note that the curve obtained by blowing-up is isomorphic to P1
C and has self

intersection ´1. We call it a p´1q-curve.

Proof. Suppose C „ A´B, where A, B are curves not containing P . Then:

π˚C ¨D “ π˚pA´Bq ¨D “ π˚A ¨D ´ π˚B ¨D “ A ¨ π˚D ´B ¨ π˚D “ C ¨ π˚D

Proposition 4.2.6.

K
ĂX
“ π˚KX ` E and K2

ĂX
“ K2

X ´ 1

Proof. We know that rXzE – XzP thus the canonical divisor K
ĂX
on rXzE coincides with the canonical

divisor KX on XzP . So K
ĂX

is of the form K
ĂX
“ π˚KX `nE for some n P Z. By genus formula 3.4.1

for E – P1
C (so gpEq “ 0) we have:

´2 “ 2gpEq ´ 2 “ E ¨ pE `K
ĂX
q “ E2 ` E ¨K

ĂX
“ ´1` E ¨K

ĂX
ñ

ñ E ¨K
ĂX
“ ´1 ñ E ¨ pπ˚KX ` nEq “ ´1 ñ ´n “ ´1 ñ n “ 1

Now:
K2

ĂX
“ pπ˚KX ` Eq

2 “ π˚K2
X ` 2π˚KX ¨ E ` E

2 “ K2
X ´ 1
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Chapter 5

Resolution of Indeterminacies

Suppose X is a smooth projective surface over C, π : rX Ñ X is a blow up of X at point x P X,
π´1pxq “ E.

5.1 Smooth Strict Transform of an Irreducible Curve

Proposition 5.1.1. Suppose C is an irreducible curve on X, π˚C “ rC ` rE. Then rC ¨E “ r and :

gp rCq “ gpCq ´
1

2
rpr ´ 1q

where rC is the strict transform of C.

Proof. Note that we have that rC “ π˚C ´ rE, where r “ rC ¨ E. By genus formula 3.4.1 we have:

2gp rCq ´ 2 “ rC ¨ p rC `K
ĂX
q “ pπ˚C ´ rEqpπ˚C ´ rE ` π˚KX ` Eq “

“ pπ˚Cq2 ` π˚C ¨ Ep´r ` 1´ rq ` rpr ´ 1qE2 ` π˚C ¨ π˚KX ´ rE ¨ π
˚KX “

“ C2 ´ rpr ´ 1q ` C ¨KX “ 2gpCq ´ 2´ rpr ´ 1q

Thus:

gp rCq “ gpCq ´
1

2
rpr ´ 1q

Thus, the blow-up of a singular point reduces the genus.

Corollary 5.1.2. Suppose C is an irreducible curve on X. Then there exists a sequence of blow-ups:

Xn Ñ Xn´1 Ñ ...Ñ X1 Ñ X0 “ X

such that the strict transform Cn of C on Xn is smooth.

Proof. We just blow-up singular points on the curve and using the previous proposition we conclude
that the process will terminate since on each iteration the arithmetic genus decreases.

21



5.2. LINEAR SYSTEMS Chapter 5

5.2 Linear Systems
Definition 5.2.1. Suppose X, Y are projective varieties over C. Then we call a map of the form

φ : X 99K Y, where φ “ rf0 : ... : fns

such that f0, ..., fn P CpXq have the property that for any point p P X such that all f0, ..., fn are
defined we have that:

φppq “ rf0ppq : ... : fnppqs P Y

a rational map. We call this map a birational map if we can find a rational map φ´1 : Y 99K X
such that φ ˝ φ´1 and φ´1 ˝ φ are the identities as rational maps.

Definition 5.2.2. The plane Cremona group over the field C denoted by BirpP2
Cq is the group

of birational transformations of the projective plane P2
C of dimension 2 over the field C.

Proposition 5.2.3. X is a surface, φ : X 99K Y is a rational map from the definition above then we
have that XzU “ F is a finite set.

Proof. Locally we can write a rational map φ as

φ “ rf0 : ... : fns “
“

1 :
g1

h1
: ... :

gn
hn

‰

,

where fi are rational functions, gi, hi are holomorphic and relatively prime Consider H the least
common multiple of hi-s. Then φ is given by:

φ “ rH : f1H... : fnHs “: rf̃0 : f̃1 : ... : f̃ns

the functions f̃i “ fiH are holomorphic and well-defined away from XV pf̃iq. Suppose s is a common
factor of f̃i. Then if sm|H for some m P Zě1 and sm`1 - H. Then we have that there exists i such
that sm|hi. But in this case we have that

s - H ¨
gi
hi
“ Hfi “ f̃i ñ V pf̃iq does not contain divisors

So we have that XzU consists of at most points and since XzU is a closed subset of compact space
we conclude that XzU consists of a finite number of points.

Let’s make some remarks:

• We can set φpCq “ φpCzF q to be the image of φ for a smooth projective curve C (since φ is
defined on CzF ).

• We have the isomorphism PicpXq – PicpXzF q ([Har77] Proposition II.6.5).

• We call |D| a complete linear system and a linear subspace S of |D| a linear system. We
may look at |D| as:

|D| “
 

zeros of s P H0pX,OXpDqq
(

{Cˆ

Thus |D| can be seen as the projective space associated to the vector space H0pX,OXpDqq and
S Ă |D| as a subspace of this projective space. We say that the dimension of S equals the
dimension of the corresponding subspace.

• If dimpSq “ 1 then we call it a pencil.

• We say that F is a fixed part of the linear system S if F is contained in any element of S.
We call a point P a fixed point (base point) of S if any element of S contains P .
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C

• For any D1 P S we have that |D1 ´ F | has no fixed part.

• If S has no fixed part then the number of fixed points equals b which satisfies 0 ď b ď D2 1.

Proposition 5.2.4. Suppose that X is a smooth projective surface. Then there is a one-to-one
correspondence between:

1. Rational maps φ : X 99K PmC such that no hyperplane contains φpXq.

2. Linear systems of dimension m without fixed part on X.

Proof. • Consider a rational map φ : X 99K PnC and assosiate φ˚|H| to it. Here |H| is a complete
linear system of hyperplanes on PmC . Note that by assumption φpXq is contained in no hyperplane,
so we get that |H| has no fixed part, which means that φ˚|H| has no fixed part.

• Suppose we have a linear system S on X with no fixed part, S_ is dual to S. Define a rational
map φ : X 99K S_ where a point P on S is sent to the hyperplane of divisors in S containing P .
This map is not defined only at fixed points.

Note that we can define the map φ above using sections. Let |D| is a complete linear system, and
ps0, ..., snq is a basis of H0pX,OXpDqq then we have a rational map

φ|D| : X 99K PpH0pX,OXpDqq
_q, where xÑ rs0pxq : ... : snpxqs

A linear system |D| is very ample if φ|D| is an embedding.

5.3 Embeddings Given by Linear Systems on P2
C

Definition 5.3.1. The surface X is called rational if it is birational to P2
C.

Suppose that we have a rational surface X Ă PnC. X is birationally equivalent to P2
C so we obtain a

rational map φ : P2
C 99K PNC . Suppose that X is contained in no hyperplane of PnC . Thus by 5.2.4 we

can associate to it a linear system S on P2
C with no fixed component.

Suppose that S is such linear system and φ : P2
C 99K S_ – PNC . Note that φ is not always a

morphism. Assume that for X̃ which is a blow-up of P2
C (π : X̃ Ñ P2

C) in distinct base points p1, ..., pr
of linear system S and we have that f “ φ ˝ π is a morphism:

X̃

π

��

f“φ˝π

  
P2
C

φ // PNC

Note that if Ei “ π´1ppiq, mi the minimal multiplicity of members of S at pi, d is the degree of
members of S, l Ă P2

C is a line (so S Ă |dl|), L “ π˚l. Then we get:

S̃ Ă
ˇ

ˇdL´
ř

imiEi
ˇ

ˇ

f is en embedding when S̃ separates points and tangent directions. The first condition means that
for any x, y P X we can find a member of S̃ which passes through x and not through y. The second
condition means that for any x P X and any tangent direction at x, there exists a member of S̃ which

1D is effective so we can only have D2 ă 0 if h0pDq “ 1, but it’s not possible since |D| defines a birational map, so
D2 ě 0
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5.4. RESOLUTION OF RATIONAL MAPS Chapter 5

passes through x and has not the given direction at x.

Suppose that f is an embedding, i.e. its image fpX̃q “ X Ă PNC is the smooth rational sur-
face. Then from proposition 4.2.3 and the fact that l is the generator of PicpP2

Cq “ Z, π˚l “ L we get
that:

PicpX 1q “
à

i

ZrEis ‘ ZrLs, where L2 “ 1, E2
i “ ´1

We can write a hyperplane divisor and compute the degree of X:

H “ dL´
ÿ

i

miEi, degpXq “ H2 “ d2 ´
ÿ

i

m2
i

Lines on X 1 are given by curves C such that C ¨H “ 1. Conics on X are given by curves C 1 such
that C 1 ¨H “ 2 etc.

Example 5.3.2. Consider the complete linear system of quadrics in P2
C then dimpH0pP2

C,OP2
C
p2qqq “ 6.

A basis is given by the monomials x2
0, x

2
1, x

2
2, x0x1, x0x2, x1x2. The linear system is very ample and

we have an embedding
v : P2

C ãÑ P5
C

which is called a Veronese embedding.

5.4 Resolution of Rational Maps
Theorem 5.4.1. Suppose X is a smooth projective surface, Y is a projective variety, φ : X 99K Y is a
rational map. Then there exists a smooth projective surface X 1 together with a morphism f : X 1 Ñ Y
and a morphism η : X 1 Ñ X which can be decomposed as a finite number of blow-ups such that
φ ˝ η “ f :

X 1

η

~~

f

  
X

φ
// Y

Proof. By assumption Y is a projective variety so we can view Y as a subset of PmC . Thus, we can
assume Y “ PmC and no hyperplane contains φpXq. By proposition 5.2.4 we have that φ corresponds
to a linear system S Ă |D| of dimension m without fixed part on X.
Suppose S has a base point P P X (otherwise φ is trivially a morphism). Now we consider a blow-up
of X at point P : π1 : X1 Ñ X. Consider π˚1S Ă |π˚1D|. Note that if F1 is a fixed part of π˚1S.
Then F1 is supported on E Ă π˚1S with positive multiplicity k1. Now we consider the corresponding
system S1 Ă |π˚1D´ kE| where |π

˚
1D´ kE| “ |D1| has no fixed component, so it gives a rational map

φ1 : X1 99K PmC such that φ1 “ φ ˝ π1:

X1

π1

~~

φ1

  
X

φ
// Y

Now we proceed the process by induction (obtaining a blow-up πn : Xn Ñ Xn´1, a linear system
π˚nSn Ă |Dn| and a rational map φn : Xn 99K PmC ). Note, that Dn “ π˚nDn´1 ´ knEn. Then we have:

0 ď D2
n “ pπ

˚
nDn´1 ´ knEnq

2 “ pπ˚nDn´1q
2 ´ 2knDn´1 ¨ En ` k

2
nE

2
n “ D2

n´1 ´ k
2
n

so the process terminates. Thus, at the end we obtain Sn with no base points so f :“ φ : Xn Ñ PmC is
a morphism as desired.
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Chapter 5 5.4. RESOLUTION OF RATIONAL MAPS

Proposition 5.4.2. Suppose X is an irreducible possibly singular projective surface, X 1 is a smooth
projective surface, f : X Ñ X 1 is a birational morphism such that f´1 is not defined at P P X 1:

P P X 1
f´1

// X Ą C

Then f´1pP q is a curve C on X.

Proof. By looking at the problem locally we suppose that X is affine so we have the embedding
i : X Ñ AnC. Now consider a rational map i ˝ f´1 : X 99K AnC defined by i ˝ f´1px1q “ pg1, ..., gnq
where gi is a rational function for any i. Without loss of generality we can suppose that g1 “ u{v is
not defined at P P X 1, i.e. we take u, v P OX1,P coprime, vpP q “ 0. Suppose C Ă X is a curve defined
by f˚v “ 0. Then f˚u “ x1f

˚v, (x1 is the first coordinate function on X Ă AnC). So f˚u “ f˚v “ 0
on C. Thus C “ f´1pV pu “ 0, v “ 0qq. We assumed that v, u are coprime ñ V is finite, so we can
shrink the neighborhood and assume that it contains only one point P and we get f´1pP q “ C.

Proposition 5.4.3. Suppose X,X 1 are smooth projective surfaces, φ : X 99K X 1 is a rational map.
φ´1 is not defined at P P X 1. Then there exists C (a curve on X) such that φpCq “ P .

C Ă X
φ // X 1 Q P

Proof. By assumption φ : X Ñ X 1 is a rational map so it corresponds to a morphism f : U Ñ X 1

where U Ă X is open. Consider:

Γf “ tpu, fpuqq| u P Uu Ă U ˆX 1 Ă X ˆX 1

X1 “ Γf Ă X ˆX 1

Note that X1 together with projection morphism q, q1 form a commutative diagram:

X1

q

~~

q1

!!
X

φ
// X 1

Note that by assumption φ´1 is not defined at point P P X 1, so pq1q´1 is not defined at point P P X 1
and we see that pq1q´1 : X 1 99K X1 satisfy the conditions of proposition 5.4.2. So there exists a curve
C1 Ă X1 such that q1pC1q “ P . Moreover, since X1 Ă X ˆX 1 we have qpC1q “ C Ă X a curve on X
such that φpCq “ P .

Proposition 5.4.4. Suppose X, Y are smooth projective surfaces, f : X Ñ Y is a birational
morphism, f´1 is not defined at P P Y . Then there exists a birational morphism g : X Ñ rY such that
f “ π ˝ g, where π : rY Ñ Y is a blow-up of Y at P .

rY

π

��
X

g

77

f
// Y Q P

f´1

oo

Proof. Consider a birational map g “ π´1 ˝ f . We need need to prove that it is a birational morphism.
Suppose the opposite, i.e that g is not defined at point Q P X. Applying proposition 5.4.3 wee get a
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5.4. RESOLUTION OF RATIONAL MAPS Chapter 5

curve rC Ă rY such that g´1p rCq “ Q Note that fpQq “ πp rCq and the only curve which has a point as
its image via π is E. Thus, rC “ E and fpQq “ P .

rY Ą E “ rC

π

��
Q P X

g

55

f
// Y Q P

f´1

oo

Consider a maximal ideal mQ Ă OX,Q and suppose we have local coordinates px, yq such that f˚y P m2
Q

in the neighborhood of point P P Y . We can find such coordinates since in case g˚y R m2
Q, i.e. g

˚y

vanishes at g´1pP q with multiplicity 1 and so gives a local equation for g´1pP q. So we can find some
u P OX,Q such that g˚x “ ug˚y. Now we choose a new y by setting y1 :“ x ´ upQqy, we see that
g˚y1 “ pu´ upQqqg˚y P m2

Q.
Now consider a point P 1 P E such that the map g´1 is defined at P 1. Then for almost all points on
E we have that pg´1q˚g˚y “ π˚y P m2

P 1 . By construction of the blow-up morphism π˚y is a local
coordinate for all points in E except one - contradiction.

Theorem 5.4.5. Suppose X, X0 are smooth projective surfaces, f : X Ñ X0 is a birational
morphism. Then there exists a sequence of πk : Xk Ñ Xk´1, for k P t1, ..., nu , where each πi is a
blow-up, u : X

–
ÝÑ Xn and f “ π1 ˝ ... ˝ πn ˝ u:

X

u

–

uu

f

((
Xn πn

// Xn´1 πn´1

// ¨ ¨ ¨
π2

// X1 π1

// X0

Proof. ‚ In case f is an isomorphism there is nothing to prove.
‚ Suppose f is not an isomorphism. Then there is a point P1 on X0 where f´1 is not defined and
we can apply proposition 5.4.4 to get the factorization f “ π1 ˝ f1, where π1 : X1 Ñ X0 is the blow
up of X0 at point P1 and f1 : X Ñ X1 is a birational morphism. By induction we proceed the
process. Let’s prove that it terminates. Suppose that it does not. Then there exist infinite sequences
of blow-ups tπi : Xi Ñ Xi´1u and birational morphisms tfi : X Ñ Xiu such that for any i they satisfy
the relations πi ˝ fi “ fi´1, i.e. the following diagram is commutative:

X
fi

~~

fi´1

$$
Xi πi

// Xi´1 Q Pi

Suppose the number of curves on X contracted by fi equals ni. This number is well-defined since ni
is finite: suppose f´1

i is not defines at point Q P Xi then f´1
i pQq Ă X is a closed subset of X which

means that it can be seen as a finite number of irreducible components and there are only finitely
many such Q P Xi. From commutative diagram we obtain that if a curve C is contracted by fi then
it is contracted by fi´1 and there is a irreducible curve Ci Ă X such that fipCiq “ Ei Ă Xi is the
exceptional curve for πi : Xi Ñ Xi´1.

Ci Ă X
fi

yy

fi´1

&&
Ei Ă Xi πi

// Xi´1 Q Pi

We see that fipCiq “ Ei and fi´1pCiq “ Pi thus ni ă ni´1. So the process terminates.
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From theorems 5.4.1 and 5.4.5 we obtain a corollary:

Corollary 5.4.6. Suppose X,X 1 are smooth projective surfaces, φ : X 99K X 1 is a birational map.
Then there exists rX smooth projective surfaces such that the following diagram is commutative:

rX
f

��

g

  
X

φ // X 1

where f, g are composites of blow-ups and isomorphisms.

5.5 Castelnuovo’s Contractibility Criterion
We first state Nakai-Moishezon Criterion [Har77], Theorem V.1.10:

Theorem. A divisor D on a smooth projective surface X is ample if and only if D2 ą 0 and D ¨C ą 0
for any (irreducible) curve C Ă X.

Theorem 5.5.1. (Castelnuovo’s contractibility criterion)
Suppose X is a smooth projective surface, there is E Ă X such that E – P1

C and E2 “ ´1. Then
there exists a morphism f : X Ñ X0 to a smooth projective surface X0 and point P P X0 such that X
is isomorphic via f to the blow up of X0 at point P and E is the exceptional curve.

Proof. ‚ Consider a very ample divisor H on X such that H1pX,OXpHqq “ 0. Suppose k “ H ¨ E,
H 1 “ H ` kE (note that k ą 0 by Nakai-Moishezon Criterion since H is ample and E is effective ).
Note that E – P1

C and line bundles on P1
C are parametrized by their degree. Thus:

OXpHq|E – OEpkq OXpEq|E – OEp´1q OXpH
1q|E – OE

For i P t1, ..., ku consider the exact sequence:

0 Ñ OXpH ` pi´ 1qEq Ñ OXpH ` iEq Ñ OE bOXpH ` iEq “ OEpk ´ iq Ñ 0

which gives rise to the part long exact sequence:

0 Ñ H0pX,OXpH ` pi´ 1qEqq Ñ H0pX,OXpH ` iEqq
ri
ÝÑ H0pE,OEpk ´ iqq Ñ

Ñ H1pX,OXpH ` pi´ 1qEqq Ñ H1pX,OXpH ` iEqq Ñ 0

(since H1pE,OEpk ´ iqq “ H1pP1
C,OP1

C
pk ´ iqqkěi “ 0). Suppose i “ 1:

0 Ñ H0pX,OXpHqq Ñ H0pX,OXpH ` Eqq
r1
ÝÑ H0pE,OEpk ´ 1qq Ñ

Ñ H1pX,OXpHqq “ 0 Ñ H1pX,OXpH ` Eqq Ñ 0 ñ H1pX,OXpH ` Eqq “ 0

Thus, by induction on i we have that H1pX,OXpH ` iEqq “ 0 for i P t1, ..., ku and ri-s are surjective.
Suppose s P H0pX,OXpEqq for V psq “ E, the restrictions of pai,0, ..., ai,k´iq P H0pX,OXpH ` iEqq
give a basis in H0pE,OEpk ´ iqq “ H0pE,OEpk ´ iqq, pe0, ..., enq is the basis of H0pX,OXpHqq.
The basis for H0pX,OXpH

1qq “ H0pX,OXpH ` kEqq is given by:
´

e0s
k, ..., ens

k, a1,0s
k´1, ..., a1,k´1s

k´1, ..., ak´1,1s, ak,0

¯
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Now using the corresponding linear system we can define a rational map φ : X 99K PNC (for some
N P Z) to the projective space such that φXzE : XzE Ñ PNC is an embedding since pe0, ..., enq defines
an embedding. Looking at the first n ` 1 terms, we see that there are no basepoints away from
V ps “ 0q “ E. For a point on E, all the terms are non-zero except the last one. Thus, we have a
basepoint free map, that sends E to P “ r0 : ... : 0 : 1s. Denote φpXq “ X 1. We obtained a morphism
ε : X Ñ X 1 such that XzE – X 1zP , εpEq “ P .

‚ To prove that X 1 is smooth it is enough to show that X 1 is smooth at P . Consider U “ XzV pak,0q
an open neighborhood of E. Consider x “ ak´1,0

ak,0
, y “

ak´1,1

ak,0
P H0pU,OU p´Eqq such that their restric-

tions give the basis of H0pE,OEp1qq and for some smaller neighborhood U 1 we have that x, y do not
vanish at the same time. Thus we can define a morphism h2 : U 1 Ñ P1

C: pα, βq Ñ rxpα, βq : ypα, βqs
and a morphism h1 : U 1 Ñ A2

C: pα, βq Ñ
`

sxpα, βq, sypα, βq
˘

. Now we obtain a morphism:

ph1, h2q : U 1 Ñ A2
C ˆ P1

C

Since V psq “ E then this morphism factors through rA2
C Ă A2

CˆP1
C (since x ¨ sy “ y ¨ sx) and moreover

E – EA where EA is the exceptional curve on rA2
C. Now we recall that

rA2
C “

 

ppx1, x2q, ry0 : y1sq| x1y1 “ x2y0

(

Ă A2
C ˆ P1

C “
 

ppx1, x2q, ry0 : y1sq
(

Suppose Q P E. We have that x, y do not vanish at the same time thus we may assume that xpQq “ 0,
ypQq “ 1. In this case we have that hpQq “ pp0, 0q, r0 : 1sq. Consider px2, y0{y1q as local coordinates
at hpQq. Note that h˚x2 “ sy (has order of vanishing 1 at E), h˚py0{y1q “ x{y (local coordinate at
Q on E). Thus, for any point Q on E the local coordinates at hpQq under the inverse image of h give
local coordinates at Q. We see that h is étale.
Let’s now view this situation in the analytic topology and consider a commutative diagram:

E Ă U
h //

ε

��

rA2
C Ą EA

π

��
P P εpUq

h̄ // A2
C Q p0, 0q

Note that in this case we have a local homeomorphism h : U Ñ X “ hpUq (i.e. for any point on E
we have that h is a homeomorphism near this point). Thus, there exist neighbourhood U 1 of E such
that h : U 1 – V 1 “ hpU 1q. So we get that h̄ : εpU 1q – ηpV 1q and εpU 1q is smooth since ηpV 1q Ă A2

C is
smooth.
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Chapter 6

Bubble Spaces

6.1 Basic Definitions
Definition 6.1.1. Suppose X is a smooth projective surface, consider the bubble space of X:

BpXq “
"

py, Y, πq| y is a point on smooth projective surface Y and
π : Y Ñ X is a birational morphism

*

M

„

where py, Y, πq „ py1, Y 1, π1q if and only if there is an open neighborhood of y such that the birational
map pπ1´1q ˝ π : Y 99K Y 1 restricts to an isomorphism of neighborhoods y P Uy Ă Y , y1 P Uy1 Ă Y 1

which sends y Ñ y1, i.e. the following diagram is commutative:

y P Y

π
""

pπ1q´1
˝π // y1 P Y 1

π1{{
X

, pπ1q´1 ˝ πpyq “ y1 and Uy – Uy1 via pπ1q´1 ˝ π

‚ If the point is equivalent to px,X, idXq then we call it a proper point:

y P Y

π
""

π // x P X

idX||
X

, πpyq “ x and Uy – Ux via π

otherwise we call it an infinitely near point.

‚ Suppose now we have y, y1 P BpXq corresponding to py, Y, πq, py1, Y 1, π1q respectively we say that y
is infinitely near to y1 if pπ1q´1 ˝ π : Y Ñ Y 1 is the morphism such that a curve C containing y is
contracted to y1:

y P C Ă Y

π
$$

pπ1q´1
˝π // y1 P Y 1

π1{{
X

, pπ1q´1 ˝ πpCq “ y1

‚ Suppose now we have y, y1 P BpXq corresponding to py, Y, πq, py1, Y 1, π1q respectively. We say that
y is proximate to y1 if if y lies on the strict transform of the curve given by the blow-up of y1
(notation: y ą y1). If we also have that there exists a neighborhood in which pπ1q´1 ˝ π is the blow-up
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of y1, we say that y belongs to the first neighborhood of y1; we say that y belongs to the n-th
neighborhood of y1 if there exists a sequence of points y1, ..., yn (yn “ y) such that for all i ě 2 we
have that yi is in the first neighborhood of yi´1 and y1 is in the first neighborhood of y1.

Note that since birational morphisms are represented by the sequence of blow-ups (up to isomorphism)
then we have that any point y P BpXq is either a proper point or is in the n-th neighborhood of a
unique point x P X (n ě 1). If n ą 1 then by induction we have that y is in the first neighborhood of
a unique point y1 P BpXq which is in the pn´ 1q-th neighbourhood of x.
Suppose we have a birational morphism π : Y Ñ X. So we may consider

Bpπ´1q “ t base points of π´1u

We know that birational morphisms are represented by the sequence of blow-ups so we write π “
π1 ˝ ... ˝ πk where πi : Xi Ñ Xi´1 is the blow-up of a point pi P Xi´1 for i P t1, .., ku. Then:

Bpπ´1q “
ď

i

tpi| i P t1, .., kuu “
ď

i

 

ppi, Xi´1, π1 ˝ ... ˝ πi´1q
ˇ

ˇ i P t1, .., ku
(

This set does not depend on the factorization since the blow-ups are local and we can exchange the order.
Moreover, if we have birational morphisms π : Y Ñ X, π1 : Y 1 Ñ X such that Bpπ´1q “ Bppπ1q´1q

then there exists an isomorphism τ : Y Ñ Y 1 with π1 ˝ τ “ π.
Suppose C is an irreducible curve on a smooth projective surface X, and p P BpXq, so that p
corresponds to pp, rX,πq, where π : rX Ñ X is a birational morphism. Then we define mppCq as the
multiplicity of the strict transform rC of C at p P rX.

Proposition 6.1.2. Suppose C, D are irreducible curves on the smooth projective surface X. In this
case we have that:

C ¨D “
ÿ

pPBpXq

mppCq ¨mppDq

Proof. For C XD “ H we have then C ¨D “ 0 and the result follows. Otherwise, suppose we have a
point p P C XD, and let π : rX Ñ X be the blow-up of X at p. We have that rC „ π˚pCq ´mppCqE,
rD „ π˚pDq ´mppDqE. Thus:

rC ¨ rD “ C ¨D ´mppCq ¨mppDq

We managed to reduce rC ¨ rD so we get the result by induction on integer C ¨D which is always ě 0.
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Chapter 7

Del Pezzo Surfaces

Recall that the canonical divisor KX P PicpXq on an algebraic variety X is given by the divisor of a
differential form. It is well-defined since two distinct 2-differential forms give linearly equivalent divisors.
Moreover for the blow-up π : rX Ñ X at point p by Proposition 4.2.6 we have K

ĂX
“ π˚KX `E where

E “ π´1ppq. We state the Nakai-Moishezon Criterion ([Har77],V.1.10) mentioned in the previous
chapters:

Theorem. A divisor D on a smooth projective surface X is ample if and only if D2 ą 0 and D ¨C ą 0
for any (irreducible) curve C Ă X.

7.1 Definition of del Pezzo Surfaces and Equivalent Conditions

Definition 7.1.1. We call a smooth projective surface X a del Pezzo surface if its anti-canonical
divisor ´KX is ample.

Proposition 7.1.2. Suppose X is a smooth projective surface and we have a birational morphism
π : X Ñ P2

C. Then the following conditions are equivalent:

1. X is a del Pezzo surface;

2. π is the blow-up of 0 ď k ď 8 points of P2
C (not infinitely near points) such that no 3 are colinear,

no 6 belong to the same conic, and no 8 lie on a cubic having a double point at one of them;

3. K2
X ě 1 and for any irreducible curve C of X we have C2 ě ´1 ;

4. C ¨ p´KXq ą 0 for an effective divisor C

Proof. Suppose we blow-up a point x which infinitely near to a point x1. Then π blows-up x1. Now
we blow up x1 and see that the strict transform of the curve obtained after this blow-up is a smooth
curve C – P1

C Ă X such that C2 ď ´2 on X. By genus formula we have

C ¨KX “ ´2` 2gpCq ´ C2 ě ´2´ p´2q ě 0

We see that in this case all the statements are false and thus we may that π is the blow-up of k points
which are not infinitely near: x1, ..., xk P P2

C . PicpXq is generated by L “ π˚l, where l is the line on
P2
C, and Ei “ π´1pxiq for i P t1, ..., ku, such that

E2
i “ ´1, L ¨ Ei “ Ei ¨ Ej “ 0 for i ‰ j
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(1)ñ(4) By definition of del Pezzo surface we have that ´KX is ample. Thus, for sufficiently large
m we have that ´mKX is very ample, so the linear system | ´mKX | defines an embedding into a
projective space. Then the degree of an effective divisor C in this embedding is given by

´mKX ¨ C ą 0 ñ C ¨ p´KXq ą 0

(4)ñ(2),(3) Suppose we have an irreducible curve C on X such that C2 ď ´2. Then the genus formula
gives:

C ¨ pC `KXq “ ´2` 2gpCq ě 2 ñ C ¨ ´KX ď 2` C2 ď 0

-contradiction with (4). So it follows from (4) that for any irreducible curve C on X we have C2 ě ´1.

‚ Suppose x1, x2, x3 belong to the same line L1 then rL1 „ L´
ř

Ei. So we have

rL2
1 “

`

L´
ÿ

Ei
˘2
ďp‹q 1´ 3 “ ´2

p‹q is true since we have
ř

E2
i ď ´3. So we have a contradiction with (4) as was mentioned above.

‚ Suppose x1, x2, x3, x4, x5, x6 belong to the same conic Q2 we obtain:

rQ2
2 “

`

2L´
ÿ

Ei
˘2
“ 4´ 6 “ ´2

- contradiction with (4) as was mentioned above.

‚ Suppose x1, x2, x3, x4, x5, x6, x7, x8 belong to the same cubic Q3 and Q3 is singular at x1

we obtain:

rQ2
3 “

`

3L´ 2E1 ´

8
ÿ

2

Ei
˘2
“ 9´ 4´ 7 “ ´2

- contradiction with (4)as was mentioned above. So we have (4)ñ(2).

‚ Suppose that k ě 9 then we can consider an irreducible (points in general position) cubic Q
through 9 of them (so we have gpQq “ 1). Then we have

rQ2 “ p3L´
ÿ

Eiq
2 ď 9´ 9 “ 0

Thus, from the genus formula rQ2`KX ¨ rQ “ ´2` 2gp rQq ñ KX ¨ rQ ě 0- contradiction with (4). Thus

k ď 8 and K2
X “ pπ

˚KP2
C
`

k
ÿ

i“1

Eiq
2 “ 9´ k ě 1

(3)ñ(2) we know that K2
X “ pπ

˚KP2
C
`
řk
i“1Eiq

2 “ 9´k ě 1 so k ď 8. Moreover, since for irreducible
curve C we have C2 ě ´1 then we have x1, ..., xk (k P t1, ..., 8u) satisfy the conditions: no 3 are
colinear, no 6 are on the same conic, and no 8 are on a cubic having a double point at one of them,
since otherwise as in the previous part we can find an example with C2 ď ´2.

(2)ñ(1) Note that k ď 8 thus K2
X “ pπ˚KP2

C
`

řk
i“1Eiq

2 “ 9 ´ k ě 1. By Nakai-Moishezon
Criterion to prove that ´KX is ample it is left to prove that for any irreducible curve C Ă X we
have ´KX ¨ C ą 0. Note that if C “ Ei then ´KX ¨ C “ ´KX ¨ Ei “ 1 ą 0. Suppose C ‰ Ei for
i P t1, ..., ku. In this case we can write

C „ dL´
k
ÿ

i“1

pC ¨ EiqEi for d ą 0

32



Chapter 7 7.1. DEFINITION OF DEL PEZZO SURFACES AND EQUIVALENT CONDITIONS

d “ 1 : then C is a strict transform of the line, so it contains at most two points out of x1, ..., xk. So

´KX ¨ C “ ´
´

π˚KP2
C
`

k
ÿ

i“1

Ei

¯

¨

´

π˚l ´
k
ÿ

i“1

pC ¨ EiqEi

¯

“

“

´

3L´
k
ÿ

i“1

Ei

¯

¨

´

L´
k
ÿ

i“1

pC ¨ EiqEi

¯

ě 3´ 2 ě 1

d “ 2 : then C is a strict transform of the conic, so it contains at most five points out of x1, ..., xk. So

´KX ¨ C “ ´
´

π˚KP2
C
`

k
ÿ

i“1

Ei

¯

¨

´

2π˚l ´
k
ÿ

i“1

pC ¨ EiqEi

¯

“

“

´

3L´
k
ÿ

i“1

Ei

¯

¨

´

2L´
k
ÿ

i“1

pC ¨ EiqEi

¯

ě 6´ 5 ě 1

d “ 3 : then C is a strict transform of the cubic, so it contains at most eight points out of x1, ..., xk.
So

´KX ¨ C “ ´
´

π˚KP2
C
`

k
ÿ

i“1

Ei

¯

¨

´

3π˚l ´
k
ÿ

i“1

pC ¨ EiqEi

¯

“

“

´

3L´
k
ÿ

i“1

Ei

¯

¨

´

3L´
k
ÿ

i“1

pC ¨ EiqEi

¯

ě 9´ 8 ě 1

d ě 4 : consider a cubic Q passing through x1, ..., xk (we can find such cubic since k ď 8) now we have
that rQ „ 3L´

řk
i“1Ei „ ´KX . Thus, ´KX is an effective divisor and ´KX ¨C ě 0, so its enough to

prove that ´KX ¨C ‰ 0. Suppose ´KX ¨C “ 0, C „ dL´
řk
i“1pC ¨EiqEi “: dL´

řk
i“1 αiEi for d ě 4.

We have:

´2` 2gpCq “ C2 `KX ¨ C “ C2 “
`

dL´
k
ÿ

i“1

αiEi
˘2
“ d2 ´

k
ÿ

i“1

α2
i ñ

k
ÿ

i“1

α2
i “ d2 ` 2´ 2gpCq

0 “ C ¨KX “
`

dL´
k
ÿ

i“1

αiEi
˘`

3L´
k
ÿ

i“1

Ei
˘

“ 3d´
k
ÿ

i“1

αi ñ 3d “
k
ÿ

i“1

αi

Thus:

9d2 “
`

k
ÿ

i“1

αi
˘2
ď k

k
ÿ

i“1

α2
i ď 8

8
ÿ

i“1

α2
i ñ d2 ď 8p2´ 2gpCqq

For d ě 4 we have the solution d “ 4, gpCq “ 0 and αi “ αj for all i, j. But then the equality
3d “

řk
i“1 αi fails.
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Hirzebruch Surfaces

8.1 Definition and Construction

Definition 8.1.1. We call

Fn “
 

prx : y : zs, ru : vsq| yvn “ zun
(

Ă P2
C ˆ P1

C

the n-th Hirzebruch surface Fn, and πn : Fn Ñ P1
C is the projection on the second factor. Remark

that then F0 – P1
C ˆ P1

C via prx : y : zs, ru : vsq Ñ prx : ys, ru : vsq.

Proposition 8.1.2. The maps:

ρ1,n : P1
C ˆ A1

C Ñ Fn, where prα : βs, tq Ñ prα : β : βtns, r1 : tsq

ρ2,n : P1
C ˆ A1

C Ñ Fn, where prα : βs, tq Ñ prα : βtn : βs, rt : 1sq

are open embeddings with ρ1,npP1
C ˆA1

Cq “ U1,n, ρ2,npP1
C ˆA1

Cq “ U2,n such that tUi,nuiPt1,2u an open
cover of Fn so that Fn is smooth and π : Fn Ñ P1

C is a P1
C-bundle. Moreover, we have a birational

map:
ρ1,n ˝ pρ2,nq

´1 : P1
C ˆ A1

C 99K P1
C ˆ A1

C, where prα : βs, tq Ñ prα : βtns, 1{tq

Proof. They are clearly injective. Moreover, for example U1,n (similarly for U2,n) is open since:

FnzU1,n “
 

prx : y : zs, ru : vsq| yvn “ zun, u “ 0, v “ 1
(

“
 

prx : 0 : zs, r0 : 1sq|
(

– P1
C

8.2 Birational Map between Fn and Fn`1

Proposition 8.2.1. Let En “
 

pr1 : 0 : 0s, ru : vsq
(

Ă Fn. For n ě 0 the map ρ1,n`1 ˝ ρ
´1
1,n gives a

birational map φn : Fn 99K Fn`1 such that we have the commutative diagram:

Y
ηn

~~

ηn`1

!!
Fn

φn // Fn`1

where ηn, ηn`1 are birational morphisms such that:
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1. ηn is the blow-up of

p “ pr1 : 0 : 0s, r0 : 1sq “ ρ2,n

`

pr1 : 0s, 0
˘

P En Ă Fn

2. ηn`1 is the blow-up of

q “ pr0 : 0 : 1s, r0 : 1sq “ ρ2,n`1

`

pr0 : 1s, 0q
˘

P Fn`1

3. the curve contracted by ηn`1 on q is the strict transform by ηn of the fiber of πn containing p

4. the curve contracted by ηn on p is the strict transform by ηn`1 of the fiber of πn`1 containing q.

Proof. In the notation of the proposition above we have an isomorphism

ρ1,n`1 ˝ ρ
´1
1,n|U1,n : U1,n

–
ÝÑ P1

C ˆ A1
C
–
ÝÑ U1,n`1

So we get the birational map φn : Fn 99K Fn`1. Now we have the commutative diagram (here Ui,k are
identified with P1

C ˆ A1
C for i P t1, 2u, k P tn, n` 1u):

U1,n

ρ1,n˝pρ2,nq
´1

//

φn|U1,n

��

U2,n

φn|U2,n

��

prα : βs, tq

��

// prα : βtns, 1{tq

��
U1,n`1

ρ1,n˝pρ2,nq
´1

// U2,n`1 prα : βs, tq // prα : βtn`1s, 1{tq

Thus, the birational map U2,n 99K U2,n`1 is given by: prα : βs, 1{tq Ñ prα : βts, 1{tq which is equivalent
to prα : βs, uq Ñ pruα : βs, uq, where u “ 1{t. Now consider

Y 1 “
 

pra : bs, rc : ds, tq| tad “ bc
(

Ă P1
C ˆ P1

C ˆ A1
C

with morphisms η1n : Y 1 Ñ U2,n and η1n`1 : Y 1 Ñ U2,n`1:

Y 1

η1n

}}

η1n`1

""

pra : bs, rc : ds, tq

ww ''
U2,n

φn|U2,n // U2,n`1 pra : bs, tq // prc : ds, tq

η1n is the blow-up of p “ pr1 : 0s, 0q P U2,n, η1n`1 is the blow-up of q “ pr0 : 1s, 0q P U2,n`1. The
morphism η1n`1 sends the curve contracted by η1n onto the tt “ 0u, which corresponds to the fiber
of πn`1 containing q. The same way, η1n sends the curve contracted by η1n`1 onto tt “ 0u, which
corresponds to the fiber of πn containing p. Now we just extend morphisms to get the desired
construction.

8.3 The Picard Group of Hirzebruch Surfaces
Proposition 8.3.1. Recall that En “

 

pr1 : 0 : 0s, ru : vsq| ru : vs P P1
C
(

.
Then for any n ě 0, we have:

(1) PicpFnq “ Zrf s ‘ ZrEns, where f is the class of a fiber
(2) f2 “ 0, pEnq2 “ ´n, En ¨ f “ 1
(3) KFn “ ´2En ´ p2` nqf
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Proof. (1), (2) Let’s prove by induction that PicpFnq “ Zrf s ‘ ZrEns and pEnq2 “ ´n:
n “ 0 : in this case we have F0 – P1

C ˆ P1
C and the E0 and f are fibers of the projections. Thus

PicpF0q “ Zrf s ‘ ZrE0s and E2
0 “ 0

n Ñ n ` 1 : Consider the birational map φn : Fn 99K Fn`1 together with the morphisms ηn, ηn`1

which we constructed in the proposition 8.2.1:

Y
ηn

~~

ηn`1

!!
Fn

φn //

πn

��

Fn`1

πn`1

��
P1
C P1

C

In the notation of this proposition we have that p P En and ηn is the blow-up at p. Now suppose fp
is the fiber of πn over p. Then we have that rfp is contracted by ηn`1 onto q P Fn`1. Now suppose
fq is the fiber of πn`1. Then we have that rfq is contracted by ηn onto p P Fn. Moreover, φn maps
En onto En`1. By induction we have that E2

n “ ´n. Now since p P En then for rEn Ă Y we have
that rE2

n “ ´n ´ 1 “ ´pn ` 1q. We have that rEn X rfp “ H and ηn`1 acts by contraction of rfp so
`

ηn`1p rEnq
˘2
“ ´pn` 1q. Thus:

E2
n`1 “ ´pn` 1q

Now we need to show that PicpFn`1q “ Zrfqs ‘ ZrEn`1s: note that ηn`1 is the blow-up of q which
contracts rfp. Thus, we have that:

PicpY q “ η˚n`1pPicpFn`1qq ‘ Zr rfps

Similarly, ηn is the blow-up of p which contracts rfq. Thus, we have that:

PicpY q “ η˚npPicpFnqq ‘ Zr rfqs

By induction we have that PicpFn`1q “ Zrfps ‘ ZrEns. So PicpY q is generated by η˚npfpq “ rfp ` rfq,
η˚npEnq “

rEn and rfq. We see that

η˚n`1pfqq “
rfp ` rfq, η˚n`1pEn`1q “ rEn

Thus, PicpFn`1q “ Zrfqs ‘ ZrEn`1s .

Note that En is a section of the P1
C-bundle πn : Fn Ñ P1

C. Thus we have that En ¨ f “ 1 , f2 “ 0

since for points p ‰ p1 on P1
C we have Xp XXp1 “ H

(3). We can write KFn “ aEn ` bf and by genus formula we have that

f ¨ pf `KFnq “ ´2` 2gpfq ñ ´2 “ f ¨KFn “ f ¨ paEn ` bfq “ a

En ¨ pEn `KFnq “ ´2` 2gpEnq ñ ´2` n “ En ¨KFn “

“ En ¨ paEn ` bfq “ ´an` b “ 2n` bñ b “ ´2´ n

Thus, KFn “ ´2En ´ p2` nqf .
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Proposition 8.3.2. Fn satisfy the following properties:

1. Suppose that we have a curve C Ă Fn then there exist a, b ě 0 such that

C „ aEn ` bf

2. Suppose s ‰ En is a section of πn : Fn Ñ P1
C then

s „ En ` pn` kqf for k ě 0, s2 “ n` 2k and s ¨ En “ k

3. Suppose we have a morphism π : Fn Ñ P1
C such that a general fiber is isomorphic to P1

C.
Then there exists α P AutpP1

Cq such that either π “ α ˝ πn or n “ 0 and π “ α ˝ π10, where
π10 : F0 Ñ P1

Cis given by prx : y : xs, ru, vsq Ñ rx : ys.

4. Suppose we have a morphism π : Fn Ñ P1
C such that a general fiber is isomorphic to P1

C. Then
minimum of the self-intersections of the sections of π is ´n.

5. Fn – Fm ô m “ n.

Proof. (1) Note that since PicpFnq “ Zrf s ‘ ZrEns then we can write a curve C as C “ aEn ` bf
for some a, b P Z. Suppose C “ f then a “ 0, b “ 1. Suppose C “ En then a “ 1, b “ 0. Suppose
C R tf,Enu then

´na` b “ C ¨ En ě 0 ñ b ě na, a “ C ¨ f ě 0 ñ b ě na ě a ě 0

(2) Suppose C ‰ En is the section of πn. By the previous part we can write C as C „ aEn` bf . Then

1 “ C ¨ f “ a, b´ n “ C ¨ En ě 0 ñ C “ En ` pn` kqf

Moreover:

C2 “ pEn ` pn` kqfq
2 “ E2

n ` 2pn` kqEn ¨ f ` pn` kq
2f2 “ ´n` 2pn` kq “ n` 2k,

C ¨ En “ pEn ` pn` kqfq ¨ En “ E2
n ` pn` kqf ¨ En “ ´n` n` k “ k

(3) Suppose for a morphism π : Fn Ñ P1
C we have that a general fiber f 1 is isomorphic to P1

C. Note
that in case fibers of π and πn coincide we can find α P AutpP1

Cq such that π “ α ˝ πn. Assume that
f 1 ‰ f , where f is a fiber of πn. We can write f 1 as f 1 „ aEn ` bf such that a ą 0, b ě 0. Now we
have that

0 “ pf 1q2 “ paEn ` bfq
2 “ aE2

n ` 2abEn ¨ f ` b
2f2 “ ´na2 ` 2ab “ ap2b´ naq ñ 2b “ na

0 ď En ¨ f
1 “ En ¨ paEn ` bfq “ ´an` b “ ´2b` b “ ´bñ b “ 0 ñ f 1 “ En

0 “ pf 1q2 “ E2
n “ ´n ñ n “ 0 and the fibers of π are equal to the fibers of π10 so we can find

α P AutpP1
Cq such that π “ α ˝ π10

(4), (5) We conclude from (2) that the minimum value of self-intersections of the sections of πn
equals ´n. We have that π10 “ π0τ for τ P AutpF0q where τ exchanges the factors, thus we obtain
that the minimum of the self-intersections of the sections of π10 also equal 0. Thus, by (3) we obtain
statement (4) which gives (5).
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8.4 Automorphisms of Hirzebruch Surfaces
Recall that GLp2,Cq acts linearly on C2 thus we have a linear action on polynomials in 2 variables.
This action preserves the subspace of homogeneous polynomials of degree n and gives the group
Cn`1 ¸GLp2,Cq with elements:

˜

a0Y
n ` a1XY

n´1 ` ...` anX
n,

ˆ

a b
c d

˙

¸

P Cn`1 ¸GLp2,Cq

Cn`1 ¸GLp2,Cq acts on Fn in a following way:
˜

a0Y
n ` a1XY

n´1 ` ...` anX
n,

ˆ

a b
c d

˙

¸

prx : y : zs, ru : vsq “

“

$

’

’

’

&

’

’

’

%

for u ‰ 0 :
`

rxun ` ypa0v
n ` a1uv

n´1 ` ...` anu
nq : ypau` bvqn : ypcu` dvqns, rau` bv : cu` dvs

˘

for v ‰ 0 :
`

rxvn ` zpa0v
n ` a1uv

n´1 ` ...` anu
nq : zpau` bvqn : zpcu` dvqns, rau` bv : cu` dvs

˘

Proposition 8.4.1. The kernel of this action consists of matrices of the form
ˆ

µ 0
0 µ

˙

where µn “ 1.

Proof. Suppose we take some element in kernel and apply it to prx : y : zs, ru : vsq, where u, v ‰ 0:
˜

a0, ..., an,

ˆ

a b
c d

˙

¸

prx : y : zs, ru : vsq “ prx : y : zs, ru : vsq ñ

ñ
`

rxvn ` zpa0v
n ` a1uv

n´1 ` ...` anu
nq : zpau` bvqn : zpcu` dvqns, rau` bv : cu` dvs

˘

“

“
`

rx` zpa0 ` a1pu{vq ` ...` anpu{vq
nq : ypa` bpv{uqqn : zpcpu{vq ` dqns, rau` bv : cu` dvs

˘

“

“ prx : y : zs, ru : vsq

we see that we should have a0 “ ... “ an “ 0 (we get it from points where z ‰ 0). From the point
ru : vs “ r0 : 1s we get that b “ 0; doing similar calculations for point ru : vs “ r1 : 0s we get c “ 0
thus rau : dvs “ ru : vs ñ a “ d and we have:

`

rx : yan : zdns, ru : vs
˘

“ prx : y : zs, ru : vsq ñ an “ dn “ 1 ñ

ˆ

a b
c d

˙

“

ˆ

a 0
0 a

˙

where an “ 1

Moreover, all matrices of the form
ˆ

µ 0
0 µ

˙

where µn “ 1 are in the kernel.

So we have that Cn`1 is the subgroup of AutpFnq; pa0, ..., a1q sends prx : y : zs, ru : vsq P Fn to
#

`

rxun ` ypa0v
n ` a1uv

n´1 ` ...` anu
nq : yun : yvns, ru : vs

˘

for u ‰ 0
`

rxvn ` zpa0v
n ` a1uv

n´1 ` ...` anu
nq : zun : zvns, ru : vs

˘

for v ‰ 0

Suppose f0 is the fiber over r1 : 0s which consists of points with v “ 0. We see that the open set
FnzpEn Y f0q is invariant by the action of Cn`1. Moreover, we have the isomorphism:

A2
C
–
ÝÑ FnzpEn Y f0q, where px, yq Ñ prx : yn : 1s, ry : 1sq

The action of Cn on this subset corresponds to px, yq Ñ px` a0 ` a1y ` a2y
2 ` ...` any

n, yq.
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Proposition 8.4.2. AutpF0q acts transitively on F0. For n ě 1 AutpFnq has 2 orbits: En and FnzEn.

Proof. n “ 0 : PGLp2,Cq ˆ PGLp2,Cq acts transitively on P0 “ P1
C ˆ P1

C.
n ě 1 : Note that there is a unique curve En Ă Fn such that E2

n “ ´n. Thus En is invariant by action
of AutpFnq, by the same reason FnzEn is invariant by action of AutpFnq. GLp2,Cq acts transitively
on fibers and Cn`1 acts transitively on fzEn, for f a fiber. Thus, Cn`1 ¸GLp2,Cq acts transitively
on En and FnzEn.

Proposition 8.4.3. For n ě 1 we have that:

AutpFnq “ Cn`1 ¸GLp2,Cq

O#

ˆ

µ 0
0 µ

˙

ˇ

ˇ

ˇ
µn “ 1

+

Proof. Let’s prove by induction:
n “ 1 : in this case AutpF1q “ AutprP2

Cq, i.e the automorphisms of P2
C with one point fixed. Without

loss of generality we can assume this point to be p “ r1 : 0 : 0s.

Now suppose g “

¨

˝

a11 a12 a13

a21 a22 a23

a31 a32 a33

˛

‚P PGLp3,Cq “ AutpP2
Cq and gppq “ p ñ a21 “ a31 “ 0 so we can

fix a11 “ 1 (since wee look up to linear equivalence), moreover
ˆ

a22 a23

a32 a33

˙

P GLp2,Cq, a12, a13 P C.

Thus
AutpF1q “ C2 ¸GLp2,Cq

nÑ n` 1 : by induction we know that

AutpFnq “ Cn`1 ¸GLp2,Cq
M

 `

µ 0
0 µ

˘
ˇ

ˇ µn “ 1
(

Moreover, the automorphisms of Fn`1 that fix q “ pr0 : 0 : 1s, r0 : 1sq P Fn`1 correspond to
automorphisms of Fn fixing the base-point p “ pr1 : 0 : 0s, r0 : 1sq of φn. We see that the automorphisms
`

pa0, ..., anq,
`

a b
c d

˘

,
˘

which fix p of Fn are in one-to-one correspondence with the automorphisms
`

pb0, ..., bn`1q,
`

a b
c d

˘˘

“ pp0, a0, ..., anq,
`

a b
c d

˘˘

that fix q of Fn`1. We know that

G “ Cn`2 ¸GLp2,Cq
M

 `

µ 0
0 µ

˘
ˇ

ˇ µn`1 “ 1
(

Ă AutpFn`1q

(note that it it reasonable to take the quotient modulo the kernel of the action). Suppose that it is not
the equality (i.e. G Š AutpFnq) and take f P AutpFn`1qzG such that fpqq “ q1 (q1 P Fn`1zEn`1 since
q R En`1 and by the previous proposition En`1 and Fn`1zEn`1 are different orbits of AutpFn`1q).
Note that G acts transitively on Fn`1zEn`1 so we can find h P G such that hpq1q “ q. Thus,
h ˝ fpqq “ q and h ˝ f is the automorphism of Fn`1 that fixes q, i.e. it comes from the automorphism
that fixes p, i.e. h ˝ fpqq P G ñ f P G and G “ AutpFn`1q.
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Elementary Links and Decomposition
Theorem

Recall that the the n-th Hirzebruch surface Fn is given by:

Fn “
 

prx : y : zs, ru : vsq| yvn “ zun
(

Ă P2
C ˆ P1

C

thus we naturally have the projection Fn Ñ P2
C which takes En to r1 : 0 : 0s. Note that for n “ 1 this

is a blow-up of P2
C at r1 : 0 : 0s. Moreover, we have that if X is the blow-up of P2

C at any point then
X – F1.

9.1 Elementary Links

Suppose τ : F1 Ñ P2
C is the blow-up of a point. We call a birational map τ´1 : P2

C 99K F1 an
elementary link of type I. We call a birational map φ : Fn 99K Fm an elementary link of type
II when there exists a commutative diagram:

Y

ηn

��

ηm

��

α P AutpP1
Cq

Fn //

πn

��

Fm

πm

��

ηn, ηm are the blow-ups at points

P1
C

α // P1
C

We call a birational map F1 99K P2
C an elementary link of type III if it is the blow-up of a point

of P2
C. We call birational map F0 99K F0 an elementary link of type IV if it is an automorphism

which exchanges the fibers of the two projections.

9.2 Decomposition Theorem

Proposition 9.2.1. Suppose we have a point p P Fn. The we can find a unique (up to automorphism
of Fm) elementary link φ : Fn 99K Fm with exactly one base point p. Moreover, if n ě 1 and p R En
then m “ n´ 1 and m “ n` 1 otherwise.
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Proof. By proposition 8.2.1 there exists an elementary link φn : Fn 99K Fn`1 where φn has a base-point
on En and the inverse φ´1

n has a base-point on Fn`1zEn`1. Take αn P AutpFnq and αn`1 P AutpFn`1q.
We have that the map ψn “ αn`1 ˝ φn ˝ αn is an elementary link Fn 99K Fn`1:

Fn

αn

FF
// Fn`1

αn`1

GG

Moreover, the Proposition 8.4.2 shows that we may take any point of En as base-point of ψ and any
point of Fn`1zEn`1 as base-point of ψ´1

n . The result follows.

Theorem 9.2.2. Suppose X “ P2
C or X “ Fn for some n ě 0; η : Y Ñ X is a birational morphism

and E Ă Y is a p´1q-curve. Then:

1. There exists a birational morphism τ : Y Ñ Z, where Z is a smooth projective surface such that
τpEq “ q (q is a point on Z) and moreover τ is the blow-up at q.

2. There exists a sequence of birational maps φ1, ..., φk, where each φi : Xi´1 99K Xi is an
elementary link, X “ X0, and ψ “ φk ˝ ... ˝ φ1 ˝ η ˝ τ

´1 is a birational morphism.

Ym “ Y
τ //

η

��

Z

ψ

��
X

φ1 // X1
φ2 // ¨ ¨ ¨

φk // Xk

Proof. By assumption η : Y Ñ X is a birational morphism. Thus, by the Theorem 5.4.5 it can be
decomposed into the sequence of blow-ups ηi : Yi Ñ Yi´1 of point pi P Yi´1 (Y0 “ X, Ym “ Y ) where
Ei is the curve contracted by ηi:

Ym “ Y
τ //

ηm

��

η

��

Z

ψ

��

Ym´1

ηm´1

��
¨ ¨ ¨

η1

��
Y0 “ X

φ1 // X1
φ2 // ¨ ¨ ¨

φk // Xk

Suppose Ei “ pηi`1 ˝ ... ˝ ηmq
˚pEiq.

Suppose we have a smooth curve E Ă Y such that E – P1
C and E2 “ ´1. Note that if η contracts E

then there exists Ei such that Ei “ E and pi is not infinitely near to any other pj . In this case we
can change the order and put i “ m so that τ “ ηm, Z “ Ym´1.
Now we suppose that η does not contract E. Suppose EX “ ηpEq Ă X. We see that in this
case E “ rEX and E “ rEX „ η˚EX ´

ř

mpipEXqEi. Suppose that fX P PicpXq is the fiber of
πn : Fn Ñ P1

C and fY “ η˚fX P PicpY q. We may assume that X “ Fn for some n ě 0 (since rP2
C “ F1)

and denote d “ E ¨ fY “ EX ¨ fX . We also have that:

´1 “ E2 “
`

η˚EX ´
ÿ

mpipEXqEi
˘2
“ E2

X ´
ÿ

mpipEXq
2

Suppose d “ 0 : in this case we have that d “ EX ¨ fX “ 0 ñ EX is a fiber of πn ñ E2
X “ 0

p‹q ñ
ř

mpipEXqEi “ 1 and without loss of generality we can assume that mp1pEXq “ 1 and
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mpipEXq “ 0 for i ‰ 1. Now we have that η1 : Y1 Ñ X “ Fn is the blow-up of a point so we can
write τ 1 : Y1 Ñ Fn˘1 “ Fn1 for contraction of the strict transform of EX in Y1 onto some point
q P Fn1(the existence follows from 9.2.1, 8.4.2). So we obtain an elementary link φ : Fn 99K Fn1 where
φ “ τ 1 ˝ pη1q

´1:
Y1

τ 1

$$
η1

��
X “ Fn

φ // Fn1

Now define η1 : Y Ñ Fn1 as η1 “ τ 1 ˝ η2 ˝ ... ˝ ηm, η1 contracts E onto point q P Fn1 . Since no infinitely
near point is blown-up, we can decompose η1 as a sequence of blow-ups where q will be the last point
blown-up instead of begin the first one. We denote the last blow-up Y Ñ Z and ψ : Z Ñ Fn1 remains.
Thus:

Y

��
η1

��

contracts E
τ

// Z

ψ

��

k “ 1, X1 “ Fn1 , φ “ φ1

Y1

τ 1

##
η1

��

ψ “ η1 ˝ τ´1 “ φ1 ˝ η ˝ τ
´1

X “ Fn
φ“φ1 // Fn1

Suppose d ą 0. Let’s prove the result by induction on d.
Suppose that we have a point pi with 2mpipEXq ą d. By changing the order we can assume that
2mp1pEXq ą d. Similarly to the previous case we denote τ 1 : Y1 Ñ Fn1 the contraction of rf1 Ă Y1

onto point q P Fn1 where f1 is the fiber of πn : Fn Ñ P1
C such that p P f1 and obtain the elementary

link φ “ τ 1 ˝ η´1
1 : Fn 99K Fn1 . Note that replacing η by η1 “ τ 1 ˝ η2 ˝ ... ˝ ηm does not affect d (since a

general fiber of πn is sent onto a general fiber of πn1 by φ) and multiplicities mpipEXq “ mpipη
1pEqq

for i ‰ 1. Let’s look at mp1pη
1pEqq:

mp1pη
1pEqq “ pη2 ˝ ... ˝ ηmqpEq ¨ rf1 “ pη2 ˝ ... ˝ ηmqpEq ¨ pη

˚
1 fX ´ E1q “ d´mp1pEXq

Since 2mp1pEXq ą d and d “ mp1pEXq `mp1pη
1pEqq we obtain that mp1pη

1pEqq ă mp1pEXq. Using
this method we can assume that for all pi we have 2mpipEXq ď d.
Note that PicpXq “ PicpFnq “ ZrEns ‘ ZrfX s. Note that d “ EX ¨ fX thus we can write
EX “ dEn ` bfX (b P N).

Suppose EX ¨En ă 0. We have that ´1 “ E2 “ E2
X ´

ř

mpipEXq
2 ñ E2

X ě ´1 so

E2
X “ ´d

2n´ 2db ě ´1 ñ d2n` 2db ď 1 ñdą0,dnąb

#

b “ 0, d “ 1

n “ 1

n “ 1 and EX “ E1. Now we consider a map F1 Ñ P2
C which contracts E1 and get the result:

Y

##
η

��
X “ F1

φ // P2
C

Suppose EX ¨En “ 0, then by similar calculations we obtain that either n “ 1, b “ 0, d “ 1 and we
proceed as above or b “ 0, n “ 0 and EX “ dE0 ñ E2

X “ 0 and we proceed as in p‹q.
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Suppose EX ¨En ą 0, i.e b´ dn ą 0 and so ε “ 2b´ dn ą b ą dn. We have that:

E “ η˚EX ´
ÿ

mpipEXqEi “ dη˚pEnq ` bη
˚pfXq ´

ÿ

mpipEXqEi

KY “ η˚pKXq `
ÿ

Ei, KX ¨ En “ ´2´ n, KX ¨ fX “ ´2

So:
´1 “ E2 “ ´d2n` 2bd´

ÿ

pmpipEXqq
2 “ dε´

ÿ

pmpipEXqq
2

´1 “ KY ¨ E “ p´2´ nqd´ 2b`
ÿ

pmpipEXqq
2 “ ´ε´ 2d`

ÿ

mpipEXq

Thus:
ÿ

pmpipEXqq
2 “ dε` 1 and

ÿ

pmpipEXqq
2 “ ε` 2d` 1

Moreover, since d ą 2mpipEXq ě 0 we obtain:

0 ă
ÿ

mpipEXqpd´ 2mpipEXqq “ d
ÿ

mpipEXq ´ 2
ÿ

pmpipEXqq
2 “ 2d2 ´ d´ εd´ 2 ñ

ñ 2d2 ´ εd ą d` 2 ą 0 ñ 2d ą ε´ 2b´ nd ą b ą ndñ n ă 2

n “ 0 : 2d ą ε “ 2b´dn “ 2bñ d ą b. We now apply the elementary link of type IV which exchanges
E0 and f exchanging d and b, which decreases d and we can proceed by induction.

n “ 1 : b ą nd “ d. Suppose that for all i we have mpipEXq ă b´ d. Then we have:

0 ě
ÿ

pmpipEXqq
2 ´

ÿ

mpipEXqpb´ dq “ 2bd´ d2 ` 1´ p2b` d´ 1qpb´ dq “

“ bp3d´ 2bq ` pb´ dq ´ 1 ñpb´dq´1ě0,bě0 3d´ 2b ď 0´ contradiction with 2d ą ε “ 2b´ d

Thus there exists pi such that mpipEXq ě b´ d, without loss of generality we set mp1pEXq ě b´ d.
Note that EX ¨ E1 “ b´ dñ p1 R E1 and we can assume that p1 is a proper point of X “ F1. Now
we contract E1 via blow-up τ : F1 Ñ P2

C and blowing-up p1 π : F1 Ñ P2
C with the exceptional curve

F1 we have that:

τ˚pτpEXqq ¨ τ
˚pτpfXqq “ pEX ` pEX ¨E1qE1q ¨ pfX ` pfX ¨E1qE1q “ pEX ` pb´ dqE1q ¨ pfX `E1q “

“ EX ¨ fX ` pb´ dqE1 ¨ fX ` E1 ¨ EX ` pb´ dqE
2
1 “ d` pb´ dq ` pb´ dq ´ pb´ dq “ b

Since b “ τ˚pτpEXqq ¨ τ
˚pτpfXqq “ τpEXq ¨ τpfXq “ π˚pτpEXqq ¨ π

˚pτpfXqq we obtain:

b “ π˚pτpEXqq ¨ π
˚pτpfXqq “ pČτpEXq `mp1pτpEXqq ¨ F1q ¨ π

˚pτpfXqq “

“ ČτpEXq ¨ ČτpfXq `mp1pτpEXqq “
ČτpEXq ¨ ČτpfXq `mp1pEXq ą

ą ČτpEXq ¨ ČτpfXq ` pb´ dq ñ b ą d1 ` pb´ dq ñ d1 ă d

and we proceed by induction.

Corollary 9.2.3. Suppose X is a smooth projective rational surface. Then we can find a birational
morphism φ : X Ñ X 1, where X 1 “ P2

C or X 1 “ Fn for n ‰ 1.
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Proof. Note that if we find a morphism X Ñ F1 then we find the desired morphism X Ñ F1 Ñ P2
C.

Now we have that X is a rational surface. By definition there is a birational map φ : P2
C 99K X. By

5.4.6 we can find morphisms π, η (which are the compositions of blow-ups) such that the following
diagram is commutative by :

Y

π

��

η

��

φ “ η ˝ π´1

P2
C

φ // X

In case η is an isomorphism we are done. Suppose η is NOT an isomorphism. Then η is the
sequence of blow-ups (up to isomorphism). Suppose E Ă Y is the first curve contracted by this
sequence. Then by the theorem 9.2.2 we have a morphism τ : Y Ñ Y 1, where Y 1 is a smooth projective
surface and τ contracts E. Moreover, from the same theorem we get a morphism π1 : Y 1 Ñ X2, where
X2 “ P2

C or Fn for n ě 0 and the following diagram is commutative:

Y

π

��

τ // Y 1

π1

��

η1

  
P2
C

// X2
φ1 // X

We replace φ with φ1, π with π1, η with η1 and decrease the number of contractions in η so eventually
we will get the isomorphism.

Remark. Note that from the results above we obtain the Castelnuovo’s contraction criterium
for rational surfaces which was already proved in general case as Theorem 5.5.1:

Suppose X is a smooth rational projective surface. E Ă X is a p´1q-curve. Then here exists a
birational morphism τ : X Ñ Y to a smooth projective surface Y contracting E onto some point, and
which is the blow-up of this point.

Proof. By corollary 9.2.3 we can find a birational morphism φ : X Ñ X 1, where X 1 “ P2
C or X 1 “ Fn

for n ‰ 1. Thus, from theorem 9.2.2 we obtain the result.

Corollary 9.2.4. Suppose X is a smooth rational projective surface with a point p P X. Then there
exists an open neighborhood U Q p such that U – A2

C.

Proof. For X “ P2
C we have the result. In case X “ Fn we have the result from the description in

8.1.2. Assume that we have the statement for X let’s prove it for the blow-up π : rX Ñ X at point
q P X. Consider an open subset U Ă X such that U – A2

C. If q R U ñ π´1pUq – U – A2
C. If q P U

we move q to the origin A2
C. We also have that π´1pUq – rA2

C, which is covered by open subsets
isomorphic to A2

C. Thus, from 9.2.3 we get the result.

Corollary 9.2.5. Suppose we have surfaces X1, X2 such that Xi P tP2
C, Fn| n ě 0u for i “ 1, 2.

Then any birational map φ : X1 99K X2 decomposes into automorphisms and elementary links of type
I,II,III,IV

Proof. Note that by 5.4.6 we can find morphisms π, η (which are the compositions of blow-ups) such
that the following diagram is commutative:

Y

π

��

η

��

φ “ η ˝ π´1

X1
φ // X2
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in case π is an isomorphism η is a blow-up at one point so φ is the link of type 1. Otherwise at in
9.2.3 we reduce the number of blow-ups and so get the result.

Corollary 9.2.6. BirpP2
Cq is generated by AutpP2

Cq and by the birational maps preserving a given
pencil of lines through one point.

Proof. Note that the links of type I,II,III clearly preserve the pencil of lines. So by 9.2.5 its only
enough to prove that we can get rid of links of type IV. Suppose we have a link of type IV:

F0 “ P1
C ˆ P1

C
– //

proj1

��

P1
C ˆ P1

C

proj2

��
P1
C P1

C

Note that proj2 “ π1 ˝ π
´1
q ˝ π ˝ φ0 where: φ0 : F0 99K F1 is a link of type II (we take p and q from

the notation in 8.2.1), π : F1 Ñ P2
C is a blow-down of p´1q-curve on F1 which is a link of type III,

π´1
q : P2

C 99K F1 is a blow-up of πpqq which is a link of type I and π1 : F1 Ñ P1
C is the fibration and so

we are done.

9.3 Description of Del Pezzo Surfaces
Theorem 9.3.1. Suppose X is a smooth projective rational surface. Then the following conditions
are equivalent:

1. X is a del Pezzo surface

2. X – P1
CˆP1

C, X – P2
C or X is the blow-up of 0 ď k ď 8 points of P2

C such that no 3 are colinear,
no 6 belong to the same conic, and no 8 lie on a cubic having a double point at one of them

3. K2
X ě 1 and for any irreducible curve C of X we have C2 ě ´1

4. Suppose C is an effective divisor then C ¨ p´KXq ą 0

Proof. Let’s prove that F0 “ P1
C ˆ P1

C satisfies (1), (3), (4):
We know that KP1

CˆP1
C
“ ´2pf1 ` f2q where f1, f2 are the fibers of the projections by 8.3.1. Let

D “ ´1{2KP1
CˆP1

C
. Note that

D2 “ pf1 ` f2q
2 “ 2 ą 0, D ¨ fi “ pf1 ` f2q ¨ fi “ 1 ą 0 for i “ 1, 2

Thus, by Nakai-Moishenson criteria D is ample (with any irreducible curve on F0 is positive) ñ
´KP1

CˆP1
C
is ample ñ by definition F0 “ P1

C ˆ P1
C is a del Pezzo surface. Moreover we can write any

irreducible curve C as af2 ` bE0 and a, b ě 0. So we see that C2 ě ´1, C ¨ p´KP1
CˆP1

C
q ą 0. So all

the conditions are satisfied for P1
C ˆ P1

C. In case we have a birational morphism X Ñ P2
C we already

proved all the equivalences in 7.1.2. Suppose we do not have such morphism. Then in any case by
9.2.3 we have π : X Ñ Fn for n ‰ 1. Suppose n “ 0, then X – P1

C ˆ P1
C. In case π an isomorphism

and we are done. Otherwise π factors through the blow-up τ : Z Ñ F0 at point p. An elementary link
centered at p (described in 8.2.1) gives rise to a birational morphism Z Ñ F1, and then to a birational
morphism X Ñ P2

C:
Z

τ

��   
X

π //

??

F0
// F1

// P2
C
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So we can assume that n ě 2. In this case, the strict transform on X of En gives a smooth curve
C Ă X such that C – P1

C and C2 ď ´2. By genus formula we have KX ¨C `C
2 “ ´2 ñ KX ¨C ď 0

- contradiction with (1), (3), (4).

Definition 9.3.2. We call a smooth projective surface X minimal if any birational morphism X Ñ Y
to a smooth projective surface Y is an isomorphism.

Proposition 9.3.3. Suppose X is a smooth projective rational surface. Then the following are
equivalent:

X is minimal ô there is no p´1q-curve on X ô
`

X – P2
C or X – Fn for n ‰ 1

˘

.

Proof. (2)ñ(3) By assumption there is no curve which can be contracted.

(1)ñ(3) By 9.2.3 there exists a birational morphism X Ñ X 1 where X 1 “ P2
C or Fn for n ‰ 1

which should be an isomorphism by definition of minimality.

(3)ñ(2) there is no p´1q-curve on P2
C. Suppose X “ Fn for n ‰ 1. Suppose we have a curve C Ă Fn,

C „ aEn ` bf for a, b ě 0. Then C2 “ ´a2n ` 2ab “ ap2b ´ anq. We see that C2 “ ´1 ñ n “ 1
which is not the case.
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Regulations of Finite Groups

We know that for the pair of smooth projective surfaces X, Y and a birational morphism φ : X 99K Y
we can find a smooth projective surface Z together with morphisms ηX , ηY (which are the sequence
of blow-ups and no p´1q- curve in Z is contracted by both of them) such that the following diagram
is commutative by 5.4.6:

Z

ηX

��

ηY

��

φ “ ηY ˝ η
´1
X

X
φ // Y

the base-points of φ (resp. of φ´1) are the points blown-up by ηX (resp. ηY ). These points form
two subsets of the bubble spaces BpXq and BpY q respectively. We denote them Bpφq Ă BpXq and
Bpφ´1q Ă BpY q.

10.1 Properties of Bpφq

Proposition 10.1.1. 1. Suppose π : rX Ñ X the blow-up of a point p P X. Then π induces a
bijection

π‚ : Bp rXq Ñ BpXqztpu

2. Suppose we have a pair of smooth projective surfaces X, Y and φ : X 99K Y is a birational map.
Then φ induces a bijection

φ‚ : BpXqzBpφq Ñ BpY qzBpφ´1q

3. Suppose we have smooth projective surfaces X, Y , Z and birational map φ : X 99K Y , ψ : Y 99K Z
between them. Then for any point p P BpXqzBpφq such that φ‚ppq P BpY qzBpφq we have:

ψ‚pφ‚ppqq “ pψφq‚ppq

Proof.

1. The points in Bp rXq are given by equivalence classes of triplets py, Y, ηq such that y P Y and
η : Y Ñ rX is a birational morphism. These points correspond to py, Y, π ˝ ηq which are the elements
of BpXq. Note that all the points of BpXqztpu are obtained this way.

2. We can find a smooth projective surface Z together with morphisms ηX , ηY (which are the
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10.1. PROPERTIES OF Bpφq Chapter 10

sequences of blow-ups and no p´1q- curve in Z is contracted by both of them) such that the following
diagram commutes by 5.4.6:

Z

ηX

��

ηY

��

φ “ ηY ˝ η
´1
X

X
φ // Y

By (1) we see that ηX gives the bijection BpZq Ñ BpXqzBpφq and ηY gives the bijection BpZq Ñ
BpY qzBpφ´1q. Thus we obtain the desired bijection.

3. Follows from construction of φ‚.

Proposition 10.1.2. Suppose X is a smooth projective surface and G Ă BirpXq is a finite subgroup.
Define BpGq “

Ť

gPG Bpgq. Then there exists a birational morphism π : rX Ñ X, which is the blow-up
of the points of BpGq and π´1Gπ Ă Autp rXq.

Proof. Note that Bpgq is finite (since resolution of intermediates of g has a finite number of blow-ups),
and if p P Bpgq is infinitely near to some point q then q P BpGq so we see that BpGq “

Ť

gPG Bpgq
is finite. Thus, we can blow-up X in points of BpGq to get a smooth projective surface rX. Let
π : X̃ Ñ X be the sequence of blow-ups.
Let us fix g P G. Now we consider a minimal resolution of g:

Z

η1

��

η2

��

g “ η2 ˝ η
´1
1

X
g // X

Note that Bpgq Ă BpGq ñ τ1 “ η´1
1 ˝ π : rX Ñ Z is a birational morphism. Similarly, since

Bpg´1q Ă BpGq ñ τ2 “ η´1
2 ˝ π : rX Ñ Z is a birational morphism:

rX

τ1

��
π

��

rX

τ2

��
π

��

Z
η1

~~

η2

  
X

g // X

By the previous proposition we have a bijection

g‚ : BpXqzBpgq Ñ BpXqzBpg´1q

This induces the bijection we want

g‚ : BpGqzBpgq Ñ BpGqzBpg´1q

since for p P BpGqzBpgq we can find h P G such that p P Bphq. Since p is not a base-point of g, the
image g‚ppq is well-defined in BpXq and is a base-point of h ˝ g´1 and is not a base-point of g´1. In
particular g‚ppq P BpGqzBpg´1q. We do the same thing with g´1 and get the result.

Definition 10.1.3. We say that two groups G Ă BirpXq and G1 Ă BirpX 1q are birationally conju-
gate if there is a birational map φ : X 99K X 1 such that φGφ´1 “ G1, i.e two groups represent the
same conjugacy class in BirpP2

Cq.
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10.2 Definition of G-surfaces
Definition 10.2.1. Suppose X is a smooth projective rational surface, G Ă AutpXq is a group acting
biregularly on X. We call a pair pG,Xq a G-surface. We call a rational map φ : pG,Xq 99K pG,Xq
G-rational if for any element g P G we can find g1 P G such that the following diagram commutes:

X
φ //

g

��

X 1

Dg1

��
X

φ // X 1

Suppose pG,Xq is a G-surface. We say that a birational map φ : X 99K X 1 is G-equivariant if the
G-action on X 1 induced by φ is biregular and φ itself is called a birational map of G-surfaces.
We say that a pair pG,Xq is minimal or G acts minimally on X if any G-equivariant birational
morphism φ : X Ñ X 1 is an isomorphism.

10.3 Classification of G-surfaces
We proved in 10.1.2 that we can realize a finite subgroup G Ă BirpP2

Cq as a subgroup of AutpXq where
X is a rational surface. After contracting orbits of disjoint exceptional curves we can assume that
pX,Gq is minimal and the study of all G-surfaces can be reduced to studying only minimal ones. But
before stating a very powerful result we need to give a definition:

Definition 10.3.1.

1. Suppose we have a rational surface X together with a morphism π : X Ñ P1
C. Then we call a

pair pX,πq a conic bundle if:
‚ all but finitely many fibers are isomorphic to P1

C.
‚ singular fibers are the union of rational curves F , F 1 satisfying

F 2 “ F 12 “ ´1, F ¨ F 1 “ 1

2. Suppose we have two conic bundles pX,πq, pX 1, π1q. We call a birational map φ : X Ñ X 1 a
birational map of conic bundles if it sends general fibers of π to general fibers of π1 (i.e. it
preserves the fiber structure).

3. Suppose we have a conic bundle pX,πq. We call it minimal if any birational morphism of conic
bundles pX,πq Ñ pX 1, π1q is an isomorphism.

The classification of minimal G-surfaces was given by Yu. Manin in the abelian case [Man67] and
V.A. Iskovskikh in the general case [Isk79]. We want to apply their result to the examples in the
upcoming chapters:

Theorem 10.3.2. Suppose X is a rational surface, G Ă AutpXq is finite, pG,Xq is a minimal
pair. Then exactly one of the following holds:

1. rk
`

PicpXqG
˘

“ 1 and X is a Del Pezzo surface.

2. rk
`

PicpXqG
˘

“ 2 and X is a conic bundle (with the structure invariant by G).
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10.3. CLASSIFICATION OF G-SURFACES Chapter 10

In the first case the generator is the canonical divisor and in the second case the generators are the
canonical divisor and the divisor class of a fiber.

Some comments:
In the second case, we have a morphism π : X Ñ P1

C such that general fibers are rational and
irreducible and every singular fiber is the union of two rational curves F , F 1 satisfying F 2 “ F 12 “ ´1,
F ¨ F 1 “ 1. G embeds in the group of automorphisms of the generic fiber of π. This group can be
viewed as the group of birational maps of P1

C ˆ P1
C preserving the first projection.

We will not prove this theorem, but we will prove the proposition which is hidden inside it:

Proposition 10.3.3. Suppose X is a rational surface, G Ă AutpXq is a finite group. If rkPicpXqG “ 1
the surface X is a Del Pezzo surface and

PicpXqG “

$

’

&

’

%

1
3ZKX , if X – P2

C
1
2ZKX , if X – P1

C ˆ P1
C

ZKX , otherwise

where PicpXqG is the part of the Picard group which is fixed by the group G Ă AutpXq.

Proof. 1. The canonical divisor KX is preserved by G. Thus:

PicpXqG bZ Q “ QKX

X is a projective surface. Thus there exists H an ample divisor on X. Consider

OpHq :“
ÿ

gPG

gpHq

Note that OpHq is G invariant and ample. Thus, there exist m P Q such that H̃ :“ mOpHq is
an ample generator of PicpXqG bZ Q (since by assumption rk

`

PicpXqG
˘

“ 1). We now have that
´KX “ aH̃ for a P Q, a ą 0 since otherwise the Kodaira dimension κpXq ě 0 which is not the case
for rational surfaces by [Bea96] Chapter VII. So

p´KXq
2 “ a2H̃2 ąH̃-ample 0

Now take an irreducible curve C. We have that:

C ¨ p´KXq “
1

|G|

ÿ

gPG

gpCq ¨ p´KXq “
p‹q 1

|G|
p´bKXq ¨ p´KXq “

b

|G|
p´KXq ¨ p´KXq “

b

|G|
K2
X ą

p‹‹q 0

p‹q is true since the orbit of the curve C is G-invariant, p‹‹q here b P Q, b ą 0 since otherwise the
Kodaira dimension κpXq ě 0 which is not the case for rational surfaces by [Bea96] Chapter VII.
Thus, by proposition 7.1.2 X is a Del Pezzo surface.

2. Note that
PicpXqG bZ Q “ QKX ñ PicpXqG “ QKX X PicpXq

The picard group has no torsion, since X is rational.1

• Suppose X – P2
C. Line is a generator of PicpP2

Cq and it is given by ´ 1
3KX . Thus:

PicpP2
Cq
G “ QKP2

C
X PicpP2

Cq “
1

3
ZKP2

C

1This is true for rationally connected varieties over C [CT-Sk19] Corollary 12.4.5.
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Chapter 10 10.3. CLASSIFICATION OF G-SURFACES

• Suppose X – P1
C ˆ P1

C. The generators of PicpP1
C ˆ P1

Cq we will give further in 8.3.1 from which
we conclude:

PicpP1
C ˆ P1

Cq
G “ QKP1

CˆPC X PicpP1
C ˆ P1

Cq “
1

2
ZKP1

CˆP1
C

• Otherwise X is a blow-up of P2
C at k ě 1 points x1, ..., xk. Thus:

KX “ ´3L`
k
ÿ

i“1

Ei

here L “ π˚l, where l is the line on P2
C, and Ei “ π´1pxiq for i P t1, ..., ku. We see that KX is

not a multiple of any divisor so we obtain:

PicpXqG “ ZKX
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Conjugacy Classes between Examples

Note that if we consider two minimal pairs pG,Xq and pG,X 1q it would be nice to understand if
these pairs are birationally conjugate, i.e. if it is possible to find a G-equivariant birational map
φ : X 99K X 1. There exist two main tools for that:

11.1 Tool 1: Point-Wise Fixed Curves

Suppose we have an element h P AutpXq such that it point-wise fixes a smooth irreducible curve C
with gpCq ą 0. φ : X 99K X 1 is a birational map (note that gpCq ą 0 ñ φ does not contract C) and
h1 “ φ ˝ h ˝ φ´1 P AutpX 1q fixes φpCq “ C 1 point-wise. φ|C : C 99K C 1 is an isomorphism since C and
C 1 are smooth curves. The important result from in [Ba-Be00] is:

Theorem 11.1.1. Suppose we have G1, G2 Ă BirpP2
Cq and OrdpG1q “ OrdpG2q “ p where p is prime.

Then G1, G2 are conjugated in BirpP2
Cq if and only if one of the following occur:

1. There exists an irreducible curve C point-wise fixed by both G1 and G2

2. There does not exist an irreducible curve C with genuspCq ą 0 fixed by G1 or G2. In this case
both G1 and G2 are conjugate to:

 

rx : y : zs Ñ rαx : y : zs| αp “ 1
(

11.2 Tool 2: G-elementary links

We can divide G-surfaces in two sets (X is a smooth projective rational surface):
pDq Pairs pG,Xq, such that G Ă AutpXq is finite satisfying rkpPicpXqGq “ 1.
pCq Triples pG,X, πq, such that pX,πq is a conic bundle andG Ă AutpX,πq satisfying rkpPicpXqGq “ 2.

Some remarks:

• By theorem 10.3.2 for any minimal pair pG,Xq we have pG,Xq P pDq or there exists a conic
bundle structure pX,πq such that pG,X, πq P pCq.

• pDq and pCq contain to distinct pairs pG,Xq because of conditions on rkpPicpXqq.

• Suppose pG,Xq P pDq then X is a del Pezzo surface by 10.3.3 and the pG,Xq is minimal since it
is not possible to contract anything G-equivariantly (after such action rkpPicpXqGq “ 1 should
decrease).
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Chapter 11 11.2. TOOL 2: G-ELEMENTARY LINKS

• Suppose pG,X, πq P pCq then it is possible that pG,Xq is not minimal: the example is pG,Xq “
pF1, π1q and finite G Ă AutpF1q.

• It is possible that pG,X, πq P pCq is a del Pezzo surface.

Let’s define G-elementary links which are G-equivariant birational maps

φ : pG,Xq 99K pG,X 1q

• G-links of type I: suppose pG,Xq P pDq, pG,X 1, π1q P pCq; φ is the blow-up of one orbit of
points of X under the action of G is G-link of type I.

• G-links of type II: we have a minimal resolution:

Z

η

��

η1

��

g “ η1 ˝ η´1

X
φ // X 1

where η and η1 are blow-ups of a G-orbit (on X and X 1 respectively). Moreover, either
pG,Xq P pDq, pG1, X 1q P pDq or pG,X, πq P pCq, pG1, S1, π1q P pCq. For the second case, we ask
for α P AutpP1

Cq such that π ˝ η “ α ˝ π1 ˝ η (so φ takes general fibers to general fibers)

• G-links of type III: consider pG,X, πq P pCq, pG1, X 1q P pDq and a birational morphism φ is
which is the blow-up of one orbit of points of x1 under the action of G.

• G-links of type IV: consider pG,X, πq P pCq, pG1, X 1, π1q P pCq and the map φ : X Ñ X 1 is an
isomorphism which is not compatible with π and π1, i.e. we take another conic bundle structure
on the same surface.

The important result from [Isk96] is:

Proposition 11.2.1. Suppose pG,Xiq is such that either pG,Xiq P pDq or pG,Xi, πiq P pCq for some
conic bundle πi on Xi for i P t1, 2u. Then any birational map pG,X1q 99K pG,X2q decomposes into
G-elementary links of type I, II, III, IV.
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Automorphisms of Conic Bundles

In 10.1.2 we proved that we can realize a finite subgroup G Ă BirpP2
Cq as a subgroup of AutpXq where

X is a rational surface. After contracting orbits of disjoint exceptional curves we can assume that
pX,Gq is minimal and the study of all G-surfaces can be reduced to studying only minimal ones. By
10.3.2 we know that if X is a rational surface, G Ă AutpXq is finite, and pG,Xq is a minimal pair then
one of the two options for X is that rk

`

PicpXqG
˘

“ 2 and X is a conic bundle (with the structure
invariant by G). Thus, we need to study the automorphisms of conic bundles.

12.1 Minimal Conic Bundles
Theorem 12.1.1. Suppose we have a conic bundle pX,πq. Then the following are equivalent:

(1) pX,πq is a minimal conic bundle ô (2) π is a smooth fibration ô (3) X “ Fn for some n.

Proof. (3)ñ (2) Follows from construction of Fn.

(2)ñ (1) Suppose we have a birational morphism of conic bundles φ : pX,πq Ñ pX 1, π1q which
is not an isomorphism. In this case φ should contract at least one p´1q-curve F on X so that πpF q is
a point. The fiber structure is preserved thus F is contained in some singular fiber and p1q ñ p2q
which is equivalent to p2q ñ p1q.

(1)ñ (3) Suppose we have a minimal conic bundle pX,πq then there is no p´1q-curve contained
in a fiber (otherwise we could contract it and get birational morphism which is not an isomorphism to
some other conic bundle) we see that rkpPicpXqq ě 2 so by 9.2.3 X “ Fn (since we exclude P2

C with
rkpPicpP2

Cqq “ 1).

12.2 Properties of Conic Bundles
Proposition 12.2.1. Suppose we have a conic bundle pX,πq such that X fl P1

C ˆ P1
C:

1. We can find a section s of π such that s2 ă 0.

2. For any section s such that s2 “ ´n ă 0, there exists a birational morphism of conic bundles
p : X Ñ Fn sending s onto En.

3. Suppose that s, t are the sections of π such that s2 “ t2 “ ´n ă 0; let r be the number of
singular fibers of π and k be the number of these fibers where s, t intersect the same component.
Then we have

r “ 2s ¨ t` 2n` k
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and there exist birational morphisms of conic bundles p0 : X Ñ F0 and p1 : X Ñ F1.

Proof. (1) By the previous proposition we have a birational morphism of conic bundles

p : pX,πq Ñ pFn, πq

which can be decomposed as a sequence of blow-ups by 5.4.5.
Suppose n ą 0 then rE2

n ă 0 on X.
Suppose n “ 0 then X ‰ F0 “ P1

C ˆ P1
C thus p contains at least 1 blow-up, so the strict transform rs

of the section s containing this point with s2 “ 0 has rs2 ď s2 ´ 1 ă 0 on X.
Suppose that the number of singular fibers r “ 0: then X “ Fn. For (2) we take p “ id and in (3) we
have only one section with negative intersection E2

n “ ´n for which the statement holds.

Suppose r ě 1:

(2) Consider the set tFi| i “ 1, .., , ru where any Fi is the component of singular fiber verifying
Fi X s “ H. Now we blow-down all Fi and get Fm for some m. Note that since Fi X s “ H then
ppsq2 “ s2 “ ´n ñ m “ n and ppsq “ En.

(3) Consider p : X Ñ Fn from the previous part. In this case we see that

PicpXq “ Zp˚pEnq ‘ Zrf s ‘
r
à

i“1

ZrFis

and we can write a section t as t “ s`bf´
řr
i“1 aiFi where b P Z, ai “ t ¨Fi P t0, 1u. Note that ai “ 0

if and only if s, t intersect the second component of the singular fiber containing Fi ñ k “ r´
řr
i“1 ai.

We have that:

s2 “ t2 “
`

s` bf ´
řr
i“1 aiFi

˘2
“ s2 ` 2b´

řr
i“1 a

2
i “ s2 ` 2b´ pr ´ kq ñ 2b “ r ´ k

s ¨ t “ s ¨
`

s` bf ´
řr
i“1 aiFi

˘

“ s2 ` b´ 0 “ b´ nñ r “ 2b` k “ 2s ¨ t` 2n` k

We observe that r ě 2n. We obtain a birational morphism of conic bundles p0 : X Ñ F0 such
that p0psq “ E0 by contracting the set tfzFi, Fj | i “ 1, .., n; j “ n ` 1, .., ru and we obtain a
birational morphism of conic bundles p1 : X Ñ F1 such that p1psq “ E1 by contracting the set
tfzFi, Fj | i “ 1, .., n´ 1; j “ n, .., ru
We call the case when r “ 2n the exceptional case.

Definition 12.2.2. We say that a conic bundle pX,πq is exceptional if it has 2n singular fibers
and two sections of self-intersection ´n.

12.3 De Jonquieres Group
We now want to explore the group of automorphisms of conic bundle. First, consider an example.

Example 12.3.1. Suppose we have π1 : F0 “ P1
C ˆ P1

C Ñ P1
C a projection on the first factor. The

group of birational maps on F0 which preserves the fibration structure is the group of birational maps
of the form:

px, yq 99K

˜

ax` b

cx` d
,
αpxqy ` βpxq

γpxqy ` δpxq

¸

where a, b, c, d P C : αpxq, β, γpxq, δpxq P Cpxq, pad´ bcq
`

αpxqδpxq ´ βpxqγpxq
˘

‰ 0

This is de Jonquieres group and it is isomorphic to PGLp2,Cpxqq ¸ PGLp2,Cq.
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Definition 12.3.2. Suppose we have a conic bundle pX,πq. We denote AutpX,πq is the the group
of automorphisms of X which preserve the conic bundle structure.

Suppose Λ is a pencil of rational curves a surface X. Then denote by CrpX,Λq the group of birational
maps of X that leaves Λ invariant. In case Λ is induced by a morphism π : X Ñ P1

C (i.e. if is
base-point-free), we write CrpX,πq “ CrpX,Λq.

Suppose that G Ă AutpX,πq and we have a birational morphism of conic bundles pX,πq Ñ pX 1, πq,
where pX 1, πq – pFn, πnq, i.e. it is minimal. Note that using elementary links, we can go to F0 and
see G as a subgroup of the de Jonquieres group and we can also do the converse. Thus, the study of
finite groups of automorphisms of conic bundles is equivalent to the study of finite subgroups of the
de Jonquieres group. More precisely:

Proposition 12.3.3. • Suppose X is a surface, Λ is a pencil of rational curves on X. Then
there exists a birational map

φ : X 99K P1
C ˆ P1

C

such that φpΛq is the pencil of fibers of π1 : P1
CˆP1

C Ñ P1
C and φCrpX,Λqφ´1 “ CrpP1

CˆP1
C, π1q

• Suppose G is a finite subgroup of CrpP1
C ˆ P1

C, π1q. Then there exist a conic bundle pX,πq
together with a birational map of conic bundles φ : X 99K P1

C ˆ P1
C such that φGφ´1AutpX,πq.

• Suppose G be a finite subgroup of automorphisms AutpX,πq of a conic bundle pX,πq. Then G
is conjugate to a subgroup of CrpP1

C ˆ P1
C, π1q by a birational map of conic bundles.

Proof. 1. Consider the pencil of rational curves Λ given in the proposition . We blow-up the base
points of Λ such that it becomes base-point free and obtain a surface X̃ together with the morphism
π : X̃ Ñ P1

C. We made X̃ in a way such that the general fiber of π are rational. The morphism
α : X̃ Ñ X sends fibers of π to Λ. The morphism α also conjugate CrpX,Λq and CrpX̃, πq. By
Noether-Enriques Theorem([Bea96] Theorem III.4) we obtain a birational map φ : X̃ 99K P1

C ˆ P1
C

such that the following diagram is commutative:

X̃
φ //

π
��

P1
C ˆ P1

C

π1

{{
P1
C

here π1 is the projection on the firs factor.

2. By proposition 10.1.2 we can find a rational surface X1 together with a birational morphism
φ1 : X1 Ñ P1

C ˆ P1
C such that G1 “ φ1 ˝G ˝ φ Ă AutpXq. Fibers of π1 : P1

C ˆ P1
C Ñ P1

C are sent to a
pencil of rational curves Λ1 on X1 which is G1-invariant.

Now since the base points of Λ1 are G1-invariant we can blow them up and get a surface X2 together
with a base point free pencil of rational curves Λ2 on X2. Suppose π1 : X2 Ñ P1

C. We can suppose that
any exceptional curve contained in a fiber is not contractible. In this case any reducible fiber is the
union of two p´1q-curves which meet transversely (proposition 12.3.4). Thus, pX2, π

1q is a conic bundle.

3. We have that G Ă AutpX,πq Ă CrpX,πq which is conjugate by a birational map of conic
bundles to CrpP1

C ˆ P1
C, π1q by the first part.

The first statement of the proposition implies that the group CrpX,πq is birationally conjugate to the
de Jonquières group.
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Proposition 12.3.4. Suppose that X is a surface, π : X Ñ P1
C a morphism such that one of the

fibers is isomorphic to P1
C, and F “

řm
i“1 aiFi (ai ą 0) is a fiber where Fi-s are irreducible curves.

Then, the possible cases are

1. m “ 1, F “ F1 – P1
C

2. m “ 2, F “ F1 Y F2, with F1 – F2 – P1
C, F1 ¨ F2 “ 1 where F 2

1 “ F 2
2 “ ´1

3. m ą 2 where:

• F 2
i ă 0 , ai “ 1 for all i

• two of the Fi-s that have self-intersection ´1 do not intersect
• one of the Fi-s has self-intersection ď ´2

Proof. By the Noether-Enriques Theorem ([Bea96] III.4) we can find a birational map φ such that
the following diagram is commutative:

X
φ //

π
��

P1
C ˆ P1

C

π1

{{
P1
C

here π1 is the projection on the first factor. After that we resolve the indeterminacies of φ:

X̃

η

��

ξ

##
X

φ // P1
C ˆ P1

C

where η, ξ are the compositions of blow-ups (5.4.6). Note that since the diagram commutes we have
that any curve contracted by ξ is contained in some fiber. So the fibers of π are given by the blow-up
of some points of P1

C followed by blow-down the p´1q-irreducible components. Thus all the fibers are
connected and any irreducible component of any fiber is isomorphic to P1

C. Now we can enumerate the
irreducible components of any fiber F in such a way that Fi ¨ Fj “ 1 ô pi´ jq “ ˘1. Now consider
three cases:

1. m “ 1: This case is clear.

2. m “ 2: We have:

0 “ F 2 “ pF1 ` F2q
2 “ F 2

1 ` 2F1 ¨ F2 ` F
2
2 ñ F 2

1 ` F
2
2 “ ´2

pF1q
2 “ pF ´ F2q

2 “ F 2 ` 2F ¨ F2 ` pF2q
2 “ 0` 0` pF2q

2 ñ F 2
1 “ F 2

2 “ ´1

3. m ě 3: Note that F 2
i ă 0 for all i since:

F 2
i “ Fi ¨ pF ´

ÿ

j‰i

aiFjq ă 0, since F ¨ Fi “ 0 and Dj s.t. Fi ¨ Fj ą 0 (F is connected)

Suppose that FiXFi`1 ‰ H, with F 2
i “ F 2

i`1 “ ´1. Note that when we contract Fi we get that
the image of Fi`1 has self-intersection 0, so the image of F becomes a fiber equal to the image
of Fi`1 and m “ 2. Thus, if we have two components with self-intersection p´1q and m ą 2
then these components are disjoint.
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12.4 Action of a group G on a conic bundle pX, πq
For a conic bundle pX,πq consider the subgroup G Ă AutpX,πq such that it acts biragularly on pX,πq.
Every element g P G Ă AutpX,πq sends fiber to fiber so we obtain a homomorphism

π : GÑ AutpP1
Cq “ PGLp2,Cq

satisfying πpgq ˝ π “ π ˝ g: if g : fp Ñ fp1 then pÑ p1 where fp, fp1 are fibers over p, p1 respectively.
The group G1 “ Kerpπq which consists of automorphims leaving every fiber invariant embeds in the
subgroup PGLp2,Cpxqq of automorphisms of the general fiber P1

Cpxq:

1 Ñ G1 Ñ G
π
ÝÑ πpGq Ñ 1

For G finite we have that G1 and πpGq are finite subgroups of PGLp2,Cq and PGLp2,Cpxqq so they
are either cyclic groups Cn, dihedral groups Dn (with 2n elements), the tetrahedral group A4, the
icosahedral group A5, the octahedral group S4 ([Kl56]).

12.5 Finite subgroups of AutpX, πq with pG,Xq minimal
Proposition 12.5.1. Suppose pX,πq is a conic bundle which contains at least one singular fiber
singular fiber, G Ă AutpX,πq is a finite group such that a pair pG,Xq is minimal. Then, one of the
following occurs:

1. pX,πq is the exceptional conic bundle;

2. G1 :“ telements which preserve any fiberu Ă G is isomorphic to Z{2Z or pZ{2Zq2.

Proof. By proposition 12.2.1 we can find a section s such that s2 “ ´n ă 0. By assumption pX,πq
is a conic bundle containing at least one singular fiber. Suppose this fiber has components F1, F2

and sX F1 ‰ H. Moreover, we have that the pair pG,Xq is minimal so we can find g P G such that
gpF1q “ F2 and gpF2q “ F1 (note that if there is no such element then we contract the elements in
OrbpF1q - contradiction with minimality of pG,Xq). So we obtain a section t with the property

t “ gpsq ‰ s and t2 “ s2

(1). Suppose we can find an element h P G such that h ‰ id but it acts trivially on PicpXq and the basis
of the fibration so it preserves s and t and fixes them point-wise. Moreover, the set tp P X| hppq “ pu
is smooth ñ s ¨ t “ 0 and s and t intersect different components of each singular fiber. Thus, in the
notation of 12.2.1 r “ 2n and pX,πq is the exceptional conic bundle.

(2). Suppose G does not contain h as above, so any non-trivial element which acts trivially on
the basis fibration gives a non trivial action on the Picard group. Denote the group of such elements
and the id element by:

G1 “ tg| g acts trivially on the basis of fibrationu

For any g P G1 we have that ordpgq P t1, 2u. To see this we look at the square of each element. Note
that g P G1 preserves the two components of each singular fiber which gives a trivial action on PicpXq
(since if we contract X to the minimal bundle Fn we get a trivial action on PicpFnq). By 12.4 we have
that G1 Ă PGLp2,Cpxqq thus it can be isomorphic to t1u, Z{2Z or pZ{2Zq2.

Suppose G1 – t1u: let g P G such that gpF1q “ F2 and gpF2q “ F1. Note that 2|ordpgq. Now by
replacing g we assume that ordpgq “ 2m.
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m “ 1 : Note that g fixes the point p “ F1 X F2. Moreover, g does not act trivially on the
tangent directions (since it exchanges F1 and F2) thus p is not an isolated fixed point, so we can find
a curve C Q p such that gpCq “ C so g acts trivially on the basis and we get g P G1 ñ G1 fl t1u-
contradiction.

m ą 1 : Consider g1 “ g2m´1

. Note that g12 “ g2m “ id, i.e. ordpg1q “ 2. Moreover,

g1pF1q “ g2m´1

pF1q “ F1, g1pF2q “ g2m´1

pF2q “ F2

The set tp P X| g1ppq “ pu is smooth and g1 does not act trivially on F1 and F2. We conclude that g1
fixes exactly three points on the fiber F1YF2: x “ F1XF2, y1 P F1zF2 and y2 “ gpy1q P F2zF1. Note
that if we contract F1 (so that its image is point q) we conjugate g1 to an automorphism of order 2
which fixes q. The action on F1 is not trivial thus q is not an isolated fixed point so we can find a curve
C Q p such that g1pCq “ C so g1 acts trivially on the basis and we get g1 P G1 ñ G1 fl t1u-contradiction.
We conclude that either G1 – Z{2Z or G1 – pZ{2Zq2.
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Automorphisms of del Pezzo Surfaces

In 10.1.2 we proved that we can realize a finite subgroup G Ă BirpP2
Cq as a subgroup of AutpXq where

X is a rational surface. After contracting orbits of disjoint exceptional curves we can assume that
pX,Gq is minimal and the study of all G-surfaces can be reduced to studying only minimal ones. By
10.3.2 we know that if X is a rational surface, G Ă AutpXq is finite, and pG,Xq is a minimal pair
then one of the two options for X is that rk

`

PicpXqG
˘

“ 1 and X is a Del Pezzo surface. Thus, we
need to study the automorphisms of del Pezzo surfaces.

Recall that we call a smooth projective surface X a del Pezzo surface if its anti-canonical di-
visor ´KX is ample. In theorem 9.3.1 we proved that a del Pezzo surface X is one of the following:
P1
C ˆ P1

C, P2
C or X is the blow-up of 1 ď k ď 8 points of P2

C such that no 3 are colinear, no 6
belong to the same conic, and no 8 lie on a cubic having a double point at one of them. In or-
der to understand the structure of the Cremona group we need to explore the subgroups of group
of automorphims of these surfaces. The classification of subgroups of AutpP2

Cq “ PGLp3,Cq and
AutpP1

CˆP1
Cq “ pPGLp2,CqˆPGLp2,Cqq¸Z{2Z can be found in [Do-Iz09]. Let’s take a closer look

at groups of automorphisms of del Pezzo surfaces obtained by non-trivial blow-up of P2
C.

13.1 Del Pezzo Surfaces Obtained by Non-Trivial Blow-Up

Suppose X is the blow-up of P2
C at 1 ď k ď 8 points in general position (so it has degree K2

X “

pπ˚KP2
C
`
řk
i“1Eiq

2 “ 9´ k). Then the group AutpXq acts on the set of p´1q-curves. We see that
the kernel of this action corresponds to the elements of AutpP2

Cq which fix the blown-up points. Thus,
for k ď 3 the kernel is infinite and for 4 ď k ď 8 it is finite. If d “ 9 ´ k ě 3 we can view Xd as a
subset of PdC via the embedding given by the linear system | ´KXd |. In case d “ 1, 2 | ´KXd | is not
very ample so it does not give an embedding.

Proposition 13.1.1. Suppose π : X Ñ P2
C is the blow-up of 1 ď k ď 8 points p1, ..., pk P P2

C in
general position. Then we can describe all p´1q-curves of X as:

• exceptional curves Ei “ π´1ppiq

• strict transforms of the curves given in the following table (here k “ number of blown-up points;
m= degree of the curve):
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k degree m multiplicities number of such curves for
at the points 1 2 3 4 5 6 7 8

ě 2 1 (1,1) - 1 3 6 10 15 21 28
ě 5 2 (1,1,1,1,1) - - - - 1 6 21 56
ě 7 3 (2,1,1,1,1,1,1) - - - - - - 7 56
8 4 (2,2,2,1,1,1,1,1) - - - - - - - 56
8 5 (2,2,2,2,2,2,1,1) - - - - - - - 28
8 6 (3,2,2,2,2,2,2,2) - - - - - - - 8

Remark. Note that we just directly compute multiplicities. For example, to compute the first line of
the table we say that we need to choose 2 points from k and get the result

Proof. Suppose L “ π˚l where l Ă P2
C is a line. Suppose E ‰ Ei “ π´1ppiq is a p´1q-curve on X.

Note that we can write E “ mL´
řk
i“1 aiEi for m ą 0, ai ě 0 for i P t1, ..., ku. By the genus formula

we have:

E2 ` E ¨KX “ ´2 ñ ´1` E ¨KX “ ´2 ñ KX ¨
`

mL´
řk
i“1 aiEi

˘

“ ´1 ñ

ñ ´3m`
řk
i“1 ai “ ´1 ñ

řk
i“1 ai “ 3m´ 1

´1 “ E2 “
`

mL´
řk
i“1 aiEi

˘2
“ m2 ´

řk
i“1 a

2
i ñ

řk
i“1 a

2
i “ m2 ` 1

`
řk
i“1 ai

˘2
ď k

řk
i“1 a

2
i ñ p3m´ 1q2 ď kpm2 ` 1q ñ

ñ P pmq “ p3m´ 1q2 ´ kpm2 ` 1q “ p9´ kqm2 ´ 6m` p1´ kq ď 0

this is a parabola with branches turned up (since p9 ´ kq ą 0) with P p0q “ 1 ´ k ď 0, P p7q “
50p8´ kq ě 0 and the vertex is at m “ 3

9´k . Thus, we only need to check m P t1, ..., 7u (the results
below are obtained by checking cases). Note that the dimension of the system of curves of degree m
with multiplicities a1, ..., ak at the points p1, ..., pk satisfies

dpmq “ #|OP2
C
pmq bma1p1 b ...bmakpk | ě

pm` 1qpm` 2q

2
´
ÿ

i

aipai ` 1q

2

m “ 1 :
řk
i“1 a

2
i “ m2 ` 1 “ 2,

řk
i“1 ai “ 3m´ 1 “ 2 we get the curves of degree 1 (lines) passing

through exactly two pi-s; dp1q ě 1 ñ there exists such line.

m “ 2 :
řk
i“1 a

2
i “ m2` 1 “ 5,

řk
i“1 ai “ 3m´ 1 “ 5 we get the curves of degree 2 (quadrics) passing

through exactly five pi-s; dp2q ě 1 ñ there exists such curve.

m “ 3 :
řk
i“1 a

2
i “ m2 ` 1 “ 10,

řk
i“1 ai “ 3m ´ 1 “ 8 we get the curves of degree 3 passing

through seven pi-s with multiplicities p2, 1, 1, 1, 1, 1, 1q; dp3q ě 1 ñ there exists such curve

m “ 4 :
řk
i“1 a

2
i “ m2 ` 1 “ 17,

řk
i“1 ai “ 3m ´ 1 “ 11 we get the curves of degree 4 pass-

ing through eight pi-s with multiplicities p2, 2, 2, 1, 1, 1, 1, 1q. ; dp4q ě 1 ñ there exists such curve.

m “ 5 :
řk
i“1 a

2
i “ m2 ` 1 “ 26,

řk
i“1 ai “ 3m ´ 1 “ 14 we get the curves of degree 5 pass-

ing through eight pi-s with multiplicities p2, 2, 2, 2, 2, 2, 1, 1q; dp5q ě 1 ñ there exists such curve.

m “ 6 :
řk
i“1 a

2
i “ m2 ` 1 “ 37,

řk
i“1 ai “ 3m ´ 1 “ 17 we get the curves of degree 6 pass-

ing through eight pi-s with multiplicities p3, 2, 2, 2, 2, 2, 2, 2q; dp6q ě 1 ñ there exists such curve.

m “ 7 : no solutions.
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Note that the curves of this systems are irreducible since they pass through the points in general
position.

We see that the overall number of curves is:

k 1 2 3 4 5 6 7 8
Number of p´1q-curves which are not Ei - 1 3 6 11 21 49 232

Number of all p´1q-curves 1 3 6 10 16 27 56 240

Corollary 13.1.2. Suppose π : X Ñ P2
C is the blow-up of k points for k “ 1, 2. Then the pair

pAutpXq, Xq is not minimal.

Proof. Note that if we blow-up P2
C at 1 point we get one p´1q-curve E1 which is invariant by AutpXq

so we can contract it and get that pG,Xq is not minimal for G Ă AutpXq.
If we blow-up P2

C at 2 points we get 3 classes representing p´1q-curves: E1, E2 and L ´ E1 ´ E2.
E1 XE2 “ H, E1, E2 X L´E1 ´E2 ‰ H ñ L´E1 ´E2 is invariant by AutpXq so we can contract
it and get that the pair pG,Xq is not minimal for G Ă AutpXq.

Proposition 13.1.3. Suppose X is a Del Pezzo surface, which is the blow-up of 1 ď k ď 8
points p1, ..., pk P P2

C in general position; G Ă AutpXq is a finite subgroup of automorphisms with
rkpPicpXqGq “ 1. Then G is not trivial and the size of any orbit of the action of G on the set of
exceptional divisors is divisible by degpXq “ 9´ k so degpXq

ˇ

ˇ|OrbpGq|.

Proof. Note that rkpPicpXqGq “ 1 and rkpPicpXqq ě 2 ą 1 ñ G ‰ t1u.
Consider the orbit of G consisting of p´1q-curves D1, ..., Dl. Note that

řl
i“1Di is invariant by G thus

we have that
řl
i“1Di “ ´aKX where a P Q. From the genus formula for Di we deduce Di ¨KX “ ´1

so:
a “ D1 ¨ p´aKXq “ D1 ¨ p

řl
i“1Diq P Z

Moreover:

apk ´ 9q “ KX ¨ p´aKXq “ KX ¨ p
řl
i“1Diq “

řl
i“1KX ¨Di “ ´lñ p9´ kq|l

Let’s also prove the theorem:

Theorem 13.1.4. Suppose we have points p1, ..., pk P P2
C (k ď 6) in general position. Then the linear

system of cubics containing p1, ..., pk (OP2
C
p3q bmp1 b ...bmpk) gives an embedding: j : rP2

C,k Ñ PdC:

rP2
C,k

πk

��

jk

  
P2
C

// PdC

We see that Xd “ jkprP2
C,kq the surface of degree d is a del Pezzo surface.

Proof. To prove that jk is an embedding we need to prove that the corresponding linear system
separates points and tangent directions. Now consider the case k “ 6, i.e. we have j6 : rP2

C,6 Ñ P3
C.

Suppose that π6pxq ‰ pi, pj (i ă j ď 6) and consider the linear system of cubics (taking proper
powers) defined by Qxi,j is the unique conic containing π6pxq, pk-s (for k ‰ i, j); Qxi is the unique conic
containing pk-s (for k ‰ i) so that for strict transforms we have that

rQi X rQj “ H, Lij “ă pi, pj ą for i ‰ j
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‚ This system separates points: take x, y P rP2
C,6 such that x ‰ y. Then without loss of gen-

erality we have that π6pxq, π6pyq ‰ x1 and x R rQ1. In this case we have that rQx1i X
rQx1j “ txu

for xj R tp1, pi, π6pxqu (since Q1i X Q1j “ tπ6pxq, pk| k ‰ 1, i, ju - 4 points already: if there were
5 points then the conics would coincide). Thus, there is at most one i such that y P rQx1i. Then
we see that there exists j such that x P rQx1jY

rL1j but y R rQx1jY
rL1j . Thus, the system separates points.

‚ This system separates tangent directions. Consider x P P2
Cztp1, ..., p6u and a cubicQiY ă xi, x ą

we have that Qi, Qj for i ‰ j have different tangent directions. Suppose now that x P E1. Then Qx23

intersect with Qx24 at x with multiplicity 2 (since x P E1 then "passing trough x" means being tangent
at p1 in the direction corresponding to x). In this case x P rQx23Y

rL23 and x P rQx24Y
rL24 have different

tangent directions. Thus, this system separates tangent directions.

We conclude that j6 is an embedding.The result for smaller k follows. The degree of X9´k “ Xd is
given by:

degpXdq “ degpjkprP2
C,kqq “ d2 ´

ÿ

i

mi “ 9´ k “ d

13.2 The del Pezzo Surface of Degree 6

Suppose X6 is a del Pezzo surface of degree 6. We see that X is the blow-up of 3 points p1, p2, p3

in general position and up to isomorphism there is only one X6. Without loss of generality we may
assume that p1 “ r1 : 0 : 0s, p2 “ r0 : 1 : 0s, p3 “ r0 : 0 : 1s. Note that X6 an be viewed as a surface in
P6
C given by the embedding corresponding to the liner system of cubics passing through p1, p2, p3:

X6

blow-up at p1,p2,p3
��

embedding

  
P2
C

// P6
C rx : y : zs // rx2y : x2z : xy2 : xyz : xz2 : y2z : yz2s

We can also view X6 as a subset of P2
C ˆ P2

C:

X6 “
 

rx : y : zs ˆ ru : v : ws| ux “ vy “ wz
(

Ă P2
C ˆ P2

C

proj1 : X6 Ñ P2
C is given by rx : y : zs ˆ ru : v : ws Ñ rx : y : zs

Using this description we can write down explicitly all p´1q-curves of X6:

E1 “
 

r1 : 0 : 0s ˆ r0 : α : βs | rα : βs P P1
C
(

“ proj´1
1 pp1q

E2 “
 

r0 : 1 : 0s ˆ rα : 0 : βs | rα : βs P P1
C
(

“ proj´1
1 pp2q

E3 “
 

r0 : 0 : 1s ˆ rα : β : 0s | rα : βs P P1
C
(

“ proj´1
1 pp3q

l23 “
 

r0 : α : βs ˆ r1 : 0 : 0s | rα : βs P P1
C
(

l13 “
 

rα : 0 : βs ˆ r0 : 1 : 0s | rα : βs P P1
C
(

l12 “
 

rα : β : 0s ˆ r0 : 0 : 1s | rα : βs P P1
C
(

where lij are the strict transforms of the lines connecting pi and pj for 1 ď i ‰ j ď 3. From this
description we see that p´1q-curves form a hexagon.
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Proposition 13.2.1. The action of AutpX6q on this hexagon gives the exact sequence

1 Ñ pC˚q2 Ñ AutpX6q
ρ
ÝÑ S3 ˆ Z{2ZÑ 1

this sequence splits and we get

AutpX6q “ pC˚q2 ¸ pS3 ˆ Z{2Zq

Here pC˚q2 is generated by automorphisms of the form

rx : y : zs ˆ ru : v : ws Ñ rx : αy : βzs ˆ rαβu : βv : αws, where α, β P C˚

pC˚q2 ¸ pS3 ˆZ{2Zq is the lift on X3 of the group of automorphisms of P2
C that fix the set tp1, p2, p3u.

Z{2Z is generated by the automorphism

rx : y : zs ˆ ru : v : ws Ñ ru : v : ws ˆ rx : y : zs

which corresponds to the standard quadratic transformation rx : y : zs Ñ ryz : xz : xys of P2
C which

exchanges Ei and ljk, for ti, j, ku “ t1, 2, 3u. S3 acts on pC˚q2 by permuting the coordinates. Z{2Z
acts by the inversion.

Proof. Note that AutpX6q preserves the hexagon (since it preserves the p´1q-curves and the intersec-
tion). Note that S3 ˆ Z{2Z acts on the hexagon thus we obtain the homomorphism:

ρ : AutpX6q Ñ S3 ˆ Z{2Z

The kernel of this map consists of those elements which fix all p´1q-curves thus each element of
the kernel corresponds to the element in AutpP2

Cq which fixes points p1, p2, p3. Note that kerpρq is
generated by automorphisms of the form

rx : y : zs ˆ ru : v : ws Ñ rx : αy : βzs ˆ rαβu : βv : αws, where α, β P C˚

So we see that kerpρq – pC˚q2 and pC˚q2¸pS3ˆZ{2Zq is the lift on X6 of the group of automorphisms
of P2

C that fix the set tp1, p2, p3u. S3 is generated by:

rx : y : zs ˆ ru : v : ws Ñ ry : x : zs ˆ rv : u : ws

rx : y : zs ˆ ru : v : ws Ñ rz : y : xs ˆ rw : v : us

And Z{2Z is generated by:

rx : y : zs ˆ ru : v : ws Ñ ru : v : ws ˆ rx : y : zs

So ρ is in fact surjective and we get the desired splitting.

Proposition 13.2.2. Suppose X6 be the del Pezzo surface of degree 6, G Ă AutpX6q. Then the pair
pG,X6q is minimal if and only if the action on the hexagon of p´1q-curves is transitive.

Proof. Suppose we have a transitive action then no orbit of p´1q-curves such that it can be contracted.
So we see that pG,X6q is minimal. Suppose the given action is not transitive. Then there exist two or
three invariant disjoint p´1q-curves of the hexagon. Thus, we can contract them and pG,X6q is not
minimal.

Proposition 13.2.3. There is only one up to conjugation finite cyclic group G Ă AutpX6q such that
pG,X6q is minimal. This group is conjugate to a subgroup of AutpP2

Cq by a birational map X6 99K P2
C.
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Proof. Note that by theorem 10.3.2 we have that rkpPicpX6q
Gq “ 1. Thus, we can apply proposition

13.1.3 to get that 9´ 3 “ 6
ˇ

ˇ|OrbpGq|. We see that the action of G on the hexagon is transitive so we
can find an element g P G which has the form:

g :
`

rx : y : zs, ru : v : ws
˘

Ñ
`

rαv : βw : us, rβy : αz : αβxs
˘

, where α, β P C˚

conjugating it with:

h :
`

rx : y : zs, ru : v : ws
˘

Ñ
`

rβx : y : αzs, rαu : αβv : βws
˘

we get:
`

rx : y : zs, ru : v : ws
˘ h´1

ÝÝÑ

´” 1

β
x : y :

1

α
z
ı

,
” 1

α
u :

1

αβ
v :

1

β
w
ı¯

g
ÝÑ

g
ÝÑ

´” 1

β
v : w :

1

α
u
ı

,
”

βy : z : αx
ı¯

h
ÝÑ

`

rx : y : zs, rαβu : αβv : αβws
˘

“
`

rx : y : zs, ru : v : ws
˘

so we may assume that α “ β “ 1 and we conclude that up to conjugation there is only one finite
cyclic group G Ă AutpX6q such that pG,X6q is minimal.
Now let’s prove that this group is conjugate to a subgroup of AutpP2

Cq by a birational map X6 99K P2
C.

Consider proj1 : X6 Ñ P2
C and define rg “ proj1 ˝ g ˝ proj

´1
1 : P2

C 99K P2
C:

rg : rx : y : zs
proj´1

1 // rx : y : zsru : v : ws where ux “ vy “ wz
g //

g
ÝÑ prv : w : us, ry : z : xsq where ux “ vy “ wz

proj1
ÝÝÝÑ

proj1
ÝÝÝÑ rv : w : us “ rxyzv : xyzw : xyzus “ rxz : xy : yzs since ux “ vy “ wz

Note that g preserves |KX6 | (since g P AutpX6q) so rg leaves the linear system of cubics containing
p1, p2, p3 invariant. Moreover, it fixes exactly one point in P2

C which is p4 “ r1 : 1 : 1s. The action of
it on the tangent space PpTp4pP2

Cqq at p4 has order 3. To prove it we consider the action of g̃ on the
affine chart y ‰ 0:

g̃ :
”x

y
: 1 :

z

y

ı

Ñ

”z

y
: 1 :

z

x

ı

Denoting x̃ “ x
y , z̃ “

z
y we get: g̃ : px̃, z̃q Ñ

`

z̃, z̃x̃
˘

. We can write:

f : px̃, z̃q Ñ pf1px̃, z̃q, f3px̃, z̃qq

Bx̃f “ pBx̃f1px̃, z̃q, Bx̃f3px̃, z̃qq “
´

0,´
z̃

x̃2

¯

, Bz̃f “ pBz̃f1px̃, z̃q, Bz̃f3px̃, z̃qq “
´

1,
1

x̃

¯

Now the action on TP “ Tp1,1q is given by:

pt1, t3q Ñ pt1, t3q

ˆ

Bx̃f1 Bx̃f3

Bz̃f1 Bz̃f3

˙

ˇ

ˇ

ˇ

p1,1q
“ pt1, t3q

ˆ

0 ´z̃{x̃2

1 1{x̃

˙

ˇ

ˇ

ˇ

p1,1q
“ pt1, t3q

ˆ

0 ´1
1 1

˙

“ pt3, t3 ´ t1q

Thus, the order of the action in PpTP q is 3:

pt1, t3q
g̃
ÝÑ pt3, t3 ´ t1q

g̃
ÝÑ pt3 ´ t1,´t1q

g̃
ÝÑ p´t1,´t3q „ pt1, t3q in PpTP q

Exactly two points which correspond to the lines px´ yq`ωkpz´ yq “ 0 (ω “ e2πi{3 and k “ 1, 2) are
fixed. To prove this we note that the lines in TP are given by the equations t1px´ 1q ` t3pz ´ 1q “ 0.
When we projectivise TP we can look at the action of g̃ on the chart tt1 “ 1u and get:

r1 : t3s Ñ rt2 : t3 ´ 1s “ r1 : pt3 ´ 1q{t3s

So to find the fixed points we solve the quadratic equation t23 ´ t3 ` 1 “ 0 and get the roots e˘2πi{3.
We see that the birational map rg preserves the linear system of cubics of P2

C passing through p1, p2, p3,
which have a double point at p4 and are tangent to the line px´ yq ` ωpz ´ yq “ 0 at p4. This linear
system induces a birational transformation of P2

C conjugating rg to a linear automorphism.
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13.3 The del Pezzo Surface of Degree 5

Suppose X5 is a del Pezzo surface of degree 5. We see that X5 is the blow-up π of 4 points p1, p2, p3, p4

in general position and up to isomorphism there is only one X5. Without loss of generality we may
assume that p1 “ r1 : 0 : 0s, p2 “ r0 : 1 : 0s, p3 “ r0 : 0 : 1s, p4 “ r1 : 1 : 1s. We already described all
the p´1q-curves on X5: Ei “ π´1ppiq for i P t1, 2, 3, 4u and strict pull-backs lij of the lines passing
through each pair pi, pj where i, j P t1, 2, 3, 4u. Define the sets:

F1 “ tE1, l23, l24, l34u, F2 “ tE2, l13, l14, l34u, F3 “ tE3, l12, l24, l14u,

F4 “ tE4, l23, l12, l13u, F5 “ tE1, E2, E3, E4u

Proposition 13.3.1. The action of AutpX5q on F1, F2, F3, F4, F5 gives an isomorphism:

ρ : AutpX5q
–
ÝÑ S5

Moreover, the actions of Sn, Am Ă AutpX5q on X5 given by the usual embedding of these groups into
S5 do not have fixed points if and only if n “ 3, 4, 5, resp. m “ 4, 5.

Proof. Note that the elements in kerpρq leave E1, E2, E3, E4 are invariant. These automorphisms
correspond to the automorphisms of P2

C which fix p1, p2, p3, p4 (denote this set by S). So ρ is injective.
To prove that it is surjective we need to prove that we obtain the whole group S5. First we see
that we have S4 as the image of the lift of group of automorphisms of P2

C that leave the set S
invariant : S4 “ SymF1,F2,F3,F4

, second, we have the lift of the standard quadratic transformation
rx : y : zs 99K ryz : xz : xys (we also know that it belongs to AutpX5q since it belongs to AutpX6q and
fixes p4). We see that the image of this lift gives a transposition pF4, F5q and we get the whole S5.
Let’s prove the second statement:

• S2 “ tpq, p1, 2qu
p1, 2q corresponds to the map rx : y : zs Ñ ry : x : zs on P2

C so it fixes all points of the form
ra : a : bs for a, b P C and and so we see that S2 fixes some points.

• A3 “ tpq, p1, 2, 3q, p1, 3, 2qu
p1, 2, 3q corresponds to the map rx : y : zs Ñ rz : x : ys on P2

C so it fixes three points of the form
ra2 : a : 1s for a P C and a3 “ 1. Moreover, p1, 3, 2q fix the same set of points and so we see that
A3 fixes some points.

• S3 “ă p1, 2, 3q, p1, 2q ą
this group fixes only the point p4 and after we blow-up this point the action becomes fixed
point-free.

• A4 “ă p1, 2, 3q, p1, 2qp3, 4q ą
p1, 2, 3q corresponds to the map rx : y : zs Ñ rz : x : ys on P2

C so it fixes three points of the form
ra2 : a : 1s for a P C and a3 “ 1. p1, 2qp3, 4q corresponds to the map rx : y : zs Ñ rz´y : z´x : zs
on P2

C which does not fix points of this type. Thus, A4 is fixed point-free.

• For S4,S5,A5 the result follows.

Proposition 13.3.2. Suppose G Ă AutpX5q “ S5 is cyclic of order 5. Then the pair pG,X5q is
minimal and G is conjugate to a subgroup of AutpP2

Cq by a birational map X5 99K P2
C.
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Proof. From the description of AutpX5q we see that pG,X5q is a minimal pair with rkpPicpX5q
Gq “ 1.

Note that all subgroups of this type are conjugate in AutpX5q “ S5, so we can assume that G is
generated by the lift of the birational transformation of P2

C:

h : rx : y : zs 99K rxy : ypx´ zq : xpy ´ zqs

it fixes points rξ` 1 : ξ : 1s where ξ is a root of the polynomial x2´ x´ 1 “ 0. We denote one of these
points by P . The linear system of cubics passing through p1, p2, p3, p4 which have a double point at
P is invariant by h. This linear system induces a birational transformation of P2

C conjugating h to a
linear automorphism of P2

C.

Proposition 13.3.3. Suppose G Ă AutpX5q. The pair pG,X5q is minimal if and only if the action
of G on the set tF1, ..., F5u is transitive.

Proof. Suppose the action is transitive, then there is an element of order 5 in G and pG,X5q is minimal
by the proposition above. Suppose the action is not transitive, then we have that there is an invariant
set Fi for some i so it can be contracted and we get that pG,X5q is not minimal.

13.4 The del Pezzo Surface of Degree 4

Suppose X4 is del Pezzo surface of degree 4. We see that X4 is the blow-up of 5 points p1, ..., p5 P P2
C

in general position. There are infinite (of dimension 1) isomorphic classes of such surfaces. The linear
system | ´KX4 | gives an embedding into P4

C and the image is the intersection of two quadrics:

Proposition 13.4.1. X4 Ă P4
C is a complete intersection of 2 quadrics.

Proof. Consider a smooth curve C P |H| (where H is the hyperplane in X4). Note that we can project
C on a smooth cubic on P2

C so we have gpCq “ p3´1qp3´2q
2 “ 1. The exact sequence:

0 Ñ OX4pHq Ñ OX4p2Hq Ñ OCp2Hq Ñ 0

induces a long exact sequence in cohomology from which we get the inequality :

h0pX4,OX4p2qq ď h0pX4,OX4p1qq ` h
0pC,OCp2qq

Similar the exact sequence:
0 Ñ OX4 Ñ OX4pHq Ñ OCpHq Ñ 0

induces a long exact sequence in cohomology from which we get the inequality :

h0pX4,OX4
p1qq ď h0pX4,OX4

q ` h0pC,OCp1qq

We have that H ¨ C “ H2 “ 4. We also have:

h0pC,OCpCqq ´ h
1pC,OCpCqq “ χpC,OCpCqq “ degpCq ` gpCq ´ 1 “ 4` 1´ 1 “ 4

and
h1pC,OCpCqq “ h0pC,OCpKC ´ Cqq “

p‹q h0pC,OCp´Cqq “ 0 ñ h0pC,OCpCqq “ 4

p‹q is true since the canonical divisor on the elliptic curve is trivial. Similarly:

h0pC,OCp2Cqq ´ h
1pC,OCp2Cqq “ χpC,OCp2Cqq “ degp2Cq ` gpCq ´ 1 “ 8` 1´ 1 “ 8

and

h1pC,OCp2Cqq “ h0pC,OCpKC ´ 2Cqq “ h0pC,OCp´2Cqq “ 0 ñ h0pC,OCp2Cqq “ 8
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so we obtain:
h0pX4,OX4

p2qq ď h0pX4,OX4
p1qq ` h0pC,OCp2qq ď

ď h0pX4,OX4
q ` h0pC,OCp1qq ` h

0pC,OCp2qq “ 1` 4` 8 “ 13 ñ h0pX4,OX4
p2qq ď 13

We know that h0pP4
C,OP4

C
p2qq “

`

4`2
2

˘

“ 15. From the short exact sequence1:

0 Ñ OP4
C
p2q b IX4 Ñ OP4

C
p2q Ñ OX4p2q Ñ 0

and the induced long exact sequence in cohomology we get that

h0pP4
C,OP4

C
p2q b IX4q ě h0pP4

C,OP4
C
p2qq ´ h0pX4,OX4p2qq ě 2

so there are at least two irreducible quadrics Q1, Q2 containing X4, i.e. X4 Ă Q1 XQ2. Note that
degpX4q “ 4 thus by means of degree of X4 Ă P4

C is the intersection of these quadrics.

Using linear change of coordinates we can write the equation of this surface as:

5
ÿ

i“0

x2
i “

5
ÿ

i“0

λix
2
i

The group AutpX4q is isomorphic to pZ{2Zq4 ¸ AutpX4, π, 5q, where AutpX4, π, 5q is the lift of the
group of automorphisms of P2

C that leave the set tp1, .., p5u invariant. More precisely:

Proposition 13.4.2. Suppose X4 is a del Pezzo surface of degree 4, Ei “ π´1ppiq, L is a pull-back
of a line of P2

C. Then we have:

1. There are 10 conic bundle structures on X4 with fibers: L´Ei, ´KX4
´pL´Eiq for i P t1, ..., 5u

2. The action of AutpX4q on the five pairs of divisors tL´Ei,´KX4 ´ pL´Eiqu gives rise to a
split exact sequence

0 Ñ pZ{2Zq4 Ñ AutpX4q
ρ
ÝÑ S5,

where pZ{2Zq4 – tpa1, ..., a5q P pZ{2Zq5|
ř

ai “ 0u and the automorphism pa1, ..., a5q permutes
the pair tL´ Ei,´KX4 ´ pL´ Eiqu if and only if ai “ 1.

3. We have

AutpX4q “ pZ{2Zq4 ¸AutpX4, π, 5q

where AutpX4, π, 5q acts on pZ{2Zq4 by permutation of the ai-s.

Proof. 1). Suppose F “ mL´
ř5
i“1 aiEi is a fiber obtained from some conic bundle structure on X4.

We have that F 2 “ 0 and from genus formula we have F ¨KX4 “ ´2. This gives us equalities:

5
ÿ

i“1

ai “ m2 and
5
ÿ

i“1

“ 3m´ 2

We also have that
`

ÿ

ai
˘2
ď 5

ÿ

a2
i ñ p3m´ 2q2 ď 5m2 ñ 4pm2 ´ 3m` 1q ď 0 ñ m P t1, 2u

m “ 1 :
ř5
i“1 ai “ 1 and

ř5
i“1 “ 1 so we obtain F “ L´ Ei for i P t1, ..., 5u.

m “ 2 :
ř5
i“1 ai “ 4 and

ř5
i“1 “ 4 so we obtain:

F “ 2L´
ÿ

i‰j

Ei “ ´
`

´ 3L`
5
ÿ

k“1

Ek
˘

´ p´L´ Ejq “ ´KX4
´ pL´ Ejq, for j P t1, ..., 5u

1here IX4 is the ideal sheaf of X4
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2). We see that AutpX4q acts on the set S “
Ť5
i“1tL ´ Ei,´KX4

´ pL ´ Eiqu and since KX4
is

fixed there is an induces action on the set of pairs tL ´ Ei,´KX4
´ pL ´ Eiqu. So we obtain the

homomorphism ρ : AutpX4q Ñ S5. Moreover, by the description of the structure of the action on
conic bundle we have embedding kerpρq Ñ pZ{2Zq5.
We can assume that p1 “ r1 : 0 : 0s, p2 “ r0 : 1 : 0s, p3 “ r0 : 0 : 1s, p4 “ r1 : 1 : 1s and p5 “ ra : b : cs,
where a, b, c P C˚. Consider the rational map:

τ : rx : y : zs 99K rayz : bxz : cxys

We can lift it to π´1˝τ˝π P AutpX4q whose induced action on PicpX4q in the basis pE1, E2, E3, E4, E5, Lq
is described by:

¨

˚

˚

˚

˚

˚

˚

˝

0 ´1 ´1 0 0 ´1
´1 0 ´1 0 0 ´1
´1 ´1 0 0 0 ´1
0 0 0 0 1 0
0 0 0 1 0 0
1 1 1 0 0 2

˛

‹

‹

‹

‹

‹

‹

‚

Note that π´1 ˝ τ ˝ π P kerpρq. For i “ 1, 2, 3 it leaves the pair
`

L ´ Ei,´KX4
´ pL ´ Eiq

˘

exactly
the same, for i “ 4, 5 it exchanges the elements of such pair but preserves the pair itself. We see that
for ρ the action on S is equivalent to pa1, a2, a3, a4, a5q “ p0, 0, 0, 1, 1q P pZ{2Zq5. Permuting points
in set tp1, p2, p3, p4, p5u we get the elements pa1, a2, a3, a4, a5q P pZ{2Zq5 such that exactly two ai-s
equal 1 and others are 0-s. These elements generate:

 

pa1, a2, a3, a4, a5q| ai P Z{2Z,
ÿ

ai “ 0
(

– pZ{2Zq4

and we see that pZ{2Zq4 Ă kerpρq. Now we need to prove the equality. Note that it is enough to
prove that p1, 1, 1, 1, 1q R kerpρq. Note that KX4 “ ´3L`

ř5
i“1Ei ñ L “ 1{2

`

KX4 `
ř5
i“1pL´Eiq

˘

.
Then p1, 1, 1, 1, 1q sends L to the element:

1{2
´

KX4
`

5
ÿ

i“1

pL´ Eiq
¯

p1,1,1,1,1q
ÝÝÝÝÝÝÑ 1{2

´

KX4
`

5
ÿ

i“1

p´KX4
´ L` Eiq

¯

“

“ 1{2p´2L´ 3KX4q R PicpX4q ñ p1, 1, 1, 1, 1q R kerpρq

Thus, kerpρq “ pZ{2Zq4.

3). Suppose we have some permutation σ P S5 lying in the image of ρ. In this case we can
find g P AutpX4q such that ρpgq “ σ. Consider the element α P AutpPicpX4qq sending Ei Ñ Eσpiq and
fixing L. Note that AutpX4q can be viewed as a subgroup of AutpPicpX4qq and g˝α´1 P AutpPicpX4qq

fixes our pairs of conic bundles. We can find h P pZ{2Zq4 Ă AutpX4q such that h ˝ g ˝ α´1 either fixes
the divisor of every conic bundle from part 1) or permutes the divisors of conic bundles in each pair.
We already showed that second case is not possible; thus, h ˝ g ˝α´1 fixes L´E1, ...;L´E5 and KX4

so h ˝ g ˝ α´1 acts trivially on PicpX4q and α “ h ˝ g P AutpX4q.

We see that α is a lift of an automorphism of P2
C the action of which on tp1, ..., p5u coincides

with the action of σ on t1, ...5u. Vice versa, we see that any φ P AutpP2
Cq leaving the set tp1, ..., p5u

invariant can be lifted to π´1 ˝ φ ˝ π P AutpX4q whose action on the pairs of conic bundles coincides
with the action of φ on tp1, ..., p5u.
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13.5 The del Pezzo Surface of Degree 3

Suppose X3 is del Pezzo surface of degree 3. We see that it is the blow-up of 6 points p1, ..., p6 P P2
C in

general position. The linear system | ´KX3 | gives an embedding into P3
C and the image is a smooth

cubic surface by theorem 13.1.4. Moreover, this way we can obtain all smooth cubic surfaces. To
prove this we first prove two propositions:

Proposition 13.5.1. A smooth cubic surface X Ă P3
C contains a line.

Proof. Consider the space of cubics P “ |OP3
C
p3q| in P3

C, the space of lines in P3
C is given by G4 “ Gp2, 4q

where dimG4 “ 4 (note that we can view it as a smooth hypersurface of P5
C since we get the single

quadratic equation in P5
C using Plücker coordinates.) Consider Z Ă G4 ˆ P together with projections

p and q:

Z “ tpl,Xq| l Ă Xu Ă G4 ˆ P

p

uu

q

))

pl,Xq

p

}}

q

""
G4 P l X

Suppose X contains a line l defined by pZ “ 0, T “ 0q where X,Y, Z, T are the coordinates on
P3
C. Then in the equation which defines X we should have 0 coefficients before the terms which

do not contain Z or T , i.e. X3, X2Y , XY 2, Y 3. Thus, dimpfiber of pq “ dimpP q ´ 4 so dimpZq “
dimppfiber of pq ˆG4q “ dimpP q.
Suppose that X does not contain lines. In this case we see that codimpqpZqq ě 1. Note that q´1pXq
is either empty or has positive dimension. We see that q is surjective. Thus, a smooth cubic surface
X Ă P3

C contains a line.

Proposition 13.5.2. Suppose we have a smooth cubic surface S Ă P3
C and a line l Ă S. Then we

have 5 disjoint pairs of concurrent lines intersecting l. Hence, we can find 2 disjoint lines on S.

Proof. Suppose tPλuλPP1
C
is the pencil of planes in P3

C such that for all λ P P1
C we have l P Pλ. Then

we have that X X Pλ “ l Y Cλ, where Cλ is a conic.
We want to explore the cases when Cλ contains a line (which means that actually Cλ is the union of
two lines). Now suppose Cλ is contained in a plane P “ 0 (linear form), Cλ is a double line defined
by the equation L2 “ 0 (linear form), l is defined by the equation L1 “ 0 (linear form). In this case S
is defined by the equation:

PQ` L1L
2
2 “ 0, where Q is a quadratic form

Note that in this case the following system has solution:

#

PQ` L1L
2
2 “ 0

P 1Q` PQ1 ` L11L
2
2 ` 2L2L

1
2L1 “ 0

ñ

$

’

&

’

%

Q “ 0

L2 “ 0

P “ 0

has a solution

Which gives us singular points-contradiction.
Suppose Cλ is the union of two concurrent lines. pX,Y, Z, T q are the coordinates on P3

C and l is given
by Z “ T “ 0. Then S is given by:

S : A1pZ, T qX
2 ` 2B1pZ, T qXY ` C1pZ, T qY

2 ` 2D2pZ, T qX ` 2E2pZ, T qY ` F3pZ, T q “ 0

where AipZ, T q ,BipZ, T q, CipZ, T q, DipZ, T q, EipZ, T q, FipZ, T q are homogeneous polynomial in Z, T
of degree for some i. (Note that we do not have terms X3, X2Y,XY 2, Y 3 since they should vanish
identically when we plug in Z “ T “ 0.) Suppose Z “ λT then S is given by:

S : A1pλ, 1qTX
2 ` 2B1pλ, 1qTXY `C1pλ, 1qTY

2 ` 2D2pλ, 1qT
2X ` 2E2pλ, 1qT

2Y ` F3pλ, 1qT
3 “ 0
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Dividing by T we get the equation of Cλ:

Cλ : A1pλ, 1qX
2 ` 2B1pλ, 1qXY ` C1pλ, 1qY

2 ` 2D2pλ, 1qTX ` 2E2pλ, 1qTY ` F3pλ, 1qT
2 “ 0

We want Ct to be singular such that it is not a double line. Thus, we want ∆pZ, T q the determinant
of the equation above to be 0 and not to have a double root:

∆pZ, T q “

∣∣∣∣∣∣
A1pλ, 1q B1pλ, 1q D2pλ, 1qT
B1pλ, 1q C1pλ, 1q E2pλ, 1qT
D2pλ, 1qT E2pλ, 1qT F3pλ, 1qT

2

∣∣∣∣∣∣ a homogeneous polynomial of degree 5 in Z, T

Changing the coordinates we can suppose that pZ “ 0q is a root with corresponding conic C0, α P C0

is a singular point on C0 (i.e. the intersection of lines). We need to explore two cases: α P l and α R l:

1). triangle (α R l). By changing coordinates we assume that C0 : XY “ 0 ñ we see that
all coefficients of Cλ except B1pλ, 1q are divisible by λ. Thus, expanding ∆pZ, T q we see that all the
terms except

`

B1pλ, 1q
˘2
F3pλ, 1qT

2 are divisible by λ2. We know that λ - B1pλ, 1q. Let’s prove that
λ2 - F3pλ, 1q. Suppose not, i.e. λ2 | F3pλ, 1q. Then the equation of S is given by:

S : A1pZ, T qX
2 ` 2B1pZ, T qXY ` C1pZ, T qY

2 ` 2D1pZ, T qZX ` 2E1pZ, T qZY ` F1pZ, T qZ
2 “ 0

where A1pZ, T q, B1pZ, T q, C1pZ, T q, D1pZ, T q, E1pZ, T q, F1pZ, T q are homogeneous polynomial in
Z, T of degree 1. Substitute T “ 1:

S : A1pZ, 1qX
2 ` 2B1pZ, 1qXY ` C1pZ, 1qY

2 ` 2D1pZ, 1qZX ` 2E1pZ, 1qZY ` F1pZ, 1qZ
2 “ 0

So we see that S is singular at rX : Y : Z : T s “ r0 : 0 : 0 : 1s - contradiction with S being smooth.
Thus, λ is a simple root.

2). asterisk (α R l). As in previous case by changing coordinates we can assume that λ “ 0
and C0 is given by X2 ´ T 2 “ 0. We see that A1pλ, 1q “ ´F3pλ, 1q and all coefficients of Cλ except
A1pλ, 1q, F3pλ, 1q are divisible by λ. Thus, expanding ∆pZ, T q we see that all the terms except
A1pλ, 1qC1pλ, 1qF3pλ, 1qT

2 are divisible by λ2. A1pλ, 1qC1pλ, 1qF3pλ, 1qT
2 is not divisible by λ2 since

A1pλ, 1q, F3pλ, 1q are not divisible by λ and C1pλ, 1q is a linear polynomial. Thus, λ is a simple root.

Thus, there are exactly suitable 5 distinct singular conics (the ones meeting l) where each of them is
the unions of 2 lines. Finally, we can take 2 conics defined above C0 “ l0 Y l

1
0 and C1 “ l1 Y l

1
1. Note

that from the construction we have that l, l0, l1 are not coplanar. Thus, l0 X l1 “ H.

Theorem 13.5.3. Suppose X Ă P3
C is smooth cubic surface. Then X – X3.

Proof. Prom the proposition above we know that there are some disjoint lines l, l1 Ă X. Now define
rational maps φ and ψ that are the inverses of each other:

φ : l ˆ l1 99K X, where xx, x1y Ñ x2 “ xx, x1y XX

where px, x1q P l ˆ l1 and a line xx, x1y meets X at x2.

ψ : X 99K l ˆ l1, where y Ñ xx, x1y “ xl X xy, l1y, l1 X xy, lyy

it is defined for y P Xzpl ˆ l1q. Note that we can view ψ as a morphism: for y P l or y P l1 we can just
take tangent plane to X at y. In this case ψ is a birational morphism so thus it can be seen as the
composition of blow-ups. The curve is contracted by ψ if it intersects both l and l1.
By the proposition 13.5.2 we know that there are 5 pairs of lines which meet l, i.e. di, d1i for i P t1, ..., 5u
and di, d1i lie in the same plane Pi. Note that Pi X l1 is a point which belongs exactly either to di or
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d1i degpX X P1q “ 3 so we have X X Pi “ l Y di Y d
1
i, moreover l X l1 “ H thus l1 intersect either di

or d1i; it does not intersect both of them since di, d1i, l1 are not coplaner). We obtain exactly 5 lines
which are contracted by ψ, i.e. we can view X as the blow-up of P1

C ˆ P1
C at 5 points of the form

pxi, x
1
iq and xi ‰ xj , x1i ‰ x1j for i ‰ j which is isomorphic to the blow-up of P2

C at 6 points. Moreover,
j : X Ñ P3

C is the anticanonical embedding thus X – X3.

In general a cubic X3 has a trivial group of automorphisms ([MaKo88]). However, there are many of
examples of cubic surfaces X for which AutpXq ‰ t1u. The classification of group of automorphisms
of cubic surfaces can be found in [Dol10] § 9.5.

Example 13.5.4. Consider the Fermat cubic surface, which is a Del Pezzo surface of degree 3

SF “
 

rw : x : y : zs P P3
C| w

3 ` x3 ` y3 ` z3 “ 0
(

SF admits non-trivial automorphisms. For example:

ρ1 : rw : x : y : zs Ñ rw : e2iπ{3y : z : xs

ρ2 : rw : x : y : zs Ñ rw : e4iπ{3y : z : xs

13.6 The del Pezzo Surface of Degree 1 and 2

Recall that in case d “ 1, 2 we have that | ´KXd | is not very ample so it does not give an embedding.

13.6.1 The del Pezzo surface of degree 2:
Suppose X2 is a del Pezzo surface of degree 2. We see that it is the blow-up of 7 points p1, ..., p7 P P2

C
in general position. The system | ´KX2

| gives a morphism j2 : X2 Ñ P2
C:

rP2
C,7 “ X2

blow-up at p1,...,p7
��

j2

##
P2
C

// P2
C

is surjective but not an isomorphism. Since we have K2
X2
“ pπ˚KP2

C
` E1 ` ... ` E7q

2 “ 9 ´ 7 “ 2

then it is a double covering (since ´KX2 “ π˚OP2
C
p1q thus 2 “ K2

X2
“ π˚OP2

C
p1q ¨ π˚OP2

C
p1q “

degpj2qOP2
C
p1q ¨OP2

C
p1q ñ degpj2q “ 2). Note that for a general line on P2

C we have that its preimage

corresponds to a smooth cubic through the 7 points so it has genus p3´1qp3´2q
2 “ 1. By Riemann-

Hurwitz, the restriction of the double covering to the curve has four ramification points. This shows
that the ramification curve of j2 is a smooth (since X2 is smooth) quartic. So one can see X2 as a
surface which is given by the equation

w2 “ F4px, y, zq, where F4 is a form of degree 4

in a weighted projective space Pp2, 1, 1, 1q “ tpw, x, y, zq P C4ztp0, 0, 0, 0qu{ „ where pw, x, y, zq „
pλ2w, λx, λy, λzq for λ P C˚. Moreover, all smooth quartic curves are obtained this way ([Kol96]).
Now the 56 p´1q-curves of X2 correspond to the 28 bitangents of the smooth quartic. The involution
ιG of X2 obtained from the double covering is called Geiser involution and there exists an exact
sequence:

1 Ñă ιG ąÑ AutpX2q Ñ AutpΓq Ñ 1

where AutpΓq is the group of automorphisms of the curves. The structure of the group of automorphisms
of del Pezzo surfaces of degree 2 can be deduced from [Do-Iz09], §6.6.
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13.6.2 The del Pezzo surface of degree 1:
Suppose X1 is a del Pezzo surface of degree 1. We see that it is the blow-up of 8 points p1, ..., p8 P P2

C
in general position. The system | ´KX1 | gives a rational map j1 : X1 99K P1

C:

P P rP2
C,8 “ X1

blow-up at p1,...,p8
��

j1

%%
P2
C

// P1
C

The fibers of j1 correspond to the cubics on P2
C containing the points p1, ..., p8. Two cubics intersect

in 9 points thus this pencil has the ninth point P . This point is fixed by any automorphism, and it is
a unique base-point of j1.

The linear system | ´ 2KX1
| induces a morphism X1 Ñ P3

C , which lies in a quadric cone Q:

P P rP2
C,8 “ X1

blow-up at p1,...,p8
��

|´2KX1
|

%%
P2
C

// P3
C

The restriction gives a double covering of Q, ramified over the vertex v of Q and a smooth curve C of
genus 4 such that C is the intersection of Q with a cubic surface ([Ba-Be00], [dFe04], [Do-Iz09]).
Note that Q is isomorphic to Pp1, 1, 2q2 and C has the equation of degree 6 there. Using the change
of coordinates X1 is given in Pp3, 1, 1, 2q by ([Kol96]):

w2 “ z3 ` F4px, yqz ` F6px, yq, where F4, F6 are forms of degrees 4, 6 respectively

the vertex of the quadric is v “ r1 : 0 : 0 : 1s “ rp´1q3 ¨1 : p´1q ¨0 : p´1q ¨0 : p´1q2 ¨1s “ r´1 : 0 : 0 : 1s.

The involution associated to the double covering given by: σprw : x : y : zsq “ rw : x : y : zs
is called the Bertini involution.

A family of del Pezzo surfaces of degree 1 has a complicated group of automorphisms described
in [Do-Iz09], §6.7.

2Consider π : Ax,y,zzt0u Ñ P3
rX:Y :Z:T s

, where px, y, zq ÞÑ rx2 : xy : y2 : zs. Note that we have π
`

px, y, zq
˘

“

π
`

px, y, zq
˘

ô Dλ P C˚ such that x1 “ λx, y1 “ λy, z1 “ λ2z. Thus, the image of Pp1, 1, 2q is given by the quadratic
cone XY “ Z2 in P3

C.
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Examples

In this chapter we will take a closer look at some examples of the conjugacy classes of the finite
subgroups in BirpP2

Cq.

14.1 Conjugacy Invariants

Suppose G is a finite abelian subgroup of AutpXq where X is the surface. Before studying the
examples it is important to mention some birational invariants which help us to prove that subgroups
of BirpP2

Cq have different conjugacy classes.

14.1.1 Invariant Pencil of Rational Curves

The existence of a pencil of rational curves of the surface X invariant by the group G is the conjugacy
invariant. The fact that it is invariant is equivalent to the existence of a birational map φ : X 99K X 1

where pX 1, πq is a conic bundle such that φGφ´1 acts biregularly on the conic bundle. Note that we
obtained such φ in the proof of the Proposition 12.3.3.

14.1.2 Pairs of Invariant Pencils

The existence of two G-invariant pencils of rational curves on the surface X, with some given free
intersection is the conjugacy invariant. This is equivalent to the existence of a G-equivariant rational
map φ : X 99K P1

CˆP1
C which such that G acts on the target as a subgroup of PGLp2,CqˆPGLp2,Cq.

14.1.3 The Existence of Fixed Points

If there exist some points on the surface X fixed by G Ă AutpXq is a finite abelian group. φ : X 99K X
is a birational map of surfaces, G1 Ă AutpX 1q a finite abelian group such that φ conjugate G and G1.
Then, by Proposition A.2 [Ko-Sz99], there is at least one point on X 1 fixed by G1.

14.2 Finite Abelian subgroups of of AutpP2
Cq

In this section we will classify the conjugacy classes of Finite Abelian subgroups of AutpP2
Cq in BirpP2

Cq.

Definition 14.2.1. We call a automorphism rx : y : zs Ñ rax : by : czs of P2
C the diagonal

automorphism and denote it ra : b : cs. We also denote ζm “ e2πi{m.
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Proposition 14.2.2. Every finite Abelian subgroup of AutpP2
Cq “ PGLp3,Cq is conjugate, in the

Cremona group BirpP2
Cq, to one and only one of the following:

1. a diagonal group, isomorphic to Z{nZˆ Z{mZ, where n|m, generated by

r1 : ζn : 1s and rζm : 1 : 1s

When n “ 1 we obtain the cyclic groups

2. V9 – Z{3Zˆ Z{3Z, generated by

r1 : ζ3 : ζ2
3 s and rx : y : zs Ñ ry : z : xs

Thus, two isomorphic finite Abelian subgroups different from V9 of PGLp3,Cq are conjugate in BirpP2
Cq.

Proof. From the Theorems 4.7, 4.8 of [Do-Iz09] we deduce that every finite Abelian subgroup of
AutpP2

Cq “ PGLp3,Cq is conjugated in PGLp3,Cq to

• A cyclic group which is isomorphic to Z{nZ, generated by

r1 : ζan : ζbns where gcdpn, a, bq “ 1

• A diagonal group, isomorphic to Z{mZˆ Z{nZ, such that m|n generated by

r1 : 1 : ζms and r1 : ζan : ζbns where gcdpn, a, bq “ 1

• The special group V9, isomorphic to Z{3Zˆ Z{3Z, generated by

r1 : ζ3 : ζ2
3 s and rx : y : zs Ñ ry : z : xs

V9 is not diagonolizable in BirpP2
Cq since it does not have fixed points, but a diagonal group fixes

r1 : 0 : 0s, r0 : 1 : 0s, r0 : 0 : 1s (by 14.1.3).
Linear automorphisms of P2 of the same finite order are conjugate in the Cremona group BirpP2

Cq
([Be-Bl04], Proposition 2.1.). Thus cyclic groups of PGLp3,Cq of order n are conjugate in BirpP2

Cq
to a cyclic group isomorphic to Z{nZ, generated by rζn : 1 : 1s.

Suppose G is a finite abelian subgroup of PGLp3,Cq such that it is not cyclic and not conjugate
to V9. In this case it is diagonal and is isomorphic to Z{mZ ˆ Z{nZ, such that m|n. The group
GLp2,Zq Ă CrpP2

C) of birational maps of the form

g : px, yq 99K pxayb, xcydq

normalizes the torus T of diagonal automorphisms (gTg´1 “ T for T P T ). We can conjugate the
group G by an element of GLp2,Zq [Be-Bl04], Proposition 2.1.) in such a way that it contains
rζn : 1 : 1s. Since g normalizes the torus, G stays diagonal and contains a subgroup isomorphic to
Z{mZˆ Z{nZ. This subgroup contains all elements of T of order m including r1 : ζm : 1s, so we get a
diagonal group, isomorphic to Z{mZˆZ{nZ, where m|n, generated by r1 : ζm : 1s and rζn : 1 : 1s.

14.3 Finite Abelian subgroups of AutpP1
C ˆ P1

Cq

In this section we will classify the conjugacy classes of finite abelian subgroups of AutpP1
C ˆ P1

Cq in
BirpP2

Cq. First consider an example of a subgroup of AutpP1
CˆP1

Cq “
`

PGLp2,CqˆPGLp2,Cq
˘

¸Z{2Z:
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Example 14.3.1. Consider a subgroup pC˚q2 ¸ Z{2Z where the action of pC˚q2 is given by:

px, yq Ñ pαx, βyq

and the action of Z{2Z is given by
px, yq Ñ py, xq

Consider a birational map:

h : P1
C ˆ P1

C 99K P2
C, where px, yq 99K rx : y : 1s

h conjugates pC˚q2 ¸ Z{2Z Ă AutpP1
C ˆ P1

Cq to the subgroup of AutpP2
Cq generated by:

rx : y : zs Ñ rαx : βy : zs and rx : y : zs Ñ ry : x : zs, where α, β P C˚

Proposition 14.3.2. Every finite Abelian subgroup of AutpP1
C ˆ P1

Cq is conjugate, in the Cremona
group BirpP2

Cq, to one of the following groups:
(i) G – Z{nZˆ Z{mZ,

(ii) G – pZ{2Zq2 ˆ Z{nZ,

(iii) G – Z{2Zˆ Z{2nZ,

(iv) G – pZ{2Zq2

(v) G – pZ{2Zq2

(vi) G – pZ{2Zq2

(vii) G – pZ{2Zq3,

(viii) G – pZ{2Zq4,

(ix) G – Z{2Zˆ Z{4Z,

(x) G – pZ{2Zq3,

px, yq Ñ pζnx, yq and px, yq Ñ px, ζmyq

px, yq Ñ p˘x˘1, yq and px, yq Ñ px, ζnyq

px, yq Ñ px´1, yq and px, yq Ñ p´x, ζ2nyq

px, yq Ñ p˘x˘1, yq

px, yq Ñ p´x,´yq and px, yq Ñ px´1, yq

px, yq Ñ p´x,´yq and px, yq Ñ px´1, y´1q

px, yq Ñ p˘x,˘yq and px, yq Ñ px´1, yq

px, yq Ñ p˘x˘1,˘y˘1q

px, yq Ñ px´1, y´1q and px, yq Ñ p´y, xq

px, yq Ñ p´y,´xq, px, yq Ñ px´1, y´1q and px, yq Ñ py, xq

Where m,n P Zą0 and n|m. Moreover, the groups of type (1) are conjugate to subgroups of AutpP2
Cq.

Proof. 1. Suppose G Ă pC˚q2 ¸ Z{2Z then by the example 14.3.1 we can conjugate G with the
subgroup in AutpP2

Cq in BirpP2
Cq. We see that G is conjugate to the group in case piq.

2. Suppose G Ă PGLp2,Cq ˆ PGLp2,Cq and πi : PGLp2,Cq ˆ PGLp2,Cq Ñ PGLp2,Cq are the
projections on i-th factor. Note that πipGq is a finite abelian subgroup for i “ 1, 2. Let’s explore the
cases of the structure of πipGq:

• πipGq is cyclic for i “ 1, 2: in this case we have that G is conjugate to the subgroup of pC˚q2
which consists of automorphisms of the form:

px, yq Ñ pαx, βyq, where α, β P C˚

Thus, we are in the case piq.

• exactly one of πipGq is cyclic: after conjugation in AutpP1
C ˆ P1

Cq we can assume that π1pGq
is a non-cyclic group which consists of the maps of the form x 99K ˘x˘1 and π2pGq is a cyclic
group generated by y Ñ ζmy. 1 Consider the exact sequence:

1 Ñ GX kerpπ2q Ñ GÑ π2pGq Ñ 1

1finite subgroups of PGLp2,Cq are up to isomorphy exactly the following: cyclic groups Cn, dihedral groups Dn

(with 2n elements), the tetrahedral group A4, the icosahedral group A5, the octahedral group S4. Thus, the only
abelian groups are cyclic groups Cn and D1 – Z{2Z (cyclic), D2 – pZ{2Zq2.
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We can view G as a subgroup of π1pGq ˆ π2pGq – pZ{2Zq2 ˆ Z{mZ. By assumption π2pGq is
cyclic, but G is not cyclic, thus GX kerpπ2q fl t1u. So we have that GX kerpπ2q is isomorphic
to Z{2Z or pZ{2Zq2.
If GX kerpπ2q – pZ{2Zq2 we have that G – π1pGq ˆ π2pGq – pZ{2Zq2 ˆ Z{mZ and we get piiq
for m ą 1 and pivq for m “ 1.
In case GX kerpπ2q – Z{2Z we have that G – Z{2ZˆZ{mZ or G – Z{2mZ. By assumption G
is not cyclic thus m is even. Using conjugation we can assume that GX kerpπ2q is generated by
xÑ x´1 and G – Z{2Zˆ Z{mZ and we get piiiq with n “ m{2 for m ą 2 and pvq for m “ 2.

• π1pGq – π2pGq – pZ{2Zq2: after conjugation in AutpP1
CˆP1

Cq we can assume that π1pGq consists
of the maps of the form x 99K ˘x˘1 and π2pGq consists of the maps of the form y 99K ˘y˘1.
Consider the exact sequence:

1 Ñ GX kerpπ2q Ñ GÑ π2pGq Ñ 1

We can view G as a subgroup of π1pGq ˆ π2pGq – pZ{2Zq4. Then G is one of the following:
$

’

&

’

%

GX kerpπ2q – t1u ñ case pviq
GX kerpπ2q – Z{2Zñ case pviiq
GX kerpπ2q – pZ{2Zq2 ñ case pviiiq

3. Suppose G Ć PGLp2,CqˆPGLp2,Cq and φ P AutpP1
CˆP1

CqzPGLp2,CqˆPGLp2,Cq. Then we can
write φ as:

φ : px, yq Ñ
`

αpyq, βpxq
˘

, where α, β P AutpP1
Cq

Now we conjugate φ by ψ : px, yq Ñ pβpxq, yq:

ψ ˝ φ ˝ ψ´1 : px, yq
ψ´1

ÝÝÑ
`

β´1pxq, y
˘ φ
ÝÑ

`

αpyq, x
˘ ψ
ÝÑ

`

βpαpyqq, x
˘

Thus, up to conjugation φ is of the form:

px, yq Ñ pαpyq, xq, where α P AutpP1
Cq

Note that if φ is of finite order then α is of finite order, so up to conjugation α is of the form y Ñ λy
(λ P C˚) and φ is of the form px, yq Ñ pλy, xq.

We see that if G Ă AutpP1
C ˆ P1

Cq, G Ć PGLp2,Cq ˆ PGLp2,Cq is a cyclic group, then we get
case piq. If G is not a cyclic group, then it is generated by the group

H “ GX pPGLp2,Cq ˆ PGLp2,Cqq

together with the element of finite order (thus diagonalizable) which is conjugate to φλ : px, yq Ñ pλy, xq
(λ P C˚). G is an abelian group so for any element h P H given by h : px, yq Ñ

`

h1pxq, h2pyq
˘

we get:

φλ ˝ h : px, yq
h
ÝÑ

`

h1pxq, h2pyq
˘ φλ
ÝÝÑ

`

λh2pyq, h1pxq
˘

h ˝ φλ : px, yq
φλ
ÝÝÑ pλy, xq

h
ÝÑ

`

h1pλyq, h2pxq
˘

φλ ˝ h “ h ˝ φλ ñ
`

λh2pyq, h1pxq
˘

“
`

h1pλyq, h2pxq
˘

ñ h1pxq “ h2pxq and λh1pyq “ h1pλyq

Thus, any element of H has the form

px, yq Ñ pαpxq, αpyqq, where αpλxq “ λαpxq

Let’s look at the elements of PGLp2,Cq which commute with α. The possible cases depend on λ:
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• λ “ 1 :
We suppose that H is either diagonal or equal to the group generated by px, yq Ñ p´x,´yq and
px, yq Ñ px´1, y´1q after conjugating it by some element px, yq Ñ pγpxq, γpyqq . If H is diagonal
then G Ă pC˚q2 ¸ Z{2Z and we are in case piq. The second option gives case pxq.

• λ “ ´1 :
H contains the square of px, yq Ñ p´y, xq, which is α : px, yq Ñ p´x,´yq. The group H is either
cyclic or generated by px, yq Ñ p´x,´yq and px, yq Ñ px´1, y´1q. If H is cyclic, it is diagonal,
so G Ă pC˚q2 ¸ Z{2Z and we are in case piq. The second option gives pixq.

• λ ‰ ˘1 :
The group H is diagonal and then G is contained in pC˚q2 ¸ Z{2Z.

Let’s now prove that some of these groups are conjugate in BirpP2
Cq:

Proposition 14.3.3. Every finite Abelian subgroup of AutpP1
C ˆ P1

Cq is conjugate, in the Cremona
group BirpP2

Cq, to one and only one of the following groups:
(1) G – Z{nZˆ Z{mZ,

(2) G – Z{2Zˆ Z{2nZ,

(3) G – pZ{2Zq2 ˆ Z{2nZ,

(4) G – pZ{2Zq2

(5) G – pZ{2Zq3,

(6) G – pZ{2Zq4,

(7) G – Z{2Zˆ Z{4Z,
conjugate to the group g.b.

(8) G – pZ{2Zq3,
conjugate to the group g.b.

px, yq Ñ pζnx, yq and px, yq Ñ px, ζmyq

px, yq Ñ px´1, yq and px, yq Ñ p´x, ζ2nyq

px, yq Ñ p˘x˘1, yq and px, yq Ñ px, ζ2nyq

px, yq Ñ p˘x˘1, yq

px, yq Ñ p˘x,˘yq and px, yq Ñ px´1, yq

px, yq Ñ p˘x˘1,˘y˘1q

px, yq Ñ px´1, y´1q and px, yq Ñ p´y, xq
px, yq Ñ px´1, y´1q and px, yq Ñ p´x´1,´x´1yq

px, yq Ñ p´y,´xq, px, yq Ñ px´1, y´1q and px, yq Ñ py, xq
px, yq Ñ px´1,´x´1yq, px, yq Ñ px´1, y´1q and px, yq Ñ px´1, x´1yq

Where m,n P Zą0 and n|m. Moreover, the groups of type (1) are conjugate to subgroups of AutpP2
Cq.

Proof. We now use the results from the previous proposition to determine conjugacy classes.

1. The case piq corresponds to p1q.

2. Suppose we have the group of type piiq G – pZ{2Zq2 ˆ Z{mZ with generators px, yq Ñ p˘x˘1, yq
and px, yq Ñ px, ζmyq.

• for m “ 2n we get p3q.

• for m “ 2n` 1 consider the map:

φ : px, yq 99K
´

x,
y

x` x´1

¯

it conjugates f : px, yq Ñ p´x, yq to px, yq Ñ p´x,´yq:

φ˝f˝φ´1 : px, yq
φ´1

9999K px, ypx`x´1qq
f
99K p´x, ypx`x´1qq

φ
99K

´

x,
ypx` x´1q

´x´ x´1

¯

“ p´x,´yq

78



Chapter 14 14.3. FINITE ABELIAN SUBGROUPS OF AUTpP1
C ˆ P1

Cq

Moreover φ commutes with g : px, yq Ñ px´1, yq and h : px, yq Ñ px, ζmyq:

g ˝ φ : px, yq
φ
99K px, ypx` x´1qq

g
99K px´1, ypx` x´1qq

φ ˝ g : px, yq
g
99K px´1, yq

φ
99K px´1, ypx´1 ` xqq

+

ñ g ˝ φ “ φ ˝ g

h ˝ φ : px, yq
φ
99K px, ypx` x´1qq

h
99K px, ζmypx` x´1qq

φ ˝ h : px, yq
h
99K px, ζmyq

φ
99K px, ζmypx` x´1qq

+

ñ h ˝ φ “ φ ˝ h

We get the group of type p2q with m “ n.

3. The case piiiq corresponds to p2q.

4. Suppose we have a group of type pivq G – pZ{2Zq2 with generators px, yq Ñ p˘x˘1, yq.

• Consider a birational map:

φ : px, yq 99K
´

x,
y ` x2

y ` x´2

¯

Suppose g : px, yq Ñ px´1, yq, h : px, yq Ñ p´x, yq. Now we have that g is conjugate to
px, yq Ñ px´1, y´1q:

g1 : px, yq
φ´1

9999K
´

x,
x2 ´ x´2y

y ´ 1

¯

g
99K

´

´x,
x2 ´ x´2y

y ´ 1

¯

φ
99K

˜

x´1,

x2
´x´2y
y´1 ` x´2

x2´x´2y
y´1 ` x2

¸

“ px´1, y´1q

h ˝ φ : px, yq
φ
99K px, y`x

2

y`x´2

˘ h
99K p´x, y`x

2

y`x´2

˘

φ ˝ h : px, yq
h
99K p´x, yq

φ
99K

`

´ x, y`p´xq
2

y`p´xq´2

˘

,

.

-

ñ φ ˝ h “ h ˝ φ

We can conjugate this group to the group of type pvq by the element in AutpP1
C ˆ P1

Cq:

ψ : px, yq Ñ
´x` 1

x´ 1
,
y ` 1

y ´ 1

¯

Then we have:

ψ˝g1˝ψ
´1 : px, yq

ψ´1

9999K
´x` 1

x´ 1
,
y ` 1

y ´ 1

¯

g1
99K

´x´ 1

x` 1
,
y ´ 1

y ` 1

¯

ψ
99K

˜

x´1
x`1 ` 1
x´1
x`1 ´ 1

,

y´1
y`1 ` 1
y´1
y`1 ´ 1

¸

“ p´x,´yq

ψ˝h˝ψ´1 : px, yq
ψ´1

9999K
´x` 1

x´ 1
,
y ` 1

y ´ 1

¯

h
99K

´

´
x` 1

x´ 1
,
y ` 1

y ´ 1

¯

ψ
99K

˜

´x`1
x´1 ` 1

´x`1
x´1 ´ 1

,

y`1
y´1 ` 1
y`1
y´1 ´ 1

¸

“ px´1, yq

• Consider a birational map:

φ : px, yq 99K
´

x, x
y ` x2

y ` x´2

¯

Suppose g : px, yq Ñ p´x, yq, h : px, yq Ñ px´1, yq. Now we have that g is conjugate to
px, yq Ñ p´x,´yq

px, yq
φ´1

9999K
´

x,
x3 ´ yx´2

y ´ x

¯

g
99K

´

´ x,
x3 ´ yx´2

y ´ x

¯

φ
99K

˜

´ x, x

x3
´yx´2

y´x ` x2

x3´yx´2

y´x ` x´2

¸

“ p´x,´yq

h is conjugate to px, yq Ñ px´1, y´1q

px, yq
φ´1

9999K
´

x,
x3 ´ yx´2

y ´ x

¯

h
99K

´

x´1,
x3 ´ yx´2

y ´ x

¯

φ
99K

˜

x´1, x´1

x3
´yx´2

y´x ` x´2

x3´yx´2

y´x ` x2

¸

“ px´1, y´1q
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Thus, pivq and pviq are birationally conjugate so pivq, pvq, pviq are birationally conjugate to p4q.

5. Cases pviiq and pviiiq correspond to p5q and p6q respectively.

6. Suppose we have the group of type pixq, i.e. G – Z{2ZˆZ{4Z generated by g : px, yq Ñ px´1, y´1q

and h : px, yq Ñ p´y, xq so we are in case p7q. Let’s prove that it is conjugate to the group with the
generators given in the proposition. Consider the birational map

φ : P1
C ˆ P1

C 99K P2
C, where px, yq 99K rx : y : 1s

Then:
g1 “ φ ˝ g ˝ φ´1 : rx : y : zs

φ´1

9999K
´x

z
,
y

z

¯

g
99K

´ z

x
,
z

y

¯

φ
99K rzy : zx : xys

h1 “ φ ˝ h ˝ φ´1 : rx : y : zs
φ´1

9999K
´x

z
,
y

z

¯

h
99K

´

´
y

z
,
x

z

¯

φ
99K r´y : x : zs

So we get the group of birational maps of P2
C generated by g1 : rx : y : zs 99K rzy : zx : xys and

h1 : rx : y : zs 99K r´y : x : zs up to conjugation. This group leaves invariant the pencil of lines trough
point r0 : 0 : 1s which is tax` by| ra : bs P P1

Cu. Now consider the birational map

ψ : P2
C Ñ P1

C ˆ P1
C, where rx : y : zs 99K rx : ys ˆ rx : zs

Then
ψ ˝ g1 ˝ ψ´1 : pα, βq “ rx : ys ˆ rx1 : z1s “ rx : ys ˆ rx : zs

ψ´1

9999K rx : y : zs
g1

99K

g1

99K ryz : xz : xys
ψ
99K ryz : xzs ˆ ryz : xys “ ry : xs ˆ rz : xs “ pα´1, β´1q

ψ ˝ h1 ˝ ψ´1 : pα, βq “ rx : ys ˆ rx1 : z1s “ rx : ys ˆ rx : zs
ψ´1

9999K rx : y : zs
h1

99K

h1

99K r´y : x : zs
ψ
99K r´y : xs ˆ r´y : zs “ p´α´1,´α´1βq

So our group is conjugate to the group generated by px, yq 99K px´1, y´1q and px, yq 99K p´x´1,´x´1yq

7. Suppose we have a group of type pxq: G – pZ{2Zq3 generated by f : px, yq Ñ p´y,´xq,
g : px, yq Ñ px´1, y´1q and h : px, yq Ñ py, xq so we are in case p8q. Let’s prove that it is conjugate to
the group with the generators given in the proposition. Consider the birational map

φ : px, yq 99K px{y, xq

Now we have:

φ ˝ f ˝ φ´1 : px, yq
φ´1

9999K py, x´1yq
f
99K p´x´1y,´yq

φ
99K px´1,´x´1yq

φ ˝ g ˝ φ´1 : px, yq
φ´1

9999K py, x´1yq
g
99K py´1, xy´1q

φ
99K px´1, y´1q

φ ˝ h ˝ φ´1 : px, yq
φ´1

9999K py, x´1yq
h
99K px´1y, yq

φ
99K px´1, x´1yq

and the first projection is invariant.

Let’s now prove that different cases give different conjugacy classes in BirpP2
Cq.

8. The groups of type p1q fix at least one point and others don’t so they are different from other cases.

9. Note that the only candidates for being conjugate are:
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• p5q and p8q with G – pZ{2Zq3

• p2q for n “ 2 and p7q with G – Z{2Zˆ Z{4Z

Note that p2q and p5q leave invariant two pencils of curves given by the projections πi : P1
C ˆ P1

C Ñ P1
C

on i-th coordinate and which intersect freely in exactly one point. Let’s prove that it is not true for
p7q and p8q.

Consider G as a subgroup of AutpP1
C ˆ P1

Cq such that G permutes fibrations. By proposition 10.3.3 we
have that:

PicpP1
C ˆ P1

Cq
G “ ´1{2KP1

CˆP1
C
Z “: dZ

Suppose that we can find two G-invariant pencils of rational curves Λ1 “ n1d and Λ2 “ n2d
(n1, n2 P Zą0). Consider the intersection :

Λ1 ¨ Λ2 “ p´
1

2
KP1

CˆP1
C
q2n1n2 “ pE0 ` fq

2n1n2 “ 2n1n2 - even

Moreover, the fixed part of the intersection is even since OrdpGq “ 8 (in both cases) and G does not
have fixed points on P1

C ˆ P1
C. Thus, the free part of the intersection is also even thus they cannot

intersect freely in exactly one point.

Thus, the members of pairs p5q+p8q and p2q ` p7q are not birationally conjugate to each other.
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Conclusion

We proved in 9.3.3 that the minimal rational surfaces are given by X is a smooth projective rational
surface X where X – P2

C or X – Fn for n ‰ 1. Then we have that the groups of automorphisms of
minimal rational surfaces are given by:

#

AutpP2
Cq “ PGLp3,Cq

AutpFnq “ Cn`1 ¸GLp2,Cq
M

 `

µ 0
0 µ

˘
ˇ

ˇ µn “ 1
(

We proved in 12.1.1 that the minimal conic bundles are given by X “ Fn for some n. Moreover, 12.5.1
gives us the result on the finite subgroups of groups of automorphisms of conic bundles containing
singular fibers:

Theorem. Suppose pX,πq is a conic bundle which contains a singular fiber (at least 1), G Ă AutpX,πq
is a finite group such that a pair pG,Xq is minimal. Then, one of the following occurs:

1. pX,πq is the exceptional conic bundle

2. G1 “ telements which preserve any fiberu Ă G is isomorphic to Z{2Z or pZ{2Zq2.

Suppose we have a finite subgroup G Ă BirpP2
Cq. By proposition 10.1.2 we can find a rational surface

X together with a birational morphism π : X Ñ P2
C such that π´1Gπ Ă AutpXq, i.e. we can realize

the subgroup of BirpP2
Cq as a subgroup of AutpXq where X is a rational surface. After contracting

orbits of disjoint p´1q-curves we can assume that pX,Gq is minimal. Then we study minimal pairs
pX,Gq using theorem 10.3.2:

Theorem. Suppose X is a smooth projective rational surface, G Ă AutpXq is finite. Suppose we
have a minimal pair pG,Xq. Then exactly one of the following holds:

1. rk
`

PicpXqG
˘

“ 1. In this case, X is a Del Pezzo surface.

2. The surface X has a conic bundle structure invariant by G, and rk
`

PicpXqG
˘

“ 2.

In the first case X is a del Pezzo surface by proposition 10.3.3. For the second case recall proposition
12.3.3 which proves that the study of finite groups of automorphisms of conic bundles is equivalent to
the study of finite subgroups of the group of birational maps of F0 which preserve the conic bundle
structure. This group is called de Jonquieres group and it is isomorphic to PGLp2,Cpxqq¸PGLp2,Cq.
Combined with the results from chapters 12 and 13 it gives us the following result:

82



Chapter 15

Theorem. Let G Ă BirpP2
Cq be a finite group. Then G is conjugated to the subgroup of one of the

following groups:

1. De Jonquieres group which is isomorphic to PGLp2,Cpxqq ¸ PGLp2,Cq.

2. AutpP2
Cq – PGLp3,Cq.

3. AutpP1
C ˆ P1

Cq “ pPGLp2,Cqq2 ¸ Z{2Z.

4. AutpX6q – pC˚q2 ¸ pS3 ˆ Z{2Zq, where X6 is the del Pezzo surface of degree 6.

5. AutpX5q – S5 where X5 is the del Pezzo surface of degree 5.

6. AutpX4q – pZ{2Zq4¸AutpX4, π, 5q, where AutpX4, π, 5q is the lift of the group of automorphisms
of P2

C that leave the set tp1, .., p5u invariant.

7. AutpXkq where Xk is a del Pezzo surface of degree k for k “ 1, 2, 3.
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