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Abstract

The work presented in this thesis focuses on the study of the dynamics of classical nonlinear systems and on the numerical application to an industrial rotor system in the scope of the blade-tip/casing contact interactions. The nonlinear dynamics of those systems is studied by using a frequency approach in opposition to the majority of the existing studies which prefer to rely on time integration methods. These frequency approaches, which are emerging more and more in the literature for the study of the dynamics of nonlinear systems, bring a more qualitative characterization of the nonlinear vibrations but also forget some motions which could be attributed to transient phases only captured by time integration methods. However, those frequency approaches have also many benefits related to this qualitative characterization. Moreover, time integration methods usually fail to predict the exact location of nonlinear resonances in comparison with the frequency based approach proposed in this thesis. In the end of the day, the best combination would be to be able to carry on both time integration and frequency approach methodologies as they turn out to be complementary.

This frequency based approach relies on the application of the so called harmonic balance method. This method is based on the principal assumption that the solution of the nonlinear equation of motion is periodic. Thanks to this hypothesis of periodicity of the solution, this latter can be expressed as a truncated Fourier series which is the basic foundation of the analysis. The harmonic balance method involves a lot of different concepts ( harmonics, resonance, secondary resonances ...) and methods such as the Galerkin projection, the Alternating frequency-time process, the Newton-Raphson iterative algorithm of resolution, the continuation techniques,... Even if the basic principle of this method is not complex, some problems are usually encountered in its implementation. In particular, the handling of the nonlinear effort is not straightforward and asks to switch from the time to the frequency domain by using this concept of Alternating frequency time scheme. The present work fully encompasses this process which is central in the harmonic balance method and used in combination with the Newton-Raphson iterative solver (classically employed to solve nonlinear equations). Moreover, different types of continuation techniques used to follow the solution on its branch are described in details (predictor step, corrector step, parameterization and step adaptation) and compared with their respective advantages and drawbacks.

In order to study the dynamics of the different systems considered in this thesis, the different frequency response curves obtained after solving the nonlinear equation of motion are presented and analyzed in comparison with the linear frequency response functions. The effect of the nonlinearity on the resonance and secondary resonances peaks is observed and analyzed by carrying parametric studies on some important parameters associated to those different systems. Furthermore, some convergence studies about the number of harmonics retained in the truncated Fourier series and the number of time samples used in the AFT process are carried on for all systems.

Regarding the blade-tip/casing contact interactions, the handling of a contact nonlinearity is described in the scope of a unilateral contact between a deformable and a rigid solid. Its modeling and its numerical treatment (regularization of the contact law) are briefly explained. This numerical treatment is required to face the different problems which can be encountered with a contact nonlinearity.

Finally, the computation of nonlinear modes is achieved in the conservative case for two of the classical and conservative systems presented in this work. The concept of backbone curve is illustrated through the representation of those nonlinear modes. The methodology used to calculate nonlinear normal modes consists in computing the free response by suppressing the damping from the studied systems. The non conservative methodology is fully detailed as well. Nevertheless, its implementation is re-ally complex and some troubles did not permit to compute these non conservative nonlinear modes for all non conservative systems. In particular, the problem of initialization of the solution for these nonlinear modes justifies the difficulty to find a solution which does not diverge over the iterations. Another issue related to the initialization of the solution is the possibility to face a singular Jacobian matrix in the Newton-Raphson process of resolution. Those issues are considered with some ideas which are put forward in order to circumvent those issues.
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Introduction

Description of the subject

One of the main goal that is pursued by aeronautical engineers is to reduce the environmental footprint of the current aircraft while reducing their fuel consumption. Therefore, aircraft engine manufacturers try to design more efficient engines. One alternative to increase this efficiency is to reduce the operating clearance between the rotating and the static parts within the turbomachine, which promotes contact phenomena at the same time. In order to explain and to try to simulate these observations, numerical simulations were carried on. In particular, thermomechanical simulations show a large influence of the thermal dilatation on the contact phenomena ( [START_REF] Derclaye | Implementation of a Rig Test for Rotor/Stator Interaction of Low-Pressure Compressor Blades and Comparison of Experimental Results With Numerical Model[END_REF], [START_REF] Lavazec | Multiphysics numerical simulation of an experimentally predicted rubbing event in aircraft engines[END_REF], [START_REF] Padova | Airfoil Deflection Characteristics During Rub Events[END_REF]). Indeed, the contact is initialized by a deformation of the contact surface of the casing. In addition, the contact may be introduced by other causes such as an excitation of the blades, the application of centrifugal effects, a shift of the engine's axis resulting from a maneuver charge, ... Nowadays, these contacts occur very often and may be considered as not accidental. Furthermore, they might be dangerous and even lead to the failure of one or several blades [START_REF] Cartraud | Rotor to stator contacts in turbomachines. Review and application[END_REF]. Over the years, various solutions were found to reduce the severity of these contacts. The addition of abradable material on the casing is now considered as a nice alternative to avoid these dangerous blade-tip/casing contacts. It enables to mitigate the vibration levels when a contact occurs.

Motivations and objectives

This thesis' subject is particularly motivating because of the wide field of applications it encompasses. As a matter of fact, the main motivation concerns the aeronautical realm. In particular, the existence of several nonlinear interfaces within an aircraft engine and the dangerous consequences it might imply considerably motivates the current study. Indeed, the vibrations at those kind of nonlinear interfaces may lead to a serious reduction of a component's lifetime or even be a threat for the structural integrity of this component (and by consequence of the whole engine). Therefore, security, economical goals are implicitly pursued.

Besides the reduction of the operating clearance, another possibility for increasing this efficiency is the use of new materials [START_REF] Batailly | Development of a harmonic balance method-based numerical strategy for blade-tip/casing interactions: Application to NASA rotor 37[END_REF]. Focusing on the first idea necessarily implies that engineers are currently dealing with the treatment of contact phenomena between the blades and the surrounding casing, particularly within compressors. The latter unavoidably implies more frequent structural contacts between rotating components and their surrounding casing. This environment can be visualized in Fig. 1. This first solution which aims to reduce the operating clearance is particularly interesting compared to the use of new materials because these new and lighter materials are not always capable to sustain the same stress levels than the traditional titanium alloys [START_REF] Batailly | Development of a harmonic balance method-based numerical strategy for blade-tip/casing interactions: Application to NASA rotor 37[END_REF].

Blade-tip/casing contact interactions have already been studied over the past years. Nevertheless, most of the existing studies are using numerical time integration for the prediction of these kind of interactions. The alternative of using frequency-based methods also bring a contribution which goes behind the aeronautical world. A comparison between the numerical time integration and a frequency domain approach is discussed in section 4. 

Motivations and objectives

Time and frequency methods

First of all, it should be mentioned that the rates of incursion of the blades into the casing remain relatively low compared to the high relative speed between the static and the rotating parts ( [START_REF] Batailly | The harmonic balance method with arc-length continuation in blade-tip/casing contact problems[END_REF]) so that an appropriate contact treatment algorithm should be found for obtaining relevant results. Moreover, the contact phenomenon induces a stiffening effect. This effect should also be taken into account in the algorithm.

At first, researchers thought that it was better to rely on time integration method rather than considering frequency domain methods. This choice was motivated by the fact that numerical time integration enables to easily implement contact algorithms.

Furthermore, some experiments showed that witnessed interactions may be associated to some transient motions which are only captured by time integration methods [START_REF] Yann | Stratégie numérique pour l'analyse qualitative des interactions aube/carter[END_REF]. Time integration methods were also preferred as for complex systems, frequency approaches could become rapidly tedious with the increasing number of nonlinear degrees of freedom. Finally, a good match between the results from time integration methods and experiments was noticed. To summarize, these methods might seem more attractive than frequency approaches when disregarding the advantages offered by a frequency based approach.

In addition, time methods only provide quantitative results. Indeed, the results obtained from time integration depend on the initial conditions. Therefore, a lot of simulations yielding the same solution could be carried on using different initial conditions if there is coexistence. Moreover, there are less constraints on the nonlinear effort when using time integration methods instead of frequency approaches (which use AFT scheme as presented in section 8.2.2). It is thus easier to be more realistic and more quantitative using time integration scheme. Considering these possible coexistences, a qualitative understanding of blade-tip/casing contacts with numerical time integration would require a huge number of simulations.

Therefore, frequency methods are rather used to obtain a qualitative characterization of the nonlinear vibrations. Furthermore, as presented in this work, time integration methods sometimes fail to predict nonlinear resonances by underestimating it. This underestimation could be very dangerous if the design of the blades relies on those results. On the other hand, frequency based approach might also miss some resonances if the sub-harmonic ratio is too high [START_REF] Colaïtis | The harmonic balance method with arc-length continuation in blade-tip/casing contact problems[END_REF]. To summarize, time integration methods and frequency domain approaches are complementary, the first approach being more quantitative and the latter more qualitative.

5 Dynamics of linear system

Equation of motion of a linear system

It is usually interesting to restart from the equations governing the dynamics of a linear system in order to progressively introduce the nonlinearity into the equations. Moreover, the application to a linear system enables to remind the different kind of responses which can be obtained. The vectorial equation of motion which characterizes a linear system are [START_REF] Diana | Advanced Dynamics of Mechanical Systems[END_REF]:

Mẍ(t) + Cẋ(t) + Kx(t) = f ext (t)
with:

• M, C and K the mass, damping and stiffness matrices of the system, respectively. Their dimensions are deduced from the number of degrees of freedom in the system (n dofs × n dofs )

• f ext (t) is the vector of external forces

• x, ẋ and ẍ are the vectors of displacement, velocity and acceleration, respectively. These vectors have the dimensions n dofs × 1

For a system composed of one degree of freedom, the matrices and the vectors become simple scalar quantities. In this case, the whole equation may be divided by the mass of the system:

ẍ + c m ẋ + k m x = f ext m (1) 
This equation is often rewritten by making appear the eigenfrequency ω 0 (related to the pulsation by ω = 2π f ) and the damping coefficient ξ = c 2mω 0 :

ẍ + 2ξ ω 0 ẋ + ω 2 0 x = f ext m (2) 
The resolution of this equation enables to obtain the response of the system to an external excitation which can be of different types. In the scope of an harmonic excitation, the external effort writes as the product of an amplitude and an cosine (or a sine) function:

f ext = F amp cos(ωt)
By substituting this expression into equation 2, the response to an harmonic excitation is thus obtained. Interestingly, this response may be decomposed as the sum two parts:

• The solution of the homogeneous equation (meaning that the right hand side is removed) associated to the transient part of the response. This homogeneous response is composed of an exponential whose argument is a negative function of time. In other words, the homogeneous response shows a decay of the amplitude of the response with time in such a way that this term is only significative for small values of t.

• The solution of the particular equation in which the right hand side does not vanish. This particular response is associated to the steady state regime in such a way that for high values of t, x P (t) ≈ x g (t), x P (t) being the particular response and x g (t) the general response of the system such that: x g (t) = x P (t) + x H (t).

In a linear system, the frequency content is conserved which means that if the system is excited harmonically, the frequencies of the response and of the excitation are equal and the amplitude is the only quantity which is modified.

Types of response

Types of response

This section aims to remind the concept of forced and free responses and to go deeper and deeper in the dynamic analysis of a system before introducing a nonlinearity [26]5

.

Free response

The free response of a system, also called the natural response is associated to the homogeneous response. In other words, it considers the response of the system to a given set of initial conditions without any external effort.

Forced response

The particular part of the response is usually the one which is the most interesting because the transient part associated to the homogeneous response only lasts a short time. Most of the time, the system will work under its steady state regime so that it is crucial to ensure that the amplitude of the steady state vibrations will not overcome a given value which could be potentially detrimental to the engine lifetime. This response is the forced response which can be written:

x P (t) = A cos(ωt -φ ) (3) 
with A the amplitude of the response, φ the phase shift between the excitation and the response phases (resulting from the damping term) and ω the pulsation which remains the same than the one of the harmonic excitation. The external excitation, the forced response and its derivatives can be rewritten using Euler formulas [START_REF] Ycart | Formes trigonométrique et exponentielle[END_REF] 1 :

       f ext = F amp cos(ωt) = F amp R e iωt x P (t) = A cos(ωt -φ ) = AR e iωt-φ = A cos(ωt -φ ) = AR e iωt e -iφ = R Xe iωt ẋP (t) = R iωXe iωt ẍP (t) = R -ω 2 Xe iωt
with X = Ae -iφ in such a way that by substituting these expressions into the equation of motion in the scope of an harmonic external excitation (equation 2), it comes:

R Ä -ω 2 Xe iωt ä + 2ξ ω 0 R Ä iωXe iωt ä + ω 2 R Ä Xe iωt ä = F amp R Ä e iωt ä (4) 
In this equation, X can be isolated and it is quite common to compute the amplitude and the phase in order to draw the Frequency Response Function:

X = F amp » (ω 2 0 -ω 2 ) 2 + (2ξ ωω 0 ) 2 (5) arg(X) = arctan ( 2ξ ω 0 ω ω 2 0 -ω 2 ) (6) 
In the scope of the present work, the study of a linear system is not the main subject. However, the dynamics of linear systems is a good starting point for the studying that of nonlinear systems. Moreover, for the different systems considered in this work, the FRF will be superimposed in order to observe the differences induced by the nonlinearity.

1 cos(ωt) = e iωt + e -iωt 2
6 Dynamics of a nonlinear system

Sources and types of nonlinearity

The nonlinearities encountered in vibrating structures can be divided in three groups:

• Geometrical nonlinearities: Thin structures often undergo large displacements. In those cases (i.e for large displacements), the geometry is so disturbed that the hypothesis of small perturbations is not allowable anymore, so as the linearization [START_REF] Davidson | Analysis and Design of Plated Structures[END_REF].

• Material nonlinearities: This type of nonlinearities is related to the material itself and its characteristics which make the stress-deformation relationship nonlinear. For instance, viscoelastic and elastoplastic materials are characterized by nonlinear stress-deformation laws [35][44].

• Contact nonlinearities: These nonlinearities are resulting from contact and friction phenomena which occur at the interface between two solids. In particular, it is the type of nonlinearity that is at stake when considering the blade-tip/casing interactions [START_REF] Denmark | Course in Nonlinear FEM[END_REF].

Introduction of the nonlinearity in the equations

In the scope of this thesis, the objective is to see beyond these classical linear systems. Indeed, the main difficulty when considering contact interactions emanates from the nonlinear character of this contact and how to handle the nonlinearity. Its introduction into the equations is done by simply adding a term into the equations of motion, which makes it nonlinear. For a system made up of n dofs , it comes [START_REF] Batailly | The harmonic balance method with arc-length continuation in blade-tip/casing contact problems[END_REF]:

Mẍ(t) + Cẋ(t) + Kx(t) + f nl (x(t), ẋ(t)) = f ext (t) (7) 
In nonlinear systems, the main unknown lies in the number of solutions that the system admits. In opposition to linear systems, the forced response of a system loaded harmonically will not be characterized by the same pulsation than this harmonic excitation. In other words, the frequency content of the excitation is not conserved anymore, in such a way that expressing the particular solution as

x(t) = A cos(ωt -φ )
(for a 1dof system) is not allowable anymore for computing this forced response. It means that the frequency of the oscillations is not constant over time and also change with the excitation amplitude. Nonetheless, it is quite common in the literature to suppose a periodic response for nonlinear systems even though it is not rare to observe quasi periodic (characterized by several frequencies whose ratio is immeasurable) or even chaotic solutions for nonlinear systems submitted to a periodic excitation [START_REF] Nath | Periodic response of nonlinear dynamical system with large number of degrees of freedom[END_REF][44][5].

Type of response of nonlinear systems

The nonlinear term being introduced in the equation of motion, the next step consists in solving those equations. However, solving a nonlinear differential equation is not straightforward and the difficulty is linked to the nonlinearity itself and to the fact that the nature of the response is not known a priori.

In other words, it is not feasible to determine if the solution will be periodic, quasi-periodic, chaotic or a fixed point solution ( [START_REF]Applied nonlinear dynamics : analytical, computational and experimental methods[END_REF]).

This lack of generality is the root of most issues associated with the handling of a nonlinearity. Nevertheless, most papers in the literature agree on the fact that assuming a periodic solution when the 6.3 Type of response of nonlinear systems system is forced by a periodic excitation is a fair assumption since this type of response constitutes the most encountered case. Assuming a periodic solution restricts the field of response in the sense that transient phenomena can not be captured. The harmonic balance method relying on this hypothesis of periodic response, it explains why it fails to predict these transient phenomena. The case of a periodic response, the one of interest here is represented in Fig. 3 and Fig. 4 for the Duffing oscillator (1dof) and the 2dofs Duffing coupling system (which consists in two Duffing oscillators linearly coupled by a spring).

The equations governing the motion of this second system are expressed in the matricial form in equation 8 while the equation governing the dynamics of the Duffing oscillator is the equation 7 in the scalar form: does not depend on the velocity ẋ. They are particularly interesting to start handling the nonlinearity because its expression is known in the temporal domain and because of the parametric study which can be led on the α parameter. These expressions are respectively for the two systems:

ï m 1 0 0 m 2 ò ï ẍ1 ẍ2 ò + ï c 0 0 c ò ï ẋ1 ẋ2 ò + ï k + k 12 -k 12 -k 12 k + k 12 ò ï x 1 x 2 ò +k nl ï f nl 1 f nl 2 ò = ï F amp cos(ωt) 0 ò ( 
f nl (x) = αx 3 f nl (x) = α   x 3 1 x 3 2   (9) 
for the Duffing oscillator and the 2dofs Duffing coupling system (α = k nl m denotes a normalized nonlinear stiffness).

Harmonic balance method

As already discussed, the harmonic balance method is a frequency based approach which relies on the assumption that the solution of the nonlinear equation of motion (equation 7) is periodic, which is mostly the case. Following the hypothesis that such periodic solution exists, it implies that the response of the system can be expressed as a Fourier series truncated at a given harmonic:

x(t) ≃ 1 2 a 0 + H ∑ j=1 a j cos( jωt) + b j sin( jωt) (10) 
with H the number of harmonics retained in the truncated series, a j , b j the Fourier coefficients and j the index of summation which takes successively the value of each harmonic up to H. The more harmonics in the truncated series and the more accurate the response. Similarly, the external and the nonlinear efforts can be expressed using these truncated series:

f ext (ω,t) ≃ 1 2 a ext 0 + H ∑ j=1 î a ext j cos ( jωt) + b ext j sin ( jωt) ó ( 11 
)
f nl (x, ẋ) ≃ 1 2 a nl 0 + H ∑ j=1 î a nl j cos ( jωt) + b nl j sin ( jωt) ó ( 12 
)
in such a way that it can be seen that the Fourier basis associated to these truncated series is:

B H = ï 1 2
, cos (ωt) , sin (ωt) , . . . , cos(Hωt), sin(Hωt) ò

Regarding these previous expressions 10, 11 and 12, the unknowns are the Fourier coefficients. It means that each expression make appear n dofs Fourier coefficients a 0 , n dofs × H coefficients a j and n dofs × H coefficients b j (with j > 1) so that f nl (x, ẋ), f ext (ω,t) and x(t) have the dimensions:

n dofs + n dofs × H + n dofs × H = n dofs (2H + 1) (14) 
These unknowns (the Fourier coefficients) can be grouped in vectors taking the aforementioned dimension.

The notation using these Fourier coefficients enables to define them as frequency variables denoted by a f subindex in the present document:

x f = [a 0 , a 1 , b 1 , . . . , a H , b H ] ⊤ (15) 
f ext,f = a ext 0 , a ext 1 , b ext 1 , . . . , a ext H , b ext H ⊤ (16) 
f nl,f = î a nl 0 , a nl 1 , b nl 1 , . . . , a nl H , b nl H ó ⊤ (17) 
When solving the nonlinear problem, the vector of unknowns which is found is x f (the one containing the Fourier coefficients). However, the first objective is to draw the forced response in presence of the nonlinear term. Most of the time, the Frequency response curve is drawn and represents the evolution of the infinite norm of the temporal displacement as a function of the pulsation ω. The basis associated to the truncated series can be used to retrieve the different temporal quantities:

x f → x(t) : x(t) = (B H ⊗ I n ) x f ( 18 
)
f nl,f → f nl (ẋ, ẍ) : (B H ⊗ I n ) f nl,f (19) 
f ext,f → f ext (ω,t) : (B H ⊗ I n ) f ext,f (20) 
The products which appear in these three relations (equations [START_REF] Pielorz | On regular and irregular non linear vibrations in torsional discrete-continous systems[END_REF][START_REF] Millecamps | Numerical-experimental comparison in the simulation of rotor/stator interaction through blade-tip/abradable coating contact[END_REF][START_REF] Gruin | Dynamique non-lineaire d'une roue de turbine Basse Pression soumise a des excitations structurales d'un turboreacteur[END_REF] are called Kronecker products. Note that a Kronecker product between a matrix of dimension m × n and p × q gives a resulting matrix of size pm × qn.

The first part of the implementation consists in the creation of the global operator of derivation of the generated basis. Indeed, the objective is to transform the nonlinear equation of motion in the frequency domain by replacing the temporal variables by the frequency variables, including ẋ and ẍ, in such a way that this derivation operator is required. This operator is called ∇ and is built from the different elementary matrices ∇ j described in equation 21:

∇ j = ï 0 j -j 0 ò with j ∈ [0...H] (21) 
so that the global operator of derivation is a block diagonal matrix whose blocks are the elementary ∇ j matrices. For instance, for the case of the Duffing oscillator, the matrix has the following form for a number of retained harmonics H = 3:

∇ = diagblock 0, ∇ 1 , . . . , ∇ j , . . . , ∇ H =          
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 -1 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0 -2 0 0 0 0 0 0 0 0 0 3 0 0 0 0 0 -3 0

          (22) 
This operator is particularly important and will be later modified when considering the non conservative case of nonlinear modes (see section 12.2). The operator can thus be applied to x f in order to transform the first and second order time derivatives with frequency variables :

ẋ(t) = ḂH ⊗ I n x f = ω ((B H ∇) ⊗ I n ) x f (23) ẍ(t) = BH ⊗ I n x f = ω 2 ÄÄ B H ∇ 2 ä ⊗ I n ä x f ( 24 
)
so that these derivatives and x f and the different frequency variables already computed (equation 19 and 20) could be introduced into the equations of motion:

Mω 2 ÄÄ B H ∇ 2 ä ⊗ I n ä x f + Cω ((B H ∇) ⊗ I n ) x f + K (B H ⊗ I n ) x f + (B H ⊗ I n ) f nl,f ≈ (B H ⊗ I n ) f ext,f (25) 
The use of the harmonic balance method implies that a residual remains in the equations since the right and the left hand sides are not exactly equal. Subtracting the left hand side from the right hand side, the expression of the residual is thus obtained:

R(x f , t) = Mω 2 ÄÄ B H ∇ 2 ä ⊗ I n ä x f + Cω ((B H ∇) ⊗ I n ) x f + K (B H ⊗ I n ) x f + (B H ⊗ I n ) f nl,f -(B H ⊗ I n ) f ext,f (x f ,t) (26) 
Of course, since the approximation comes from the finite number of harmonics retained in the truncated series used to approximate the different terms of the equations of motion, the greater H (number of retained harmonics) and the smaller this residual in such a way that when H → ∞, R(x f , t) → 0. The idea is to solve this equation 26 in order to obtain an estimation of the residual and to progressively iterate on the value of x f until the residual drops below a given tolerance.

The objective is to decrease the value of the residual as much as possible. It can be achieved by using a Galerkin projection method described in [START_REF] Urabe | Galerkin's procedure for nonlinear periodic systems[END_REF]. This method consists in trying to make the residual orthogonal to the set of functions which define the Fourier basis associated to the truncated series. By using the orthogonality properties of the trigonometric functions ( [START_REF] Salinier | [END_REF]) which states that for p and q, if we pose δ p,q = 0 for p ̸ = q and δ p,q = 1 for p = q which is the Kronecker symbol, then for each p, q ∈ N, it comes: 

Moreover, the dot product of two functions can be expressed as here after:

f • g = 2 T T 0 f (t)g(t)dt (29) 
By projecting the residual expressed in 26 on the Fourier basis B H associated to the truncated series, the following scalar products appear:

R(x f ,t) • 1 2 R(x f ,t) • cos( jωt) R(x f ,t) • sin( jωt)
These dot products can be easily removed for some values of j by following the aforementioned orthogonality property:

R(x f ,t) • 1 2 = 0 for j = 0 (30) R(x f ,t) • cos( jωt) = 0 for j = 1, ...H R(x f ,t) • sin( jωt) = 0 for j = 1, ...H
The equation 26 becomes thus:

R(x f , ω) = ω 2 Ä ∇ 2 ⊗ M ä x f + ω(∇ ⊗ C)x f + (I 2H+1 ⊗ K) x f + (I 2H+1 ⊗ I n ) f nl,f -(I 2H+1 ⊗ I n ) f ext,f (31) 
so that the time variable does not appear anymore in the equation which is now in good conditions to be solved with an appropriate algorithm of resolution. If x f is taken in evidence in equation 31, then one can define the so called linear dynamic stiffness matrix Z(ω):

Z(ω) = ω 2 ∇ 2 ⊗ M + ω∇ ⊗ C + I 2H+1 ⊗ K (32) 
From the implementation point view, this matrix offers the advantage to be computed only once for a given value of ω. Nonetheless, the representation of the frequency response curve requires to compute it several times for the successive values within the ω range.

If one makes appear the definition of this linear dynamic stiffness matrix into the equation of the residual, this latter becomes:

R(x f , ω) = Z(ω)x f + f nl,f (x f ) -f ext,f (ω) = 0 (33)
This nonlinear equation is the one to solve in order to find the value of x f and then to retrieve x thanks to equation 18.

This equation is solved iteratively by combining a Newton-Raphson algorithm of resolution of nonlinear equations and an alternating frequency time scheme. This combined procedure is largely detailed in section 8. Note that this harmonic balance method is a very powerful approach which is used for other applications. For instance, the analysis of bifurcation is carried on by relying on this method.

8 Combined Newton-Raphson/AFT scheme procedure

Newton-Raphson algorithm

The Newton-Raphson algorithm of resolution is a well known iterative algorithm that is commonly used to solve nonlinear equations. The algorithm is described in Fig. 5:

New guess: This procedure is basically the one to employ to solve equation 33. Nevertheless, things are not so straightforward. The treatment of the nonlinearity can be handled following different ways.

x k f Evaluation of ∂f nl,f( x k f ) ∂x f Evaluation of → ∂R k ∂x f with ∂R k ∂x f = Z(ω) + ∂f nl,f( x k f ) ∂x f R k ,x f ∆x k f = -R k x k+1 f = x k f + ∆x k

Handling of the nonlinear effort 8.2.1 Direct analytical calculation

For instance, if H = 1 harmonic is retained into the truncated series used for expressing x f and its derivatives, then for the 2dofs Duffing coupled system displayed in Fig. 2 (b), since

f nl (x) = α   x 3 1 x 3 2   (34) 
one needs to express the displacement and its derivatives by following the harmonic balance method formulation:

x(t) ≃   a 0,1 a 0,2   +   a 1,1 a 1,2   cos(ωt) +   b 1,1 b 1,2   sin(ωt) (35) ẋ(t) ≃ -ω   a 1,1 a 1,2   sin(ωt) + ω   b 1,1 b 1,2   cos(ωt) (36) ẍ(t) ≃ -ω 2   a 1,1 a 1,2   cos(ωt) -ω 2   b 1,1 b 1,2   sin(ωt) (37) 
so that the first component of the nonlinear effort is:

αx 3 1 = α(a 0,1 + a 1,1 cos(ωt) + b 1,1 sin(ωt)) 3 = (a 2 0,1 + 2a 0,1 a 1,1 cos(ωt) + 2a 0,1 b 1,1 sin(ωt) + a 2 1,1 cos 2 (ωt) + b 2 1,1 sin 2 (ωt) + 2a 1,1 b 1,1 sin(ωt))(a 0,1 + a 1,1 cos(ωt) + b 1,1 sin(ωt)) = a 3 0,1 + 6a 0,1 a 1,1 b 1,1 cos(ωt) sin(ωt) + 3a 2 0,1 a 1,1 cos(ωt) + 3a 2 0,1 b 1,1 sin(ωt) + b 3 1,1 sin 3 (ωt)+ a 3 1,1 cos 3 (ωt) + 3a 0,1 a 2 1,1 cos 2 (ωt) + 3a 2 1,1 b 1,1 cos 2 (ωt) sin(ωt) + 3a 1,1 b 2 1,1 cos(ωt) sin 2 (ωt)+ 3b 2 1,1 a 0,1 sin 2 (ωt)
where the first subscript is associated with the number of the harmonics (for j = 0, 1 successively) and the second subscript is associated to the number of the degree of freedom.

The objective is now to rewrite all these terms by expressing them only in terms of sin(ωt), sin(2ωt), sin(3ωt), cos(ωt), cos(2ωt), cos(3ωt). The following trigonometric relationships are used for that purpose ( [START_REF] Haine | Synthèse de trigonométrie[END_REF], [START_REF] Salinier | [END_REF]):

sin 2 (ωt) + cos 2 (ωt) = 1 (38) sin 2 (ωt) = 1 -cos(2ωt) 2 (39) cos 2 (ωt) = 1 + cos(2ωt) 2 (40) 
2 sin(ωt) cos(ωt) = sin(2ωt) (41)

cos 3 (ωt) = 3 4 cos(ωt) + 1 4 cos(3ωt) (42) sin 3 (ωt) = 3 4 sin(ωt) - 1 4 sin(3ωt) (43) 
The different terms highlighted in color can therefore be written as:

• 6a 0,1 a 1,1 b 1,1 cos(ωt) sin(ωt) = 3a 0,1 a 1,1 b 1,1 sin(2ωt) • b 3 1,1 sin 3 (ωt) = 3 4 b 3 1,1 sin(ωt) -1 4 b 3 1,1 sin(3ωt) • a 3 1,1 cos 3 (ωt) = 3 4 a 3 1,1 cos(ωt) + 1 4 a 3 1,1 cos(3ωt) • 3a 0,1 a 2 1,1 cos 2 (ωt) = 3a 0,1 a 2 1,1 ( 1+cos(2ωt) 2 ) = 3 2 a 0,1 a 2 1,1 + 3 2 a 0,1 a 2 1,1 cos(2ωt) • 3a 2 1,1 b 1,1 sin(ωt) cos 2 (ωt) = 3a 2 1,1 b 1,1 sin(ωt)(1-sin 2 (ωt)) = 3a 2 1,1 b 1,1 sin(ωt)-3a 2 1,1 b 1,1 sin 3 (ωt) = 3a 2 1,1 b 1,1 sin(ωt) -9 4 a 2 1,1 b 1,1 sin(ωt) + 3 4 a 2 1,1 b 1,1 sin(3ωt) • 3a 1,1 b 2 1,1 sin 2 (ωt) cos(ωt) = 3a 1,1 b 2 1,1 (1-cos 2 (ωt)) cos(ωt) = 3a 1,1 b 2 1,1 cos(ωt)-3a 1,1 b 2 1,1 cos 3 (ωt) = 3a 1,1 b 2 1,1 cos(ωt) -9 4 a 1,1 b 2 1,1 cos(ωt) -3 4 a 1,1 b 2 1,1 cos(3ωt) • 3b 2 1,1 a 0,1 sin 2 (ωt) = 3b 2 1,1 a 0,1 ( 1-cos(2ωt) 2 ) = 3 2 b 2 1,1 a 0,1 -3 2 b 2 1,1 a 0,1 cos(2ωt)
in such a way that the first component of the nonlinear effort vector becomes:

αx 3 1 = α Å a 3 0,1 + 3 2 a 0,1 a 2 1,1 + 3 2 b 2 1,1 a 0,1 + sin(ωt) Å 3a 2 0,1 b 1,1 + 3 4 b 3 1,1 + 3 4 a 2 1,1 b 1,1 ã + cos(ωt) Å 3a 2 0,1 a 1,1 + 3 4 a 3 1,1 + 3 4 a 1,1 b 2 1,1 ã + sin(2ωt) (3a 0,1 a 1,1 b 1,1 ) + cos(2ωt) Å 3 2 a 0,1 a 2 1,1 - 3 2 b 2 1,1 a 0,1 ã + sin(3ωt) Å 3 4 a 2 1,1 b 1,1 - 1 4 b 3 1,1 ã + cos(3ωt) Å 1 4 a 3 1,1 - 3 4 a 1,1 b 2 1,1 ã
The second component, which is identical (except that the second subscript is replaced by a 2 instead of a 1) is not rewritten for sake of conciseness. This method is called the direct analytical calculation of the nonlinear effort. The final objective is to be able to draw the frequency response curve, which can be done by making a Galerkin projection on the Fourier basis used for the decomposition. Using H = 1 for the truncation, the basis is thus:

B H = ï 1 2 , cos (ωt) , sin (ωt) ò (44) 
Before performing that projection, one should first inject the results obtained in equations 35, 36, 37 into the nonlinear equation of motion expressed in equation 7:

  F amp cos(ωt) 0   = ï m 1 0 0 m 2 ò Ñ -ω 2   a 1,1 a 1,2   cos(ωt) -ω 2   b 1,1 b 1,2   sin(ωt) é + ï c 0 0 c ò Ñ -ω   a 1,1 a 1,2   sin(ωt) + ω   b 1,1 b 1,2   cos(ωt) é + ï k + k 12 -k 12 -k 12 k + k 12 ò Ñ  a 0,1 a 0,2   +   a 1,1 a 1,2   cos(ωt) +   b 1,1 b 1,2   sin(ωt) é + α   x 3 1 x 3 2  
By developing the different matricial products, one obtains equations 45 and 46:

F amp cos(ωt) = cos(ωt)(3αa 2 0,1 a 1,1 + 3α 4 a 3 1,1 + 3α 4 a 1,1 b 2 1,1 + b 1,1 cω -m 1 ω 2 a 1,1 + ((k + k 12 )a 1,1 -k 12 a 1,2 )) + sin(ωt)(3αa 2 0,1 b 1,1 + 3α 4 b 3 1,1 + 3α 4 a 2 1,1 b 1,1 -a 1,1 cω -m 1 ω 2 b 1,1 + (k + k 12 )b 1,1 -k 12 b 1,2 ) +(k + k 12 )a 0,1 -k 12 a 0,2 + αa 3 0,1 + 3α 2 a 0,1 a 2 1,1 + 3α 2 b 2 1,1 a 0,1 (45) 
and

0 = cos(ωt)(3αa 2 0,2 a 1,2 + 3α 4 a 3 1,2 + 3α 4 a 1,2 b 2 1,2 + b 1,2 cω -m 2 ω 2 a 1,2 + ((k + k 12 )a 1,2 -k 12 a 1,1 )) + sin(ωt)(3αa 2 0,2 b 1,2 + 3α 4 b 3 1,2 + 3α 4 a 2 1,2 b 1,2 -m 2 ω 2 b 1,2 -a 1,2 cω -k 12 b 1,1 + (k + k 12 )b 1,2 ) +(k + k 12 )a 0,2 -k 12 a 0,1 + αa 3 0,2 + 3α 2 a 0,2 a 2 1,2 + 3α 2 b 2 1,2 a 0,2 (46) 

Handling of the nonlinear effort

By applying that Galerkin projection to equations 45 and 46 on the Fourier basis used for the decomposition, it comes successively:

                                         Ä (k + k 12 )a 0,1 -k 12 a 0,2 + αa 3 0,1 + 3α 2 a 0,1 a 2 1,1 + 3α 2 b 2 1,1 a 0,1 ä = 0 Ä 3αa 2 0,1 a 1,1 + 3α 4 a 3 1,1 + 3α 4 a 1,1 b 2 1,1 + b 1,1 cω -m 1 ω 2 a 1,1 + ((k + k 12 )a 1,1 -k 12 a 1,2 ) ä = F amp Ä 3αa 2 0,1 b 1,1 + 3α 4 b 3 1,1 + 3α 4 a 2 1,1 b 1,1 -a 1,1 cω -m 1 ω 2 b 1,1 + (k + k 12 )b 1,1 -k 12 b 1,2 ä = 0 Ä (k + k 12 )a 0,2 -k 12 a 0,1 + αa 3 0,2 + 3α 2 a 0,2 a 2 1,2 + 3α 2 b 2 1,2 a 0,2 ä = 0 Ä 3αa 2 0,2 a 1,2 + 3α 4 a 3 1,2 + 3α 4 a 1,2 b 2 1,2 + b 1,2 cω -m 2 ω 2 a 1,2 + ((k + k 12 )a 1,2 -k 12 a 1,1 ) ä = 0 Ä 3αa 2 0,2 b 1,2 + 3α 4 b 3 1,2 + 3α 4 a 2 1,2 b 1,2 -m 2 ω 2 b 1,2 -a 1,2 cω -k 12 b 1,1 + (k + k 12 )b 1,2 ä = 0
It can be noticed from the first and the fourth equations that the Fourier coefficients a 0,1 and a 0,2 must be equal to 0 in order for these two equations to be satisfied at the same time.

The frequency response curve is nothing less than the representation of the infinite (or the euclidean) norm of x as a function of the frequency. The euclidean norm of the amplitude is defined for the first and the second degrees of freedom as:

A 1 2 = » a 2 1,1 + b 2 1,1 (47) 
A 2 2 = » a 2 1,2 + b 2 1,2 (48) 
The coefficients a 0,1 and a 0,2 being equal to 0, it remains a system of four equations with four unknowns -the four Fourier coefficients a 1,1 , b 1,1 , a 1,2 , b 1,2 -to solve. Solving this system for the set of parameters specified in Tab.1:

ω (rad/s) [0.3 -5] m 1 (kg) 1 m 2 (kg) 1 α 1 k 12 (N/m) 5 k (N/m) 1 c (Ns/m) 0.1
Table 1: Numerical values of the parameters used for the direct analytical computation of the nonlinear effort.

enables to draw the frequency response curve for those two degrees of freedom. However, this direct analytical computation of the nonlinear effort is quite tedious and the calculation becomes more and more binding when H increases. Therefore, using this method implies necessarily that one can not achieve a great accuracy in the results (because a large H implies a lot of calculations). This aspect is quite important because the harmonic balance method enables to bring forth the secondary resonance phenomena. Nevertheless, some of these secondary resonances could not captured for a too small value of H. Moreover, if H is too small the entire frequency response curve will be badly represented.

In other words, the use of a direct analytical computation of the nonlinear effort is a little bit contradictory with the advantages offered by the harmonic balance method.

Furthermore, in the scope of a cubic no linearity (such as the one applied to the Duffing oscillator or to the linear coupling between two Duffing oscillators), the interest of using such direct analytical method is even less as only odd harmonics have an influence on the response of the system. In the present example, using H = 2 would have been useless and one should have made even more development (H = 3) to acquire a better accuracy.

Finally, this method shows also some limitations in its field of application. Indeed, it is not applicable to all types of nonlinearities and the method can only be used when considering polynomial and regular nonlinearities. Note that a nonlinearity is said to be regular when the input/output law of the system can be represented by a function whose derivatives until the order k exist, that is a class C k function (with k ∈ N) ( [START_REF] Pielorz | On regular and irregular non linear vibrations in torsional discrete-continous systems[END_REF], [START_REF] Yann | Stratégie numérique pour l'analyse qualitative des interactions aube/carter[END_REF]).

The drawbacks of this method can be compensated by using an alternating/frequency time procedure with the frequency-based approach. This method is the one implemented in the scope of this work and is fully described in section 8.2.2.

Alternating frequency time process

The Alternating frequency time (AFT) process is another way to compute the nonlinear effort. As a reminder, the calculation of this nonlinear effort in the frequency domain is the last step before the achievement of the Newton-Raphson procedure. It will be seen that this AFT process and the Newton-Raphson algorithm complement each other in the implementation. Indeed, as mentioned in the previous method, the biggest problem related to the computation of a solution branch with the Newton-Raphson algorithm is that the expression of the nonlinear effort is not known in the frequency domain. Nevertheless, unlike the method of direct analytical computation of the nonlinear effort, the present method described in Fig. 6 applies to all types of nonlinearities.

x f x, ẋ f nl (x, ẋ) ∂f nl ∂x , ∂f nl ∂ ẋ , ∂f nl ∂ω f nl,f (x f ) ∂f nl,f ∂x f Temporal domain Frequency domain F -1 : DFT -1
Computation of the gradients and the efforts F : DFT Iteration of the solver Figure 6: AFT scheme. This procedure is inspired from [START_REF] Timothy | An Alternating Frequency/Time Domain Method for Calculating the Steady-State Response of Nonlinear Dynamic Systems[END_REF] As shown in Fig. 6, constant transitions from the temporal to the frequency domains occur, and conversely. The process can be decomposed into different steps:

Step 1

The first iterative variable x k=0 f is guessed by the user and transported in the temporal domain to compute the displacement and the velocity in this temporal domain by the mean of an inverse discrete Fourier transform operator. This operator is called Γ. As it can be noticed in equation 55, the time variable appears. The presence of this time variable is related to the implementation of the discrete inverse Fourier transform. This latter might be computed by following two different perspectives.

Algorithm of Fast Fourier Transform

The numerical implementation of the discrete Fourier transform by the Fast Fourier transform algorithm is the usual way to proceed. As its name indicates, this algorithm is fast and enables to reduce considerably the number of operations to compute a discrete Fourier transform. However, this well 8.2 Handling of the nonlinear effort known numerical algorithm is not reminded since the second alternative was preferred. It is however detailed in [START_REF] Aydin Akan | Signals and Systems Using MATLAB[END_REF].

Write Γ and Γ -1 as linear operators

The other method for computing these operations of direct and inverse discrete Fourier transform is to write them as linear operators named respectively Γ -1 and Γ [28] [START_REF] Detroux | The harmonic balance method for bifurcation analysis of large-scale nonlinear mechanical systems[END_REF]. It is the method that is employed in the present work in order to complete successfully the AFT process.

The method consists in the discretization of a period of oscillation T into N partitions of time ∆t evenly distributed within the period. This uniform partitioning suggests that each instant t i may be computed as:

t i = 2π ω i N ( 49 
)
where i corresponds to the current time interval, and takes thus values between 0 and N -1. It can be understood that, since the period of oscillation has been sampled in several time steps, the vectors of displacement and nonlinear efforts are now containing the displacements and the nonlinear efforts at each of these instants:

x = x 1 (t 0 ) . . . x 1 (t N-1 ) . . . x n (t 0 ) . . . x n (t N-1 ) T ( 50 
)
f nl = f nl,1 (t 0 ) . . . f nl,1 (t N-1 ) . . . f nl,n (t 0 ) . . . f nl,n (t N-1 ) T (51) 
The notation being a little bit cumbersome, one must understand that f nl,n (t 0 ) is the nonlinear effort evaluated at the instant t 0 in the temporal domain for the n-th degree of freedom. As aforementioned, the operators of direct and inverse discrete Fourier transform are linear in the sense that the relation between x and x f is linear:

x = Γx f (52) ẋ = ωΓ (∇ ⊗ I n ) x f (53) ẍ = ω 2 Γ Ä ∇ 2 ⊗ I n ä x f (54) 
These equations and the operator Γ are built based on equations 18, 19 and 20:

Γ =   I n ⊗    1/2 . . . 1/2    I n ⊗    cos (ωt 0 ) . . . cos (ωt N-1 )    I n ⊗    sin (ωt 0 ) . . . sin (ωt N-1 )    . . . I n ⊗    cos (Hωt 0 ) . . . cos (Hωt N-1 )    I n ⊗    sin (Hωt 0 ) . . . sin (Hωt N-1 )       (55) 
where:

• I n is the identity matrix of dimensions n dofs × n dofs A smaller time step ∆t and thus a larger number of intervals N within the period of oscillation also means more evaluations of the displacements and of the nonlinear efforts. Therefore, one gains in accuracy when considering a larger number of time steps. Nevertheless, as this precision increases, the computation time does as well, as shown in Fig. 7 It is clear that the execution time increases exponentially with the increasing number of time intervals. Even if the curves seem linear, one should notice that the abscissa scale is logarithmic so that the evolution is indeed exponential.

As already mentioned, a larger number of harmonics unavoidably yields a greater computational effort. However, it is interesting to observe whether more harmonics worsens the effect of the increasing number of time intervals. This latter observation can be achieved by removing the increase of execution time which is associated to the increase of H only. For instance, the execution times for N = 2 16 are collected in Tab.2 for the Duffing oscillator:

Harmonics number Execution time (s) H = 1 85.9

H = 12 118 H = 20 150.2
Table 2: Execution times for different number of retained harmonics for N = 2 16 .

For smaller number of time intervals N, for instance N = 2 10 , N = 2 12 and N = 2 14 , the results are presented in Tab. 

∆ H 1N=16 -H 1N=14 = 46.34 s ∆ H 1N=14 -H 1N=12 = 11.24 s ∆ H 1N=12 -H 1N=10 = 0.81 s (58)
It should be mentioned that the execution times may vary from one execution to the next one. Therefore, the execution times presented in Tab.2, Tab.3, Tab.4 and Tab.5 are averaged over 5 executions.

The objective of this short study was to observe at which point more harmonics worsens the effect of the increasing number of time intervals. In other words, one would like to see if the law followed by the execution time when increasing N is similar or different for different value of H.

It can be seen that the time differences computed in equations 56, 57, 58 show two general trends. The first trend is expected and shows that whatever the number of harmonics retained in the truncated series used by the HBM (harmonic balance method) (H = 20, H = 12 or H = 1), there is a greater and greater increase in the time difference when considering a larger number of time intervals. This observation underlines the observation made earlier which stated that the execution time increases exponentially with the increasing number of time intervals.

The second trend which can be observed shows that: For the smallest values of N, one can not hold any general conclusion. Indeed, the time differences induced by an increase of H remain small due to the short execution time and there is no general trend to underline. However, for larger values of N, the time differences grow considerably. Nevertheless, the time differences computed when increasing the number of harmonics from 12 to 20 are not greater than the times differences calculated when increasing H from 1 to 12. This observation leads to the conclusion that the increase of the number of harmonics indeed increases the execution time but does not proportionally worsens it when going to higher and higher H. In other words, the increase of this execution time due to H only is not exponential unlike the augmentation due to N.

A larger value of H is associated to more precision in the approximation of the displacement, the nonlinear effort and the external effort whereas a greater number of time intervals N is related to more evaluations of the displacement and the nonlinear forcing within a period of oscillation. Therefore, both variables are important and the user must pay attention to find an appropriate trade-off between them. The effects of those variables on the response is discussed in section 9.

To close this study and come back to the AFT process, this first step is generally justified by the fact that the nonlinear effort is usually known in the temporal domain.

Once the computation of the direct discrete Fourier transform operator is completed by the aforementioned method, the deduction of the displacement and the acceleration is straightforward by following equations 52 and 53. As a reminder, x and ẋ are computed from the initial guess x k=0 f , which means that the displacement and the velocity vectors computed here are not the final ones, but only the vectors associated to the current iteration, named x k and ẋk with k = 0 for the first iteration of the Newton-Raphson algorithm. For the Duffing oscillator and the linear coupling of two Duffing oscillators, the temporal responses can be computed after convergence of the solver for a given value of ω. The convergence criterion used in the Newton-Raphson algorithm is discussed later on: Duffing Coupling of two Duffings ω(rad/s)

4 4 N(-) 2 10 2 10 H(-) 20 20 α(-) 1 1 k 12 (N/m) / 5 k(N/m) 1 1 c(Ns/m) 0.05 0.1 m, m 1 , m 2 (kg) 1 1
Table 7: Numerical values of the parameters used for Fig. 8 and 9

Step 2

The second step of this AFT methodology consists in the calculation of the nonlinear effort and its derivatives in the temporal domain. Usually, the expression of the nonlinear effort is known a priory in this domain, which makes its computation easier.

For the Duffing oscillator and the linear coupling between two Duffings, the expressions of the nonlinear efforts are reported in equation 9. For such simple analytical expressions, the derivatives are straightforward. Nevertheless, when the number of degrees of freedom increases, the use of such analytical expressions could become a big challenge in the AFT process.

For the Duffing oscillator and the linear coupling between two Duffings, the nonlinearity does not depend on the velocity ẋ and the pulsation ω. Therefore, the only derivative to compute is the derivative of the nonlinear effort with respect to the displacement vector x, that is ∂f nl ∂x .

In order to treat all kind of systems and verify that the AFT process has been correctly implemented, another system whose nonlinearity depends on the velocity has been implemented. This system is named the Laxalde oscillator (equipped with a wiper) in the present paper for its appearance in Denis Laxalde's thesis [START_REF] Laxalde | Etude d'amortisseurs non-linéaires appliqués aux roues aubagées et aux systèmes multi-étages[END_REF].

Following the same idea, it is interesting to verify that the implementation is also suited to the application of a system whose nonlinearity is function of ω. Even though there are only few of those systems, it is the case of the so called Jeffcott rotor ( [START_REF] Prabel | Bifurcation tracking by Harmonic Balance Method for performance tuning of nonlinear dynamical systems[END_REF]). These two systems are presented in section 14 with their equations of motion and the numerical values used for the calculation.

In the scope of this second step of the AFT process, the Laxalde oscillator equipped with a wiper must be carefully handled. According to Fig. 60 added in the presentation of this system, if the value of the speed tolerance ε t is too small, the value of the nonlinear force appears to change rapidly within a very small variation of the second mass velocity. Therefore, the derivative

∂f nl ∂ ẋ2
is likely to be very large and to tend towards +∞ with the decreasing value of ε t .

On the contrary if a the value taken for ε t is too large, the relation between ẋ2 and f nl becomes highly linear as seen in Fig. 60 for ε t = 10. In this case, the benefit to use this system (characterized by this nonlinearity which depends on ẋ2 ) disappears. Therefore, a trade-off value of ε t = 0.01 is selected for the computations [START_REF] Laxalde | Etude d'amortisseurs non-linéaires appliqués aux roues aubagées et aux systèmes multi-étages[END_REF].

Step 3

The AFT and the Newton-Raphson processes Fig. 5 are embedded into each other. As shown in Fig. 5, the Newton-Raphson algorithm requires the evaluation of the Jacobian matrix, computed from the dynamic rigidity matrix and from the derivative of the nonlinear effort in the frequency domain with

respect to x f , that is ∂f nl,f( x k f ) ∂x k f .
At this point of the AFT process, the derivatives of the nonlinear effort have been computed in the time domain. The objective is thus to find a way to transport these derivatives in the frequency domain. It can be achieved by defining a direct discrete Fourier transform operator. This latter is antagonist to the inverse discrete Fourier transform operator defined in the first step of this method which was used to transport the initial guess in the temporal domain. As already mentioned in this first step, the direct discrete Fourier transform operator, named Γ -1 can also be defined by writing this operator as a linear operator:

Γ -1 = 2 N          I n ⊗ [1 . . . 1] I n ⊗ [cos (ωt 0 ) . . . cos (ωt N-1 )] I n ⊗ [sin (ωt 0 ) . . . sin (ωt N-1 )]
. . .

I n ⊗ [cos (Hωt 0 ) . . . cos (Hωt N-1 )] I n ⊗ [sin (Hωt 0 ) . . . sin (Hωt N-1 )]          (62) 
It can be observed that Γ -1 and Γ do not depend on the pulsation ω. From the implementation point of view, it is very beneficial because the AFT process must be repeated several times before reaching the convergence. Defining two operators which are completely independent on ω allows thus to compute them only once.

The nonlinear effort can thus be obtained in the frequency domain by using this operator:

f nl,f = Γ -1 f nl (63)
The nonlinear effort being computed in the frequency domain, the residual at the current iteration can be obtained:

R k = Z(ω)x k f + f nl,f (x k f ) -f ext,f (ω) (64) 
where the external effort can be evaluated in the frequency domain by adding the amplitude of this external forcing at the corresponding position in the vector f ext,f . For instance, if the external excitation applies to the first degree of freedom in the system made by the linear coupling between two Duffings and is of the type F amp cos(ωt), then the amplitude of the external forcing must be added at the third position of the vector f ext,f . If it is the only external excitation, the rest of this latter vector is full of zeros.

Nevertheless, even though the evaluation of the residual is feasible with the knowledge of f nl,f and f ext,f , the derivative of the nonlinear effort in the frequency domain (required for the computation of the Jacobian matrix at each new correction of the Newton-Raphson process) is not straightforward. This derivative is nothing but the Jacobian matrix in the frequency domain of the nonlinear efforts with respect the Fourier coefficients of the displacements whose expression is:

∂f nl,f (x f ) ∂x f =         ∂a nl 0 ∂a 0 ∂a nl 0 ∂a 1 • • • ∂a nl 0 ∂b H ∂a nl 1 ∂a 0 ∂a nl 1 ∂a 1 • • • ∂a nl 1 ∂b H . . . . . . . . . . . . ∂b nl H ∂a 0 ∂b nl H ∂a 1 . . . ∂b nl H ∂b H         (65) 
Each block of this matrix is of size n dofs × n dofs .

For instance, for a system made up of two degrees of freedom, the block of this matrix ∂a 1 nl ∂a 1 is built as follows:

∂a nl 1 ∂b 1 =    ∂a nl,1 1 ∂a 1 1 ∂a nl,1 1 ∂a 2 1 ∂a n,2 1 ∂a 1 1 ∂a n,2 1 ∂a 2 1    (66) 
Different methods have been imagined to calculate all these blocks.

• A method is particularly interesting for small systems: the analytical method. However, the calculation becomes tedious with the increasing number of degrees of freedom. Furthermore, this method is not applicable to all kind of nonlinearities.

On the other hand, the biggest advantage of an analytical computation remains the accuracy of the expression, there is no approximation with analytical computation. Therefore, this method is particularly interesting when looking for a great precision, but lack of generality.

• The second method is often employed in different fields of engineering (especially in computational fluid dynamics) to approximate the derivatives: the finite difference method. This old method is based on the differential form of equations. The basic idea consists in approximating the differential operator by replacing the derivatives in the equation using differential quotients.

In the scope of a differential equation whose solution is a function of space only (for instance u(x, y)), the continuous domain is thus discretized in space and the equation is solved at the different points of the discretized domain (a grid).

The solution between the points of the domain is generally interpolated from the solution computed at the nodes by following some interpolation schemes. The error between the numerical solution and the exact solution is called the truncation error. This error emanates from the fact that the derivative is computed by keeping only a few terms (a finite part) in the Taylor development. If one considers a simple one dimensional case with a function u(x) which is twice continuous near x, the first order forward and backward finite difference can approximate the first order derivative derivative respectively by [START_REF] Frey | The finite difference method[END_REF]:

∂u ∂x = u i+1 -u i ∆x + O(∆x) (67) ∂u ∂x = u i -u i-1 ∆x + O(∆x) (68) 
where u i+1 , u i and u i-1 correspond to the evaluation of the function u at the points i + 1, i and i -1 of the domain, respectively.

Different schemes can be used to express these finite differences. These backward and forward finite differences can be combined to generate the so called second order central scheme. Similarly, the backward and forward schemes may be used in order to express the second derivative. By combining them, the central scheme which is obtained is:

∂ 2 u ∂x 2 = u i+1 -2u i + u i-1 ∆x 2 + O Ä ∆x 2 ä (69)
a second order scheme whose stencil has been extended compared to the first order backward and forward finite differences used to approximate the first derivative.

The main drawback of the finite difference approximation remains the accuracy. Two errors can be underlined. The first is related to the fact that only a finite part of the Taylor development is kept to generate the finite difference and to approximate the derivative. The second error is that ∆x is finite, which makes the evaluation of the derivative less precise compared to an infinitely small spatial step. In addition to this lack of accuracy, this approach is computationally expensive since most of the time, the domain to discretize is not a 1D model.

• The third method which can be implemented to compute this Jacobian matrix is called the algorithmic differentiation [START_REF] Walther | An introduction to algorithmic differentiation[END_REF]. This method is not described here since it does not appear a lot in the literature.

• The last method is the one which has been selected in the present work [START_REF] Yann | Stratégie numérique pour l'analyse qualitative des interactions aube/carter[END_REF]. This approach is said to be semi-analytical. This latter is clearly the most relevant approach when using an AFT process. Indeed, it relies partially on the computation of the Jacobian matrix by using the inverse and direct discrete Fourier transform operators, already defined to switch from the temporal to the frequency domain in this AFT process. There exist two variants of this approach. By using the chain rule, an expression of the derivative of this nonlinear effort with respect to x f can be written:

∂f nl,f (x f ) ∂x f = ∂f nl,f ∂f nl ∂f nl ∂x ∂x ∂x f + ∂f nl,f ∂f nl ∂f nl ∂ẋ ∂ẋ ∂x f (70) 
The first variant uses an analytical computation of the nonlinear effort in the computation of the derivatives ∂f nl ∂x and ∂f nl ∂ẋ which can be expressed as:

∂f nl ∂x =       diag Å ∂f nl,1 ∂x 1 ã • • • diag Å ∂f nl,1 ∂x n ã . . . . . . . . . diag ∂f nl,n ∂x 1 • • • diag ∂f nl,n ∂x n       ∂f nl ∂ẋ =       diag Å ∂f nl,1 ∂ẋ 1 ã . . . diag Å ∂f nl,1 ∂ẋ n ã . . . . . . . . . diag ∂f nl,n ∂ẋ 1 . . . diag ∂f nl,n ∂ẋ n      
and the different blocks of these matrices are indeed filled by analytical expressions. Moreover, each block corresponds to a diagonal matrix of size N × N, meaning that these derivatives of f nl are of size nN × nN. As explained, by following this AFT process, the vectors of nonlinear efforts, displacement and velocities are composed of several evaluations within a period of oscillation at different time steps. As an example, if a number of N = 2 time samples (which is far too small in practice but required for the example) is taken with the case of the 2dofs Laxalde system whose nonlinearity is expressed in equation 132, these two matrices become of size 4 × 4 and each sub-matrix is a diagonal matrix of size 2 × 2:

∂f nl ∂x =      diag Å ∂f nl,1 ∂x 1 ã diag Å ∂f nl,1 ∂x 2 ã diag Å ∂f nl,2 ∂x 1 ã diag Å ∂f nl,2 ∂x 2 ã      ∂f nl ∂ẋ =      diag Å ∂f nl,1 ∂ẋ 1 ã diag Å ∂f nl,1 ∂ẋ 2 ã diag Å ∂f nl,2 ∂ẋ 1 ã diag Å ∂f nl,2 ∂ẋ 2 ã     
with the different blocks:

diag Å ∂f nl,1 ∂x 1 ã = ï 0 0 0 0 ò diag Å ∂f nl,1 ∂x 2 ã = ï 0 0 0 0 ò diag Å ∂f nl,2 ∂x 1 ã = ï 0 0 0 0 ò diag Å ∂f nl,2 ∂x 2 ã = ï 0 0 0 0 ò diag Å ∂f nl,1 ∂ẋ 1 ã = ï 0 0 0 0 ò diag Å ∂f nl,1 ∂ẋ 2 ã = ï 0 0 0 0 ò diag Å ∂f nl,2 ∂ẋ 1 ã = ï 0 0 0 0 ò diag Å ∂f nl,2 ∂ẋ 2 ã = f0 0 0 µ f N ch 2 ( ẋ2 ε T )
This method is called semi-analytical because the derivative of this nonlinear effort in the frequency domain with respect to x f also requires the computation of the following derivatives as expressed in equation 70:

∂f nl,f ∂f nl , ∂x ∂x f , ∂ẋ ∂x f The computation of these three derivatives corresponds to the non analytical part of this approach. These derivatives can be computed by using the relations already defined to switch from the temporal to the frequency domain:

-By the mean of equation 63, it comes directly that ∂f nl,f

∂f nl = ∂(Γ -1 f nl ) ∂f nl = Γ -1
-Similarly, when using equation 52, it comes directly that ∂x ∂x

f = ∂(Γx f ) ∂x f = Γ
-The equation 53 enables to write that:

∂ẋ ∂x f = ∂(ωΓ(∇⊗I n )x f ) ∂x f = ωΓ (∇ ⊗ I n )
Therefore, by substituting these derivatives inside equation 70, it comes:

∂ f nl,f (x f ) ∂x f = Γ -1 ∂f nl ∂x Γ + Γ -1 ∂f nl ∂ẋ Γ (ω∇ ⊗ I n ) ( 71 
)
and there is no unknown remaining. The other variant of this approach refers to the computation of the Jacobian matrix with the use of the Fast Fourier transform algorithm. The first variant was preferred as it does not require to convert Fourier coefficients from the complex to the real world.

Now that the nonlinear effort has been handled correctly, the derivative of the residual with respect to x f can be easily obtained. It should be noticed that this semi-analytical computation of the Jacobian matrix is much more accurate compared to a finite difference approach. Nevertheless, it losses some accuracy in the construction of the inverse and direct discrete Fourier transform operators.

Step 4

This last step of the AFT process consists in the iteration of the solver. Indeed, the previous step enabled to compute the derivative ∂R k ∂x f . Therefore, by following the scheme describing the Newton-Raphson process (Fig. 5), once this derivative is obtained , the next step of this algorithm is to solve the system

R k ,x f ∆x k f = -R k for ∆x k
f in such a way that the vectors of the displacement in the frequency domain (containing the Fourier coefficients) can be updated for the next iteration. This next iteration is called x k+1 f and becomes the starting point of a new AFT process. This latter must be repeated until it converges towards a given x f vector. It should be mentioned that this converged vector belongs to the frequency domain. The inverse discrete Fourier transform operator must thus be applied to retrieve the displacement vector in the time domain, the one used for the representation of the frequency response curve. The criterion which is used to decide whether the vector x f has converged is:

∆X k X k ⩽ ε 2 (72)
where X k and ∆X k are respectively equal to x k f and ∆x k f . The tolerance used inside the criterion has been chosen equal to ε 2 = 10 -5 in the present work. When the convergence is reached, the vector containing the Fourier coefficients can be transported in the time domain in order to represent the frequency response curve.

Continuation techniques

Up to now, the objective was to find the solutions which belong to one solution branch for different values of ω evenly distributed within a given excitation frequency range. For instance, the equations of motion were solved iteratively by following this AFT process for ω 0 , for ω 1 = ω 0 + ∆ω, then for ω 2 = ω 1 + ∆ω using a Newton-Raphson algorithm of resolution. In this case, it can be seen that ∆ω remains constant within the whole excitation frequency range. For instance, if one considers the responses of the different systems studied in this thesis within a given excitation frequency range, the frequency response curves become: 

ω (rad/s) [0.2 -6] m 1 (kg) 1 α 1 k (N/m) 1 c (Ns/m) 0.05 F amp (N) 1 H (-) 20 N (-) 2 10
Table 8: Numerical values of the parameters used for the computation of the frequency response curve in Fig. 10(a).

ω (rad/s) [0.3 -5] m 1 (kg) 1 m 2 (kg) 1 α 1 k (N/m) 1 k 12 (N/m) 5 c (Ns/m) 0.1 F amp (N) 2 H (-) 20 N (-) 2 10
Table 9: Numerical values of the parameters used for the computation of the frequency response curve in Fig. 10(b).

ω (rad/s) [22.5 -26.1] m 1 (kg) 1 m 2 (kg) 0.02 k 1 (N/m) 600 k 2 (N/m) 40 c 1 (Ns/m) 0.01 c 2 (Ns/m) 0.01 F amp (N) 0.1 H (-) 20 N (-) 2 10 ε T (-) 0.01
Table 10: Numerical values of the parameters used for the computation of the frequency response curve in Fig. 11(a).

ω (rad/s) [1 -60] m 1 (kg) 1 m 2 (kg) 1 k 1 (N/m) 100 k 2 (N/m) 100 c 1 (Ns/m) 0.005 c 2 (Ns/m) 0.005 F amp (N) 2 H (-) 20 N 2 10 ε T (-) 0.01
Table 11: Numerical values of the parameters used for the computation of the frequency response curve in Fig. 11(b).

Nevertheless, if ω is considered as a variable, the solution of the system can be written:

X = ï x ω ò ∈ R n eq +1 (73) 
in such a way that the solution vector becomes X. Even though ω is now considered as a variable, there is no additional equation introduced here. Therefore, there are still n eq but with one additional unknown so that one equation is missing to be able to solve this problem.

The interest to consider ω as a variable is related to some problems which can be highlighted in Fig. 10 and Fig. 11. Regarding those frequency response curves, one could see some obvious missing parts.

These missing parts may actually appear using some appropriate continuation techniques which underlines their importance. Another alternative sometimes used in the literature is called the MAN (numerical continuation) method. This method is described in [START_REF] Allgower | Introduction to Numerical Continuation Methods[END_REF].

In order to understand why some parts are missing in those CRF (frequency response curves), it is important to remind that one of the characteristics of nonlinear systems is that for the same excitation frequency, several solutions may coexist. This coexistence is at the root of what is called a bifurcation phenomenon. The continuation techniques are then used in order to observe how the solution evolves when such coexistence appear.

Two continuation techniques are presented in this work: the natural and the Arc-length continuation techniques. Both rely on a so called predictor-corrector technique.

Prediction and correction steps

The predictor step consists in finding a starting point (approximation) X 0 i+1 for the research of the next solution X conv i+1 of a given solution branch. It should be noticed that different predictors exist in the literature. Some of them rely on a prediction based only on the previous solutions while others are based on the value of the residual and its derivatives. Most predictors of the first type use a step ∆s which must be controlled afterwards. In the scope of this work, a secant predictor is used. This method enables to find an approximation of the next solution X 0 i+1 by following equation 74:

X 0 i+1 = X i + ∆s X i -X i-1 ∥X i -X i-1 ∥ with X i-1 = X conv i-1
and

X i = X conv i (74)
Therefore, it can be seen that the secant predictor uses the previous solutions in order to find an approximation of the next solution. Other predictors based on the residual and its derivatives such as the tangent predictor can be easily implemented. Nonetheless, it requires to solve a system for each new guess. This system being linear, it is not computationally expensive.

From the point of the implementation, a problem can be highlighted regarding this secant predictor. Since this predictor uses the value of the solution obtained for the previous and the current excitation frequencies, how could one deal with the computation of the two first points (which requires "previous solutions" i and i -1)? The scheme represented in Fig. 12 illustrates the answer:

i = 1 i -1 = 0 → ω i-1 = ω start -λ ω start

Resolution with Newton-Raphson using x0

i-1 = 0 0 . . . 0

→X i-1 = ï xi-1 ω i-1 ò
Resolution with Newton-Raphson using

x0 i = xi-1 →X i = ï xi ω i ò X 0 and X 1 are known →X k=0
2 can be computed with the secant predictor Figure 12: Determination of the points X 0 and X 1 in order to initialize the secant predictor.

To summarize the above methodology, the first point X 0 is computed by running the classical Newton-Raphson algorithm (not the one associated to the augmented system) with an initial guess x0 i-1 (i = 1) which is only composed of zeros and for a value of ω which is a little bit smaller than ω start , that is out of the range of interest. It is thus clearly understood that λ takes a small value, here λ = 10 -3 . Secondly, the solution X 1 is again computed by running the classical Newton-Raphson algorithm, but this time using the x0 i (i = 1) part of the solution X 0 that has just been computed as an initial guess. The secant predictor can then be used with X 0 and X 1 as X i-1 and X i respectively in order to predict an approximation of the solution when ω = ω 2 . On the other hand, the corrector step relates to the correction of this starting point into a new point X 1 i+1 closer to this next solution. This correction step is then repeated up to the convergence.

Parameterization

This step is certainly the most important as it represents the divergence point between the two methods presented in this thesis (natural vs arc-length). It is defined as the way to identify each solution which belongs to a solution branch (the current solution on a branch being noted X i ). If one considers the general parameter κ, it is possible to find a parameterization equation which satisfies the following relation:

P(x, ω, κ) = 0 (75) so that the system is now made up by n eq plus the parameterization equation. This extended system writes:

ß R(x, ω) = 0 P(x, ω, κ) = 0 (76)
As explained, this parameterization is also the root of divergence between different continuation techniques.

Natural parameterization

This natural parameterization is usually the most instinctive way to proceed in order to follow the solution on its branch. It is this type of parameterization which has been employed by the continuation technique used for the representation of Fig. 10 and Fig. 11. The parameter ω -which is the one that is interesting to make evolve in order to draw the CRF -is fixed so that the dependency regarding this excitation frequency is removed and the system can be solved for one given value of the frequency.

The procedure is then repeated by changing successively the value of ω and by solving the system for the new value of ω.

In other words, this kind of natural parameterization takes its name from the fact that the system becomes determined by fixing ω, which amounts to write the parameterization equation with ω only:

P Ä xk i+1 , ω ä = ω -ω i+1 = 0 (77)
The solution vector is thus obtained by following again the iterative AFT process combined with the Newton-Raphson algorithm to obtain the correction of the augmented system ∆X. This procedure has been largely explained for the non-augmented system. However, the system solved to obtain this correction is not the same anymore:

R ,x Ä xk i+1 , ω i+1 ä ∆x = -R Ä xk i+1 , ω i+1 ä (78)
Once the correction is computed, the updated variables are straightforward, including ω. In other words, there is no more control on the next value of ω, it is a variable whose value is now computed by solving the augmented system:

X k+1 i+1 = X k i + ∆X i with X k+1 i+1 = ï xk+1 i+1 ω i+1 ò (79)

Parameterization

In order to illustrate schematically this natural parameterization, the figure Fig. 13 

||x(t) ∞ || R(X i ) = 0 R(X 0 i+1 ) R(X 1 i+1 ) R(X i+1 ) = 0
Figure 13: Schematic representation of a natural parameterization. Note that X i = X i conv .

In this Fig. 13, the correction has been exaggerated in order to clearly observe this mechanism of correction. In this case, only two iterations were needed to find the converged solution vector at the next value of the excitation frequency. Nonetheless, it can be noticed quite easily that such mechanism of correction, relying on a travelling direction which follows the linear abscissa might lead to some problems for certain frequency response curves.

Problems linked to natural continuation

At first glance, this schematic representation reported in Fig. 13 highlights the problem of the behavior of the natural parameterization when a returning point exists. If such point exists, it means that the tangent at this point is vertical and that the Jacobian matrix is singular. For instance, if one imagines that there are indeed some missing parts in the CRF of the Duffing oscillator and the linear coupling of two Duffing oscillators, a wrong behavior such as the one illustrated in Fig. 14 Again, the corrections applied on ω have been exaggerated in order to clearly understand the problem that such returning point might induce when using a natural parameterization. Indeed, when reaching the red point at the top of the curve, this correction ∆ω imposes an horizontal displacement and the vertical correction ∆ xi should normally find a close solution on the curve. However, it is not the case as both CRF come back towards smaller ω values and the only solution that is found on the curve is far from the one that should be found. It is said that there is a jump in amplitude.

||x(t) ∞ || ∆ω Jump R(X 1 i+1 ) R(X conv i+1 ) ( 
In this case, the correction on ω must be negative to capture correctly the next solution on the branch.

To summarize, the first problem related to natural parameterization is that the travelling sense is fixed so that any returning point in the solution will induce missing parts in the CRF. This problem is quite annoying since the coexistence of several solutions for the same ω (a characteristic of nonlinear system) is often accompanied by the presence of such returning points.

A second problem is related to the fact that, if the slope of a solution branch changes rapidly as shown on Fig. 15 for the system made by two Duffing oscillators, the correction ∆ω could miss some "intermediary" solutions. Therefore, it is of a paramount importance to find a way of increasing the number of solution points in those locations in order to capture correctly all the solutions that belong to the branch: In order to address those problems, it is required to find another parameterization technique which will be able to change its travelling sense.

Another possibility is to use this natural parameterization twice. The first resolution starts at ω = ω start and the system is solved for each value of ω until ω end . The second resolution starts at ω = ω end and the system is solved for each decreasing value of ω until ω start . However, this alternative is not interesting from an optimization point of view. Furthermore, this alternative might be able to solve the first problem but there is no certainty about the second issue. In the scope of this work, it was thus preferred to consider another kind of parameterization: the arc-length parameterization.

Arc-length parameterization

In opposition to a natural parameterization, the arc-length technique follows the solution on the branch by using the curvilinear abscissa. The idea is to add again one more equation to the existing classical system. This new equation aims to apply a constraint on ω and x which states that the length of the arc length between the solutions X i and X k i+1 must remain the same during the whole correction. In other words, if one summarizes the different constraints which must be satisfied at the same time, it comes that:

• The solution branch is characterized by the equation R(x, ω) = 0.

• The arc length between the solutions X i and X k i+1 must remain the same during the whole correction. Mathematically, the system to be solved is:

® R(x, ω) = 0 P xk i+1 , ω k i+1 , κ = s = xk i+1 -xi 2 + ω k i+1 -ω i 2 -∆s 2 = 0 (80)
It can be seen that the parameterization equation (given in [START_REF] Yann | Stratégie numérique pour l'analyse qualitative des interactions aube/carter[END_REF]) is the equation of an hypersphere of radius ∆s centered on the last converged solution X i-1 . Therefore, the solution at the next value of the excitation frequency will correspond to the intersection between this sphere and the solution branch so that the two equations of the system 80 are satisfied simultaneously. The initial increment of curvilinear abscissa which defines the arc-length that will remain identical during the correction (∆s) is determined by the user. One has to keep in mind that a small value of ∆s will increase the computation time while a large value is likely to decrease it, so as the accuracy. Instead of considering a trade-off regarding this step ∆s, this step can be controlled as explained in section 9.2.

Using this arc-length parameterization ensures that there will be an intersection between the hypersphere defined by the parameterization equation and the solution branch, which means that any returning point will not be a problem. On the other hand, this parameterization equation is nonlinear. Schematically, the arc-length parameterization can be represented as shown in Fig. 16: Pulsation ω (rad/s) Those figures show that the travelling sense has changed even with the presence of the returning point. However, even if the arc-length parameterization enables to address the problem of the returning points, it can be seen in Fig. 16 (b) that there is not only one possible point of convergence xi+1 . Indeed, there are actually two intersections between the hypersphere and the frequency response curve. The second intersection corresponds to a solution which has already been computed and which is thus upstream of the solution xi . This double convergence might induce some troubles and could lead the solver to opt for the wrong converged solution.

0 1 2 3 4 5 
||x(t) ∞ || ∆s R(X 0 i+1 ) R(X 1 i+1 ) R(X 2 i+1 ) R(X conv i+1 ) R(X i ) (b)
This problem could be fixed by modifying slightly the parameterization equation. The new type of parameterization is then called pseudo arc-length continuation. The idea is now to find the intersection between the solution branch whose equation corresponds to the cancellation of the residual and an hyperplan which is orthogonal to the tangent of the curve at the last converged solution point and located at a distance ∆l from that point. In this case, the parameterization equation is given by [START_REF] Gruin | Dynamique non-lineaire d'une roue de turbine Basse Pression soumise a des excitations structurales d'un turboreacteur[END_REF]:

P Ä xk i+1 , ω k i+1 , κ = l ä = (∆x i ) T (x k i+1 -xi ) + (∆ω i ) T Ä ω k i+1 -ω i ä 2 -∆l = 0 (81)
The equation of this hyperplan is actually obtained by linearization of the hypersphere equation used by the classical arc-length continuation technique. Even if this pseudo arc-length continuation enables to address the problem of doubled convergence, it also implies that in opposition to the classical arc-length continuation technique, there is no certainty to find an intersection between the hyperplan and the solution branch. This problem might be overcome by selecting a very small value of ∆l which further increases the computation time. For that reason and because of the good results provided by the classical arc-length method, this latter parameterization has not been implemented here. More-over, a secant predictor has been chosen for the prediction step. Compared to a tangent predictor for which singular matrices might cause some troubles, the secant predictor offers a greater robustness.

The system being augmented by the presence of a parameterization equation, the resolution of this augmented system by the Newton-Raphson algorithm requires to modify the Jacobian matrix in order to be able to compute the corrections on x and ω. The matricial equation to solve becomes then:

ï ∆x ∆ω ò = ñ R ,x X k i+1 R ,ω X k i+1 P ⊤ ,x X k i+1 , s P ,ω X k i+1 , s ô -1 ï -R X k i+1 -P X k i+1 , s ò (82) 
with

X k+1 i+1 = X k i+1 + ï ∆X ∆ω ò
The different elements of the Jacobian matrix are then computed as follows:

• The derivative of the parameterization equation with respect x is straightforward:

∂P ∂x xk i+1 , ω k i+1 , s = 2 xk i+1 -xi
• Similarly, the derivative of the parameterization equation with respect to ω writes:

∂P ∂ω xk i+1 , ω k i+1 , s = 2 ω k i+1 -ω i
• The computation of the derivative of the residual with respect to x is exactly the same than for the classical system (non augmented). Indeed, the part of the solution vector x is actually the vector of the displacements in the frequency domain, that is the one containing the Fourier coefficients associated to those displacements. The equation of the residual as a function of

x writes: R(x, ω) = Z(ω)x + f nl,f (x) -f ext,f (ω) = 0 in such a way that ∂ R(X k i+1 ) ∂x = Z(ω) + ∂f nl,f (x)
∂x with the derivative of the nonlinear effort with respect to x = x f :

∂f nl,f (x) ∂x = Γ -1 ∂f nl ∂x Γ + Γ -1 ∂f nl ∂ ẋ Γ (ω∇ ⊗ I n ) (83) 
the external effort being generally independent on x.

• Finally, the derivative of the residual with respect to ω is straightforward:

∂R ∂ω = ∂Z ∂ω x + ∂f nl,f ∂ω - ∂f ext,f ∂ω = Ä 2ω∇ 2 ⊗ M + ∇ ⊗ C ä x + ∂f nl,f ∂ω - ∂f ext,f ∂ω (84) with ∂f nl,f (x, ω) ∂ω = ∂f nl,f ∂f nl ∂f nl ∂ω + ∂f nl,f ∂f nl ∂f nl ∂ ẋ ∂ ẋ ∂ω = Γ -1 ∂f nl ∂ω + Γ -1 ∂f nl ∂ ẋ Γ (∇ ⊗ I n ) x (85) 
As a reminder, among the systems which are studied here, the only nonlinearity which depends on the excitation frequency is the one associated with the Jeffcott rotor. Regarding the derivation of the external forcing with respect to ω, this term vanishes as well. Indeed, when doing the Galerkin projection [START_REF] Urabe | Galerkin's procedure for nonlinear periodic systems[END_REF], the sine and cosine functions disappear so that only the amplitudes remain. Therefore, the derivation of the amplitude F amp is null. Now that each term of the Jacobian matrix has been computed, the correction ∆X can be deduced and further used to represent the different frequency response curves when selecting an arc-length parameterization technique. These results are reported in Fig. 17 Pulsation ω (rad/s) Figure 18: Frequency response curves of the Laxalde oscillator and the linear coupling of two Duffing oscillators obtained using an arc-length parameterization. Those curves have been drawn for the set of parameters repeated in Tab.9 and Tab.14. Note that A -L stands for "arc-length", Nat for "natural" and lin for "linear".

||x(t) ∞ || Nat(do f 1 ) A -L(do f 1 ) Lin(do f 1 ) Nat(do f 2 ) A -L(do f 2 ) Lin(do f 2 )
These results confirm the parts missed by the natural parameterization in the different nonlinear frequency responses curves. In the case of the coupling between two Duffing oscillators, it can be seen that a lot of parts were missing.

On the contrary, the CRF of the Laxalde oscillator are the same with both parameterization which can be explained by the absence of returning points.

At first glance, the main effects of the nonlinearities on the dynamics of these systems show that the resonance peaks are modified compared to the linear case and that multiple resonances seem to occur within the pulsation range of interest.

Most of these resonances (which occur especially in the CRF of the Duffing oscillator and of the coupled Duffings' system) were not detected by the natural parameterization. They are called secondary resonances. Two of these secondary resonances are shown in Fig. 19. They are defined by [START_REF] Colas | Réduction de modèle par sous-structuration et modes non-linéaires : Application à la dynamique des roues aubagées[END_REF] as secondary resonances that occur at frequencies which are not associated to any mode of the structure. They can be divided in two groups depending on their origin [START_REF] Colas | Réduction de modèle par sous-structuration et modes non-linéaires : Application à la dynamique des roues aubagées[END_REF]. They might come from the interactions between the harmonics of a mode and the excitation frequency, in which case, they are called sub-harmonic or over-harmonic resonances. This kind of secondary resonance is generally observed when the ratio between the eigenfrequency and the excitation frequency is an integer ratio. If the excitation frequency is retrieved by multiplication of the eigenfrequency by this integer, the resonance is sub-harmonic while if the excitation frequency is obtained by dividing the eigenfrequency by this integer, the resonance is said to be over-harmonic.

In the first case, the resonance comes from a mode whose frequency is smaller than the excitation frequency and the excitation triggers this mode thanks to the small order harmonics generated by the nonlinearity, which explains why these secondary resonances are not observed in the linear case. In the second case, the resonance comes from a mode whose associated frequency is greater than the excitation frequency and this excitation triggers the mode thanks to higher order harmonics of the nonlinearity. It means that those kind of over-harmonic resonances are more likely to disappear if a too small number of harmonics is retained to represent the nonlinearity. The other possibility is that such secondary resonance emanates from the coupling between modes due to the presence of the nonlinearity in which case they are named internal resonances. In other words, there is a transfer of energy between these modes. It happens if the modes are associated with eigenfrequencies related by the relation 86 [START_REF] Colas | Réduction de modèle par sous-structuration et modes non-linéaires : Application à la dynamique des roues aubagées[END_REF]:

∑ j p j • ω j = 0 with ∀ j, p j ∈ Z (86) 
It means that a mode implied in this relation but whose associated frequency does not belong to the frequency range of interest may have an impact on the CRF.

The different frequency response functions (linear case) have also been added in order to observe the differences induced by the nonlinearity. It can be noticed that the CRF are shifted towards higher frequencies compared to the different linear resonances. It translates the fact that the nonlinearity induces an hardening of the system, which means that the system behaves as if the stiffness was stronger. On the contrary, if the CRF were bending towards smaller frequencies compared to the linear resonances, it would translate a softening of the system. This aspect is discussed in more details in section 11.

It can also be observed in the CRF of the Duffing oscillator and of the Laxalde system that the amplitudes of their resonance peaks are much smaller than the amplitudes of the linear resonances which means that the nonlinearity is beneficial as one generally want to avoid those resonances in working conditions. In opposition to the Duffing oscillator, the nonlinearity of Laxalde's system has also the effect to remove the resonance peak. Indeed, the peaks seem to be damped by the nonlinearity and look more like flat plates for both degrees of freedom. The parametric study led in Fig. 51 (a) and (b) illustrates that the friction coefficient is related to this flat plate appearance.

On the contrary, the CRF of the Jeffcott rotor system shows that the amplitude of the nonlinear resonance is five times greater compared to the associated linear resonance peak. Again, the variation of the friction coefficient shows an important modification in the amplitude of this nonlinear resonance peak.

For the coupled Duffings' system, a kind of modification of the principal resonance occurs. Initially, the main linear resonance is located at ω = 1 (rad/s) and a second resonance occurs around ω = 3.25 (rad/s). As it can be seen in Fig. 18 (b), the nonlinear resonance of the first degree of freedom occurs near the second linear resonance while the nonlinear resonance of the second degree of freedom is associated to the main resonance peak of the underlying linear system (but shifted compared to this linear as aforementioned).

Interestingly, when zooming on the low frequencies of the CRF of the Duffing oscillator: It can be seen in this Fig. 19 that the differences between the arc-length and the natural parameterizations are quite important. In particular, near the two secondary resonances observed here, it can be seen that the natural parameterization does not predict correctly the highest amplitude of this spike. Moreover, the arc-length continuation shows a loop for the second peak which is obviously not expected by the natural parameterization due to the presence of a returning point. Finally, in order to improve the efficiency of the whole process used for the computation of the CRF, the step ds is controlled in such a way that the number of iterations made by the Newton-Raphson algorithm does not overcome a given value, which enables to limit the computation time, especially in the "uninteresting' areas.

Control of the step

Regarding Fig. 16, when the slope of the CRF becomes steep, one could imagine that the number of iterations needed to reach the intersection between the hypersphere of radius ds = ∆s and the curve of equation R(X) = 0 might become very large as well. In this case, it would be more efficient to try to create this intersection closer from the previous converged solution point by reducing ds. By doing so, it increases the number of solutions and reduces the number of iterations in the correction process of each solution. At some points, if ds becomes too small, the benefit to reduce it is lost so that a minimum value of ds is fixed in this method. On the contrary, when the slope of the solution branch does not change or change by a small amount, the algorithm does not require a small ds to converge quickly since the prediction would be already accurate. As a matter of fact, a maximum value of ds is also fixed in order to avoid missing some intermediary solutions as already explained in section 9.1.2.

It is quite common to use strategies relying on a statistical criterion to control this step. Such statistical criteria are usually easier in their implementation. This step control is made by looking at the steps previously used. In other words, the computation of the current step depends on the step used for the previous solution. This old step is then multiplied by a factor β [START_REF] Yann | Stratégie numérique pour l'analyse qualitative des interactions aube/carter[END_REF]:

ds i = β ds i-1
This multiplication factor β depends on the number of iterations which was needed during the correction to converge towards the previous solution (named k iteration ) and the optimal number of iterations done by the corrector (named k opti ) to compute a solution. Several expressions of this multiplication factor exist, the one that has been selected in the scope of this work is:

β = k opti k iteration
It indicates that:

• if β > 1, the optimal number of iterations is greater than the number of iterations that has been done by the corrector for the computation of the previous solution, in such a way that ds can be increased a little bit for the next solution.

• On the contrary, if β < 1, it would mean that the number of iterations done by the corrector for the computation of the previous solution is greater than the optimal number of iterations, meaning that the approximation of the solution was a little bit too far from the solution branch. In this case, the strategy advices to reduce ds for the current solution point. In practice, this multiplication factor is computed a little bit differently in order for this factor to remain in an acceptable range ([0.5 -2]):

β = max(0.5, min(2, k opti k iteration
))

The computation of the step for the current solution is also slightly modified in practice:

ds i = max(ds min , min(ds max , β ds i-1 ))
which ensures that ds i will never drop below the ds min and will never overcome ds max . Pulsation ω (rad/s) Pulsation ω (rad/s) Pulsation ω (rad/s) shows that for the second degree of freedom of the coupled Duffings' system, there is an underestimation of the nonlinear resonance peak in amplitude and frequency if only one harmonic is retained. On the contrary, there is a large overestimation in amplitude of the nonlinear resonance in the scope of Laxalde's system, even when 5 harmonics are retained (Fig. 28). An overall observation is that beyond H = 15 harmonics, there is no notable change in the different CRF anymore, even in the sensitive areas. Moreover, one has to keep in mind that some over-harmonic resonances may be missed if a H is too small for the representation of the nonlinearity. By further taking the increase of computation time into account, a value of H = 20 harmonics is kept in the rest of the calculations. This value seems to be a good trade off between accuracy and computation time.
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The influence of the number of time samples is especially important for the aliasing errors ( [START_REF] Colaïtis | The harmonic balance method with arc-length continuation in blade-tip/casing contact problems[END_REF]). These aliasing errors may induce a bad representation of the CRF by generating numerical oscillations. Moreover, they can lead to divergence of the solution and to some issues in the continuation process. By keeping a number of H = 20 harmonics as decided here above and by varying the number of time samples from 2 8 to 2 13 , one could obtain the figures Fig. 31 to Fig. 36 Those figures show that the number of time samples has a very small influence on the global shape of the different CRF. However, when looking at zooms near the resonance peaks and the sensitive areas, it can be seen that the simulations conducted with N = 2 8 display these numerical and undesired numerical oscillations. The increase of N leading to an increase of the computation time, a trade off value of N = 2 10 is kept for the simulation. Indeed, even in the sensitive areas, there is no significant improvement by taking more than N = 2 10 time samples.

Application to blade-tip casing interactions

This section focuses on the problem of blade-tip/casing contact phenomena which appear more and more in turbomachines. Unilateral contact and dry friction are taken into account through a regularized penalty law. A description of the system's modeling is given in section 14. The first part of the section will focus on the way the contact is handled, either through its modeling or its numerical treatment. This part is particularly important as this type of nonlinearity was already applied through the example of the Jeffcott rotor. Secondly, the frequency response curve of this system will be studied in details with the different continuation techniques considered in this work before entering the nonlinear modes. The idea is here to apply the method described in the previous sections to a real and industrial application in order to reinforce the relevance of this study.

Contact nonlinearities 10.1.1 Unilateral contact

By following the methodology described in [START_REF] Yann | Stratégie numérique pour l'analyse qualitative des interactions aube/carter[END_REF], the contact is considered between two solids, one being rigid and the other one deformable. The idea is to build the boundary of the deformable solid by decomposing it into different parts depending on the loads these areas are subjected to. This unilateral contact between those solids is modeled in Fig. 37: It can be seen that this deformable solid is discretized by following the finite element method. Moreover, it is characterized by a contact area discretized into several contact nodes. The discretization induces some approximations in the calculation of the nonlinear effort. Indeed, f N refers to the surface contact stress density directed in the normal and exterior direction to the contact area of the rigid solid. Therefore, the nonlinear efforts come from inequality constraints quoted in [START_REF] Mickael | Formulation discrete du contact-frottement[END_REF]. These different conditions (geometric, mechanical and energetic) are reminded in section 14.4 for sake of completeness.

Obstacle (rigid solid) ⃗ n Deformable solid j (clearance) A c
However, since the contact area has been discretized, the stress density is simplified into punctual efforts associated to each contact node. The clearance between the rigid solid (called the obstacle) and the deformable solid is noted j. If:

• j < 0, there is a clearance between the two solids, meaning that there is no contact and no penetration. In this case the reaction force writes f N = 0 for all contact nodes.

• j ≥ 0, there is penetration or contact on one or several contact nodes. Therefore, a model must be established to compute the contact effort f N in order to calculate the displacements of the flexible contact area.

It is important to note that when j < 0, it means that there is no contact node (not even one) which is in contact with the rigid solid. In order to ensure that this is indeed the case, the clearance is defined as:

j(x(t), h(t)) = x(t) -h(t) (87) 
where h(t) is the reference position of the point which belongs to the rigid solid and which is the closest from the contact area of the deformable solid. It means that as soon as a contact exists with one of the contact node that belongs to A c , the clearance becomes positive ( j > 0).

Numerical treatment of the contact

Now that the way the contact is modeled has been defined, it remains to determine how to handle it in practice.

According to [START_REF] Laxalde | Etude d'amortisseurs non-linéaires appliqués aux roues aubagées et aux systèmes multi-étages[END_REF], three different contact laws are usually considered. The first concerns a contact which is said to be hard in such a way that the two solids in contact do not penetrate each other. In this case, the effort writes:

® f N = 0 si p < 0 h = 0 si f N > 0 ( 88 
)
where

• p is called the penetration, never greater than 0 here, the two solids being impenetrable (rigid).

• f N is the reaction force, in the normal direction to the contact.

Nevertheless, this contact law is not compatible with the AFT process which is required to solve the system. Indeed, this law being highly non regular, it implies that the value of contact force is not defined for each value of the displacement.

The second contact law refers to a smoothed linear piece-by-piece and one-to-one law. It is the well-known penalty law. In this case, the unilateral contact law is regularized by the mean of a penalty coefficient. The main advantage being the easiness of the implementation. Moreover, the computation of the associated gradients is straightforward. Nonetheless, the penalty coefficient does not have any physical meaning, which makes its determination quite difficult. Using such penalty law, the effort on a contact node that is in contact with the rigid solid and which belongs to A c writes:

f N = ® 0 si p < 0 k N p si p ≥ 0 ( 89 
)
where k N is a contact stiffness. This law is compatible with the AFT process used in this work. Furthermore, the force is directly computed from the displacement.

Finally, the last contact law still refers to a smoothed contact. Nonetheless, this time the law is said to be exponential:

f N = 0 si p ≤ -c f 0 N exp(1)-1 p c + 1 exp p c + 1 -1 si p > -c (90) 
This law offers the advantage to be compatible as well with the AFT process. Moreover, this is the most regular law among the three presented here (the definition of a regular nonlinearity has been expressed in section ). The three laws are superimposed in Fig. 38: Figure 38: Contact laws presented in [START_REF] Laxalde | Etude d'amortisseurs non-linéaires appliqués aux roues aubagées et aux systèmes multi-étages[END_REF]. Note that the first law (hard) is not defined at the origin.
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In the time domain, the numerical treatment of the contact nonlinearity is not a problem. For instance, famous methods such as the penalty method described here above or the use of Lagrange multipliers have been designed. In the frequency domain, things are more complicated. In the present work, when considering the contact between a deformable solid and a rigid solid, the penalty method is usually employed to deal with the contact [START_REF] Cartraud | Rotor to stator contacts in turbomachines. Review and application[END_REF]. This law is however non derivable, which means that a law which is more regular is preferred for convergence reasons. Therefore, a law such as the exponential contact law would be a better idea. Another alternative is to regularize this penalty law using a polynomial regularization. This alternative has been implemented in the present work because its numerical robustness is better than the one of the exponential law. Mathematically, the penalty law regularized by a polynomial regularization is expressed as:

f n,i (t) = k n j i (t) 2 + Å k n j i (t) 2 
ã 2 + ε 2 n ( 91 
)
with ε n , an adaptative smoothing parameter which is such that when the clearance evaluated at one given contact node i is equal to zero, the normal effort on this ith node is equal to this adaptive parameter ε n . The regularized and the non regularized penalty law are represented in Fig. 39: Note when this adaptive parameter is equal to zero, it amounts to retrieve a classical penalty law, without the polynomial regularization. It can be noticed that the regularization is such that the curve is smoother and smoother with the increasing value of ε n . However, if one takes a to large ε n , the contact law becomes highly linear so that the contact is almost no more nonlinear. There is thus a trade-off to consider for the value of this parameter.
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Friction nonlinearities

The second type of nonlinearity which can be identified at the blade-tip/casing interface is the friction. These friction phenomena occur in an orthogonal direction to the contact effort. Several friction laws can be used to model the slip between the casing and the blade. The most famous one follows the classical Coulomb model ( [START_REF] Yann | Stratégie numérique pour l'analyse qualitative des interactions aube/carter[END_REF], [START_REF] Laxalde | Etude d'amortisseurs non-linéaires appliqués aux roues aubagées et aux systèmes multi-étages[END_REF]) which characterizes a dry friction. This model states that the relative displacement in the tangential direction between the two solids remains equal to zero below a given threshold value of the friction force. Above this value, the force is sufficiently strong to give rise to a tangential displacement and a tangential slip velocity between the deformable and the rigid solid. In this case, this slip velocity is proportional to the friction force:

® |F f ric | < µ f N , ẋrelative = 0 (no slip) |F f ric | ≥ µ f N , ẋrelative = ν|F f ric | (slip) ( 92 
)
where µ is the friction coefficient, F f ric is the friction force, f N is the normal effort, ν is the proportionality constant and ẋrelative the relative slip velocity between the two solids. Like the classical penalty law for the contact treatment, this Coulomb's law is not derivable, meaning that this law must be regularized in order to be used in the algorithm presented here. A method proposed by [START_REF] Louis | Modes non linéaires : Approches réduites par PGD/HBM et applications aux réponses forcées[END_REF] consists in expressing the nonlinear effort by using the hyperbolic tangent. This regularization has already been applied within the framework of the presentation of Laxade's system in section 14.1.

It should be mentioned that blade-tip casing interactions generally require to write the efforts and thus the gradients using cylindrical coordinates. The unilateral contact is exerted in the radial direction while the friction exerts in a normal plane to the contact, which implies the existence of tangential and axial components. The transformation has been done in [START_REF] Yann | Stratégie numérique pour l'analyse qualitative des interactions aube/carter[END_REF] (p.111-113).

Application to rotor 37 blade

In order to understand how the blade has been built, a description of the blade itself and of the bladetip/casing system is provided in section 14.3. After building this model, the frequency response curve can be computed using the arc-length continuation technique. As a reminder, the modeling of this blade-tip casing system asked to switch from cartesian to cylindrical coordinates, which implies that the frequency response curve does not refer to the infinite norm of the coordinate x, but rather to the infinite norm of the radial component (the direction of the unilateral contact) r.

From the implementation point of view, the vector containing the displacements in the temporal domain contains 34 lines, associated with 34 degrees of freedom. Indeed, as explained in 14.3, the blade-tip is discretized using 8 contact nodes, each of them being characterized by three degrees of freedom. There are thus 24 nonlinear degrees of freedom associated to the different contact nodes.

In addition, the Craig-Bampton reduction (reminded in section 14.5) is done by using a number of modal coordinates at the interior equal to η = 10. Therefore, the total number of degrees of freedom writes:

n dofs = 8 × 3 + 10 = 34 (93) 
The CRF at the different contact nodes become then:
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Table 12: Parameters used for the computation of the frequency responses curves of the rotor 37.

The different frequency response curves have been drawn independently for each contact node for sake of clarity. Tab.13 resumes the pulsations for which the maximum amplitude of the displacement is detected for each contact node: 13: Pulsation for which the radial displacement is the highest for each contact node of the contact interface.

Contact node n • 1 n • 2 n • 3 n • 4 n • 5 n • 6 n • 7 n • 8 ω(rad/
Interestingly, it can be seen that the pulsations for which the radial displacements are the highest, are almost the same for all contact nodes but not exactly equal. In other words, the different degrees of freedom do not reach their nonlinear resonance at the exact same frequency which translates the very complex behavior which can be induced by contact nonlinearities. Furthermore, the amplitude of that resonance is not the same for each contact node. Indeed, the highest displacement amplitude can be attributed to the first contact node, that is at the leading edge of the blade.

Moreover, some secondary resonances can be observed around ω = 1425(rad/s) and ω = 1512 (rad/s). This latter is mainly remarkable in the CRF of the leading edge and second contact nodes. Therefore, these two nodes are the ones to pay attention to when reaching such frequencies. Finally, some comparisons with time integration results are available in [START_REF] Colaïtis | The harmonic balance method with arc-length continuation in blade-tip/casing contact problems[END_REF] for the CRF at the leading and trailing edges. These Fig. 40 (a) and 43 (b) show a good match between the results obtained with time integration methods and the results obtained with the frequency based approach proposed in this work, except that the resonance is predicted at much higher amplitude and frequency by the HBM method. This observation underlines the importance to use such frequency based approach as these maximum vibration amplitudes are very important for blade design.

Furthermore, an investigation carried on in this article [START_REF] Colaïtis | The harmonic balance method with arc-length continuation in blade-tip/casing contact problems[END_REF] permits to explain the discrepancies existing around 1510 (rad/s). Indeed, time integration results predict a large increase in amplitude of the CRF which is not captured by the HBM method. This analysis shows that only a small part of the signal's harmonic content is present on the harmonics retained in the Fourier series. The analysis concludes by the interesting observation that a sub-harmonic ratio (ν = 27) must be taken to capture this phenomenon with the HBM method which would be computationally unfeasible. It shows again that time integration and frequency based approaches are complementary.

Influence of the number of harmonics H and time samples for the rotor 37

Similarly to the convergence study conducted for classical systems, it is of paramount importance to check that the frequency response curve of the rotor 37 are represented by using a sufficient number of harmonics in the HBM method and by ensuring that the aliasing errors are not affecting those CRF:
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(a) Global view of the CRF. show that near the resonance peaks and the sensitive areas, the simulations conducted with N = 2 8 , N = 2 9 , N = 2 10 display some numerical oscillations. Taking the computation time into account, a trade off value of N = 2 11 is kept for the simulation. Indeed, even in the sensitive areas, there is no significant improvement by taking more than N = 2 11 time samples.

Parametric study on classical systems

This section aims to carry on several studies about some key parameters related to the different systems presented in this thesis. For instance, the nonlinearity of the Duffing oscillator depends on the key parameter α whose effect was to stiffen the system when being equal to one as observed in Fig. 17.

Regarding the linear coupling between the two Duffings, the same study can be led on this α parameter. In this case, it would be nice to observe whether one of the two degrees of freedom is more affected by the change in α.

Concerning the Laxalde oscillator, this system can be analyzed for different values of the friction coefficient and thus different values of the nonlinear effort. Similarly, the evolution of the CRF of the Jeffcott rotor will be studied for different values of this friction coefficient and different values of the stiffnesses associated to the radial springs used to model the elastic contact surface of the stator.

Variation of α

In the scope of Duffing oscillator and the linear coupling between two Duffings, the frequency response curves are reported in Fig. 48, Fig. 49 and Fig. 50 for different values of the nonlinear stiffness. These figures show that the increase of the nonlinear stiffness has the effect to shift the nonlinear resonances towards greater and greater frequencies. In other words, the system behaves as if it was stiffer and stiffer. Interestingly, as noticed in Fig. 48, the secondary resonance peaks observed at small frequencies are shifted as well towards higher frequencies but not bended as the main nonlinear resonances. This bending has the effect to largely modify the frequency at which the nonlinear resonance occurs. Regarding the amplitude of those peaks, these amplitudes decrease with the increasing nonlinear stiffness. In some sense, they have thus positive effect by reducing the maximum displacement amplitude. Fig. 49 and 50 show similar behaviors of the first principal resonance with a peak whch is bended and shifted towards greater frequencies. Nevertheless, the second principal resonance is largely deformed by the increase of the nonlinear stiffness. It can be guessed in Fig. 49 that this second principal resonance peak is so shifted that it is now out of the pulsation range of interest. If it is true that this second principal resonance peak is out of the pulsation range, it means that the increase of the nonlinear stiffness seems to have a larger effect on the first degree of freedom.
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Variation of µ

On the other hand, the change in the CRF of the Laxalde oscillator and Jeffcott rotor can be studied when the friction coefficient varies. In the case of the Laxalde oscillator, the nonlinearity is just related to pure friction, there is no contact interaction. For the Jeffcott rotor, the contact between the stator and the rotating disk implies the presence of the friction coefficient in the expression of the nonlinearity as shown in equation 135: For the Jeffcott rotor, Fig. 52 shows that the nonlinear resonance is largely damped by the increase of the friction coefficient, in such a way that there is almost no peak remaining when µ > 0.2. Beyond the reduction of amplitude, a slight decrease of the nonlinear resonance frequency could be noticed. A bifurcation tracking study carried on by [START_REF] Prabel | Bifurcation tracking by Harmonic Balance Method for performance tuning of nonlinear dynamical systems[END_REF] enabled to show that ω = 0.154 (rad/s) and ω = 0.854 (rad/s) correspond to the initiation and end of the contact. This analysis also showed that the motion is purely periodic for µ < 0.108 while for 0.108 < µ < 0.36, the motion during contact can be periodic or quasi-periodic. Finally, for µ > 0.36, the motion during the contact is entirely quasi-periodic. In other words, this analysis shows that the motion during the contact is less and less periodic when µ increases.

Regarding Fig. 51 (a) of the Laxalde system, it can be seen that for this first degree of freedom when µ = 0.02 or µ = 0.05, the nonlinearity is too weak and the resonance peak looks like a linear resonance. However, when µ ≥ 0.1, it seems that the peak is shifted towards higher frequencies and increases in amplitude with the increasing friction coefficient. However, as highlighted by Fig. 51 (b), the opposite occurs at the same time for the second degree of freedom for which the nonlinear resonance decreases in amplitude with the increasing friction coefficient. One could then potentially imagine an energy transfer from a mode associated to the second dof towards a mode associated to the first dof.

Nonlinear modes

The second part of this thesis focuses on the computation of nonlinear normal modes. This notion of normal mode is well known in the linear case. In linear systems, a normal mode can be defined as the motion in which each point of the vibrating system is following a sinusoidal motion characterized by the same frequency and a fixed phase relation. They can be used to express the equations of motion by following the modal superposition principle. In nonlinear systems, the decoupling of the equations is not feasible anymore. Indeed, the presence of a nonlinearity does not allow to affirm that the system vibrates as if it were made of independent oscillations governed by the solutions of the linear system (of the eigenvalue problem).

Inspired by this attractive linear definition of linear normal modes, a nonlinear normal mode is often defined in the literature ( [START_REF] Detroux | Performance and Robustness of Nonlinear Systems Using Bifurcation Analysis[END_REF], [START_REF] Pierre | Normal Modes for Non-Linear Vibratory Systems[END_REF]) by using Rosenberg's definition which sees a nonlinear normal mode as a vibration in unison of a system, that is a synchronous oscillation. A synchronous oscillation means that every degree of freedom which belongs to the system will reach its maximum (or minimum) and will reach a zero displacement at the same time. This vibration is unison of the system enables to describe the pattern of a nonlinear mode by using one of the degree of freedom as a reference. In other words, it means that the motion of each degree of freedom can be deduced from the motion of this reference dof. Mathematically, it comes:

x i = f i (x re f ) with i = 1, ..., n dof
This relation expresses the fact that the motion of the i -th degree of freedom is related to the motion of the reference dof, named x re f , through a given function f i unique to each dof. The obtention of this nonlinear modes amounts to determine these functions [START_REF] Colas | Réduction de modèle par sous-structuration et modes non-linéaires : Application à la dynamique des roues aubagées[END_REF].

The computation of these modes can be divided into two important branches: the conservative and the non conservative cases. Most articles presented in the literature focus on the conservative case which is easier to handle. However, an extended definition to non conservative systems (damped systems) was proposed in [START_REF] Pierre | Normal Modes for Non-Linear Vibratory Systems[END_REF]. The generalization to damped system proposed in this article suggests that nonlinear modes are invariant in the phase space (representation of the velocity as a function of the displacement). In other words, it means that this generalization considers that the motion of a dof is now related to the reference dof through its displacement and velocity. Mathematically, there is thus another set of functions which relates the velocity of a given dof of the system to the velocity of the reference dof:

x i = f i (x re f ) and ẋi = g i ( ẋre f ) with i = 1, ..., n dof (94)
However, there is a problem related to this formulation. Indeed, the idea is to be able to form a system of differential equations whose unknowns are the functions f and g. Nevertheless, it quite common to use polynomial approximation to determine those functions. By using those approximations, the validity of the approximation also determines the extend to which the solution is valid. These approximations might become rough when the amplitude of the motion increases, which thus restricts the validity domain of the solution. In order to address this problem, a solution consists in expressing the parameterization with the amplitude and the phase instead of the displacement and the velocity.

Conservative case

By considering the conservative case, the equations of motion can be written in the form:

Mẍ(t) + Kx(t) + f nl (x) = 0 ( 95 
)
where the conservative case suggests that the damping matrix should be be removed and the nonlinearity should not depend on the velocity. By doing so, it ensures that the solution (the nonlinear mode) is purely periodic. The advantage of removing the damping matrix and the velocity dependence of the nonlinear effort is that, since the solution is periodic, the HBM method is still valid. Indeed, the solution can still be expressed as a truncated Fourier series:

x(t) ≃ 1 2 a 0 + H ∑ j=1 a j cos( jωt) + b j sin( jωt)
The problem remains that the pulsation is not known a priori (in a linear system, the pulsation was simply deduced from the pulsation of the external forcing). Therefore, one additional equation is needed to solve the system. This additional equation is obtained thanks to the phase condition which consists in fixing the velocity of one of the dof to zero at the initial time. In the scope of the conservative case, this condition phase is almost the only thing which is required to be able to compute the nonlinear normal modes.

Indeed, the resolution is achieved using the arc-length continuation technique described in section 9.1.3 combined with a secant prediction method. The algorithm used for the computation of these nonlinear normal modes in the conservative case is rather an adaptation of this arc-length continuation. Indeed, there is a small change in the prediction. The two first solutions required to use a secant predictor were previously based on the resolution of the non augmented system using an out domain value of the pulsation ω i-1 . For obvious reasons, this method is not feasible anymore. One alternative to initialize this secant predictor is to compute the two first solutions by taking advantage of the fact that at low energy (low amplitude), the nonlinear modes have the property to be tangent to linear modes. Therefore, the eigenvalues and eigenvectors of this linear system can be used to initialize this secant predictor.

The nonlinear modes associated to some of the systems studied in this work are presented in Fig. 53 to Fig. 56 in this conservative case: 

F 0 = 0.1N (-), F 0 = 1N (-), F 0 = 2N (-), F 0 = 3N (-), F 0 = 5N (-)
First of all, it should be noticed that the Duffing and the coupled Duffings systems are the only cases which could be considered in the scope of the nonlinear modes computation in this conservative case. Indeed, the algorithm used to compute these modes in the conservative case considers the resolution of the equation 95, with the underlying interest that without a nonlinearity which depends on the velocity and without any damping term, the solution will be necessarily periodic. It means that for each of the two systems studied here, the damping matrix has been set to zero.

However, the nonlinearity is not removed for the computation of these nonlinear modes. It constitutes an issue in the scope of the other classical systems studied in this work. The nonlinearities of the Laxalde and Jeffcott rotor systems depend on the velocity, which does not allow to use the conservative algorithm to retrieve their associated nonlinear modes. Removing those nonlinearities to make these systems conservative would be totally useless as it would amount to solve the classical linear and conservative underlying systems.

Regarding the backbone curves representing these nonlinear normal modes, it can be observed that those modes are actually crossing the nonlinear resonances at their peaks. Moreover, the different CRF have been drawn for several values of the external effort, which enables to highlight that the nonlinear modes are the locii of all the nonlinear resonance peaks computed for different values of the external efforts.

In addition, a convergence study on the nonlinear modes was carried on. This convergence study (Fig. It should be noticed that the convergence study was stopped at H = 80 harmonics. However, in order for these figures to be legible, the important results were kept only (above H = 20, every nonlinear mode was overlapping the previous one).

Finally, the computation of these modes is even more interesting as it does not only apply to the principal resonances. Indeed, if the initialization harmonic is carefully chosen, it is possible to find the nonlinear modes associated to secondary resonances as shown in Fig. 54. It can be observed that the backbone curve almost cross the peak of this subresonance, even if some inaccuracies remain. This lack of precision could potentially come from the fact that the forced responses (CRF) are calculated by solving a system which is characterized by a non zero damping matrix while the nonlinear modes computation deals with the resolution of the damping free system.

Non conservative case

The computation of the nonlinear modes in the non conservative case is not as straightforward as in the conservative case. In the conservative case, the absence of the damping matrix is not an issue because the dynamics of a nonlinear system which is characterized by a non zero damping matrix is usually approached quite well by the associated linear system. This assertion remains true as long as one considers nonlinearities which are not dissipative ( [START_REF] Maxime | Theoretical and Experimental Modal Analysis of Nonlinear Vibrating Structures using Nonlinear Normal Modes[END_REF]). However, in the scope of the Laxalde and Jeffcott rotor systems, the non negligible nonlinear friction does not allow to use the same approach anymore. The approach proposed by [START_REF] Pierre | Normal Modes for Non-Linear Vibratory Systems[END_REF] enables to consider such dissipative and non conservative nonlinearities. Moreover, another method described in [START_REF] Thouverez | Complex Non-Linear Modal Analysis for Mechanical Systems: Application to Turbomachinery Bladings With Friction Interfaces[END_REF] also proposes to consider those dissipative nonlinearities for the computation of the nonlinear modes. The system to solve which is targeted by those methods is thus:

Mẍ(t) + Cẋ(t) + Kx(t) + f(x, ẋ) = 0 (96) 
In the non conservative case, the nonlinear modes are the periodic or pseudo-periodic solutions of equation 96. Indeed, the presence of the damping matrix and of the dissipative nonlinearities implies that there is no certainty that the solution will be periodic. A pseudo-periodic solution being defined as a solution whose oscillations are damped with time, the solution of equation 96 can be written as an adapted truncated Fourier series which includes a damping factor:

x(t) = 1 2 a 0 + H ∑ j=1
e -jζ t a j cos( jωt) + b j sin( jωt)

with ζ , the damping factor resulting from the dissipative character of the nonlinearity. If ζ = 0, the exponent of the exponential vanishes which amounts to retrieve the expression of a periodic solution expressed with a classical truncated Fourier series. In other words, if ζ = 0, the nonlinearity is not dissipative.

The idea is to follow a similar procedure than for the HBM method by applying the Galerkin projection on the basis of functions used for the decomposition. Nevertheless, things are not as straightforward as for the truncated Fourier series used in the classical HBM procedure. Indeed, the presence of the exponential function does not enable to simplify the scalar products (which vanished in the classical HBM formulation) in the projection of the residual on this basis of function. To address this problem, [START_REF] Colas | Réduction de modèle par sous-structuration et modes non-linéaires : Application à la dynamique des roues aubagées[END_REF] proposes to make the assumption that over the period on which the projection is done, there is no damping in the oscillations of the solution. In other words, it amounts to assume that over the period on which the Galerkin projection is made, the solution is purely periodic and ζ is set to zero. As shown in [START_REF] Blanc | Non-linear modal analysis for bladed disks with friction contact interfaces[END_REF], the solution is damped over time very slowly, much slower than the oscillation period. Therefore, this hypothesis can be easily justified. However, the damping factor ζ appearing outside the exponential functions in the expression of ẋ(t) and ẍ(t) when projecting the residual are conserved.

The projection of the residual on the different functions of the basis used for the decomposition (which resumes to the Fourier basis used in the classical HBM formulation under the aforementioned assumption) requires first the evaluation of the derivatives of x(t):

ẋ(t) = ȧ0 + H ∑ j=1 î a j (-ζ je -jζ t cos( jωt) -jωe -jζ t sin( jωt)) + b j (-ζ je -jζ t sin( jωt) -jωe -jζ t cos( jωt)) ó
(98) where ȧ0 = 0. For the second order derivative:

ẍ(t) = ä0 + H ∑ j=1 î a j (ζ 2 j 2
e -jζ t cos( jωt) + 2ζ j 2 ωe -jζ t sin( jωt)j 2 ω 2 e -jζ t cos( jωt)) +b j (ζ 2 j 2 e -jζ t sin( jωt) -2 j 2 ωζ e -jζ t cos( jωt)j 2 ω 2 e -jζ t sin( jωt))

where ä0 = 0. Following the assumption made here above, the exponential functions are removed in such a way that the projection of the residual for each function of the reduction base gives:

R • 1 = 2Ka 0 + (f • 1) (100) R • cos( jωt) = ÄÄ j 2 ζ 2 -j 2 ω 2 ä M -jζ C + K ä a j - Ä 2 j 2 ζ ωM -jωC ä b j + (f • cos( jωt)) (101) R • sin( jωt) = ÄÄ j 2 ζ 2 -j 2 ω 2 ä M -jζ C + K ä b j - Ä 2 j 2 ζ ωM -jωC ä a j + (f • sin( jωt)) (102)
The system of equations can be rewritten in the following form:

Z(ω, ζ )x nl + f nl (x nl , ω, ζ ) = 0 (103) 
where the dynamic rigidity matrix does not only depend on the pulsation and the solution vector x nl contains the different Fourier coefficients. The different blocks of the dynamic rigidity matrix are deduced from the Galerkin projection (equation 101 and equation 102):

Z j = Å K -jζ C + j 2 ζ 2 -j 2 ω 2 M -2 j 2 ωζ M -jωC 2 j 2 ωζ M -jωC K -jζ C + j 2 ζ 2 -j 2 ω 2 M ã (104) 
and this matrix becomes then:

Z =           2K Z 1 . . . Z j . . . Z H           (105) 
The next step consists in the evaluation of the nonlinear effort in order to be able to solve equation 103.

It can be achieved by folllowing the AFT process combined with a Newton-Raphson solver. Thanks to the assumption that the damping of the solution over one period of oscillation is low, the inverse and direct discrete Fourier transform operators remain unchanged. However, when switching from the temporal to the frequency domain in the AFT procedure, the damping should not be forgotten for the first and second order derivatives. In order to take this damping into account without changing the following relations,

x = Γx f (106) ẋ = ωΓ (∇ ⊗ I n ) x f (107) ẍ = ω 2 Γ Ä ∇ 2 ⊗ I n ä x f (108) 
the global derivation operator ∇ itself must be modified. One could define first a derivation operator for ω and a derivation operator applied to ζ whose blocks are respectively:

∇ ω, j = ï 0 j -j 0 ò ∇ ζ , j = ï -j 0 0 -j ò (109)
in such a way that the jth block of the global derivation operator writes:

∇ nl, j = ω∇ ω, j + ζ ∇ ζ , j = ï -jζ jω -jω -jζ ò with j ∈ [0...H] (110) 
it can be noticed that the dynamic rigidity matrix can also be rewritten by using these derivation operators. Indeed, in the same idea than the equation 32 for the conservative case, it comes by taking now ζ into account:

Z(ω, ζ ) = (ω 2 ∇ 2 ω + ζ 2 ∇ 2 ζ + ωζ ∇ ωζ ) ⊗ M + (ω∇ ω + ζ ∇ ζ ) ⊗ C + I 2H+1 ⊗ K (111) 
where

∇ ωζ , j = ï 0 -2 j 2 2 j 2 0 ò (112) 
Indeed, if one develops this expression for one block, this jth block is retrieved:

Z(ω, ζ ) j = Åï -j 2 ω 2 0 0 -j 2 ω 2 ò + ï j 2 ζ 2 0 0 j 2 ζ 2 ò + ï 0 -2 j 2 ωζ 2 j 2 ωζ 0 ò ) ⊗ M + ï -jζ jω -jω -jζ ò ⊗ C + I 2H+1 ⊗ K (113) 
The global derivation operator and the dynamic rigidity matrix being modified, everything is fixed to solve equation 103. The resolution of this equation is achieved by using a Newton-Raphson algorithm and an arc-length continuation technique already used for the computation of the nonlinear mode in the conservative case in order to follow the solution adequately on its branch. Nevertheless, the presence of ζ in the equations modifies the parameterization equation associated to the arc-length continuation method. By including this damping factor into the arc-length parameterization equation, it comes:

P nl,AL Ä x k nl,i+1 , ω k i+1 , ω k i+1 , κ = s ä = x k nl,i+1 -x nl,i 2 + Ä ω k i+1 -ω i ä 2 + Ä ζ k i+1 -ζ i ä 2 -∆s 2 = 0 (114)
The system is composed by n eq equations provided by equation 103, plus the parameterization equation associated to the arc-length continuation technique. However, for the n eq + 1 equations, there are n eq + 2 unknowns due to the presence of the damping factor. One additional equation, which does not imply a new unknown is required to close the system. The idea is to use a phase condition which consists to set the velocity of the control degree of freedom k to zero at the initial time ( [START_REF] Alcorta | Prediction of non-linear responses and bifurcations of impacting systems: Contribution to the understanding of steam generator vibrations[END_REF], [START_REF] Colas | Réduction de modèle par sous-structuration et modes non-linéaires : Application à la dynamique des roues aubagées[END_REF]):

P nl,p = H ∑ j=1 jωb j,k -jζ a j,k = 0 (115)
From the implementation point of view, this phase condition is expressed slightly differently:

P nl,p = Γ -1 1 (∇ nl x nl,1 ) (116) 
By doing so, the system contains n eq + 2 equations for n eq + 2 unknowns and can be solved. The Newton-Raphson iterative algorithm used for the resolution of those equations in combination with 12.2 Non conservative case the AFT process requires however the evaluation of the Jacobian matrix. As a result of the presence of the damping factor ζ , the dimensions of this Jacobian matrix are increased and the matrix becomes:

J Ä x (k) nl , ω (k) , ζ (k) ä = á ∂R nl ∂x nl Ä x (k) nl , ω (k) , ζ (k) ä ∂R nl ∂ω Ä x (k) nl , ω (k) , ζ (k) ä ∂R nl ∂ζ Ä x (k) nl , ω (k) , ζ (k) ä ∂P nl,AL ∂x nl Ä x (k) nl ä ∂P nl,AL ∂ω Ä ω (k) ä ∂P nl,AL ∂ζ Ä ζ (k) ä ∂P nl,p ∂x nl Ä ω (k) , ζ (k) ä ∂P nl,p ∂ω Ä x (k) nl ä ∂P nl,p ∂ζ Ä x (k) nl ä ë
with the expression of the residual:

R(x nl , ω, ζ ) = Z(ω, ζ )x nl + f nl,f (x nl ) (117) 
where the different terms of this semi-analytical Jacobian matrix are detailed from equation 118 to 126:

∂R nl ∂x nl Ä x (k) nl , ω (k) , ζ (k) ä = Z(ω, ζ ) + ∂f nl, f ∂x nl (118) ∂R nl ∂ω Ä x (k) nl , ω (k) , ζ (k) ä = ∂Z(ω, ζ ) ∂ω + ∂f nl, f ∂ω (119) ∂R nl ∂ζ Ä x (k) nl , ω (k) , ζ (k) ä = ∂Z(ω, ζ ) ∂ζ + ∂f nl, f ∂ζ (120) ∂P nl,AL ∂x nl Ä x (k) nl ä = 2 Ä x k nl,i+1 -x nl,i ä (121) ∂P nl,AL ∂ω Ä ω (k) ä = 2 Ä ω k i+1 -ω i ä (122) ∂P nl,AL ∂ζ Ä ζ (k) ä = 2 Ä ζ k i+1 -ζ i ä (123) ∂P nl,p ∂x nl Ä ω (k) , ζ (k) ä = Γ -1 1 ∇ nl (124) ∂P nl,p ∂ω Ä x (k) nl ä = Γ -1 1 (∇ ω x nl,1 ) (125) 
∂P nl,p ∂ζ Ä x (k) nl ä = Γ -1 1 (∇ ζ x nl,1 ) (126) 
where • Γ -1 1 corresponds to all columns in the first line of the direct discrete Fourier transform operator. Taking this first line ensures to apply the phase condition at t = t 0 .

• x nl,1 refers to the part of the vector associated to the control degree of freedom.

The derivative of the dynamic rigidity matrix with respect to ω and ζ are easily deduced thanks to the tridiagonal structure of this matrix:

∂Z ∂ω =              0 ∂Z 1 ∂ω . . . ∂Z j ∂ω . . . ∂Z H ∂ω              ∂Z ∂ζ =               0 ∂Z 1 ∂ζ . . . ∂Z j ∂ζ . . . ∂Z H ∂ζ               (127) 
whose blocks are derived with respect to ω and ζ by deriving their different elements expressed in 104:

∂Z j ∂ω = Å -2 j 2 ωM -2 j 2 ζ M + jC 2 j 2 ζ M -jC -2 j 2 ωM ã (128) ∂Z j ∂ζ = Å -jC + 2 j 2 ζ M -2 j 2 ωM 2 j 2 ωM -jC + 2 j 2 ζ M ã (129)
Finally, the determination of the different elements of the Jacobian matrix requires to evaluate the derivatives of the nonlinear effort with respect to the different variables which constitutes the solution vector. Indeed, those derivatives appear in equations 118, 119 and 120:

• The derivative with respect to x nl is deduced from equation 83:

∂f nl,f ∂x nl = Γ -1 ∂f nl ∂x nl Γ + Γ -1 ∂f nl ∂ ẋ nl Γ (ω∇ nl ⊗ I n )
• The derivative with respect to ω is deduced from equation 85 where the derivation operator has been modified:

∂f nl,f ∂ω = Γ -1 ∂f nl ∂ω + Γ -1 ∂f nl ∂ ẋ nl Γ (∇ nl ⊗ I n ) x nl
• The derivative with respect to ζ is inspired by equation 85 as well and becomes thus:

∂f nl,f ∂ζ = ∂f nl,f ∂f nl ∂f nl ∂ζ + ∂f nl,f ∂f nl ∂f nl ∂ ẋ nl ∂ ẋ nl ∂ζ
It is very likely that the nonlinear effort in the temporal domain will not depend on ζ , so as the velocity. Therefore, the derivative of the nonlinear effort with respect to ζ is assumed to vanish in the scope of the systems studied in this work.

Once the Jacobian matrix is computed, the system can be solved by the iterative Newton-Raphson algorithm and by following the solution using the arc-length continuation. However, such as for the resolution of the system in the conservative case and for the computation of the forced responses, the secant predictor used for predicting the first iteration of the next solution will be used. This predictor requires to know two previous solutions to be initialized. In the conservative case, the nonlinear modes being tangent to linear modes at low energy, the initialization of the solver was made using a linear solution. In this non conservative case, this approach is still valid as long as the nonlinearity remains weak. For the systems whose intensity of the nonlinearity is related to the amplitude of the solution, a complex linear mode of the associated linear system is computed to initialize the solver.

The nonlinear modes of a non conservative systems considered in this thesis have been computed here after: 

F 0 = 0.02N (-), F 0 = 0.05N (-), F 0 = 0.1N (-), F 0 = 0.12N (-), F 0 = 0.2N (-)
It is observed that the nonlinear modes are almost crossing the peaks of the nonlinear resonances computed for different values of the external forcing. Some inaccuracies can be noticed as there exists a shift between the crossing of the nonlinear resonance and the exact position of the peak, especially for higher external forcing. Those inaccuracies could possibly come from the fact that ζ is assumed to be null during the projection. Even if this hypothesis was justified, it might induce some very small errors. As explained, the initialization of the solver consists in approximating the nonlinear mode by the linear mode to initialize the solution. In order for that approximation to be good enough, the initialization must be made at energy levels at which the nonlinearity is weak. In the scope of the Laxalde system, the nonlinearity is less active at high energy levels so that the system was initialized at high amplitude. The implementation being severe and demanding, a very high amplitude is required for convergence reasons. The tolerance was thus increases to ε = 5.10 -5 which could also partly explain the discrepancies.

The same reason explains why the computation of the nonlinear modes for the Jeffcott rotor and the rotor 37 is not possible or at least very difficult. Indeed, for contact nonlinearities, the initialization is made at low energy levels since the system is not consuming any clearance at those levels. Therefore, in order for the nonlinear mode to be nicely approximated by the associated linear mode, the initialization must be done at very low amplitude. By working with such small amplitudes, the convergence criterion is difficulty verified. As a reminder, this criterion was:

∆X k X k ⩽ ε 2 (130) 
One understands directly that even if the algorithm works well and generates a small numerator, the small amplitudes imply a very small denominator as well, provided that the convergence is very difficult to reach. A solution would be to use another convergence criterion also proposed by [START_REF] Yann | Stratégie numérique pour l'analyse qualitative des interactions aube/carter[END_REF] to remove the denominator from this condition:

∆X k ⩽ ε 1 (131)
Nevertheless, another problem emanates from the fact that the Jacobian matrix becomes rapidly singular which does not enable to further compute ∆X k . In summary, there is a necessity to initialize the system at very low amplitude, especially because the Jeffcott rotor system is only regularized in friction, meaning that the contact is established abruptly. However, working with such amplitudes asks to modify the convergence criterion. Even by changing this convergence condition, the Jacobian matrix becomes rapidly singular, which does not allow to compute the nonlinear mode.

A first eventual solution would be to work with a regularized contact law. Another alternative would be to increase the clearance to initialize the system at higher amplitudes. By doing so, the nonlinear modes could be computed for this new clearance and could be used to initialize our initial system (the one with the initial clearance).

For the rotor 37, the problem is not exactly the same. Indeed, since the contact law is regularized, one could think that there is no trouble for computing the nonlinear modes. Nevertheless, in opposition to the example of the Jeffcott rotor, the clearance is much smaller (for efficiency reasons). Therefore, the initialization must be made at very low amplitude as well, but not for the same reasons than in the case of the Jeffcott rotor. However, the same problems are encountered.

Conclusion

This thesis aimed to better understand the dynamics of nonlinear systems through the application of a frequency based approach relying on the harmonic balance method. This harmonic balance method involved important surrounding methods required to solve the nonlinear equations of motion. In particular, it has been noticed that the alternating frequency time approach enabled to handle the nonlinearity by sampling a period of oscillation into several time intervals N and by evaluating the nonlinear effort at each time step. This parameter became very important in the rest of the methodology as it controls aliasing errors which can be detrimental to the good representation of the frequency response curve of a system.

Four classical systems composed by few degrees of freedom were studied first: the Duffing oscillator, a system built by the linear coupling between two Duffing oscillators, the Laxalde oscillator (equipped with a wiper) and the Jeffcott rotor. By studying those four systems, it was possible to consider one and two degrees of freedom systems characterized by different types of nonlinearities (cubic, friction and contact). By using an appropriate Newton-Raphson iterative solver and some suitable continuation technique, the equations of motion were solved, which enabled to analyze the frequency response curves of those systems. It was observed that the response curves of nonlinear systems have nothing to do with that of linear systems. In fact, it has been noticed that the resonance peaks are modified compared to the linear case and that multiple resonances seem to exist within the pulsation range of interest. This latter observation enabled to introduce the concept of secondary resonances, sub-divided into the sub and over harmonic resonances (for which a commensurable relation exists between the excitation frequency and the eigenfrequency) and the internal resonances which feature the interesting property (through their definition) that even the modes whose associated frequencies do not lay in the frequency range of interest may have an influence on the frequency response curve.

One of the main goal of this work was also to try to apply the methodology beyond these classical systems. In particular, the idea was to concentrate the study on a current aeronautical problem: the blade-tip/casing contact interactions. For that purpose, the HBM method was conducted on an industrial application (the NASA rotor 37). As a consequence, the handling of a contact nonlinearity was introduced and the analysis of the CRF showed that the nonlinear resonances of the different degrees of freedom (radial displacements of the different contact nodes) were not occurring at the exact same frequency, underlying the complexity and the effects that a contact nonlinearity may imply. In addition, the comparison with time integration results showed a good match but a large underestimation of the nonlinear resonance by time integration methods, which further reinforce the benefit of using a frequency based approach. Finally, the harmonic balance method relying on the assumption of periodicity of the solution, a convergence study on the number of harmonics (and on N) retained in the truncated Fourier series used to represent the solution showed that H = 40 harmonics were sufficient (for the rotor 37) to represent accurately the solution while maintaining an acceptable computation time.

Some parametric studies were also led on the classical systems and showed that for cubic nonlinearities, an hardening of those systems is to be noticed with the increasing nonlinear stiffness. This thesis ended by the computation of nonlinear modes which are represented as backbone curves crossing the nonlinear resonances of the forced responses computed with different values of the external forcing. The computation of those modes is divided into the conservative and the non conservative cases. In the first case, the free responses of the conservative systems were computed by removing the damping matrix from the equations. It was observed that the nonlinear modes were accurately computed even if some discrepancies were noticed and could be attributed to the absence of this damping matrix. This accuracy turned out to increase with the increasing number of harmonics.

In the non conservative case, the introduction of a damping factor is added to account for the dissipative character of the nonlinearity. For systems such as the Laxalde system, the nonlinear mode is nicely predicted by the modified algorithm. Nevertheless, the biggest complexity lies in the convergence of the solution. In order to enhance the chances of convergence, the initialization of the solver must be carefully done, the idea being to approximate the nonlinear mode by the associated linear mode at energy levels for which the nonlinearity is less active. As explained in this document, for contact nonlinearities the complexity is even greater due to the necessity to initialize the solver at very low energy levels.

14 Annexes

2-dofs Laxalde wiper

The Laxalde wiper is a two degrees of freedom non conservative system represented in Fig. 59: This system is more general due to its no conservative nonlinearity. It enables to justify the completeness and the flexibility of the implementation. This Laxalde wiper is a highly dissipative and nonlinear system made by two oscillators and a regularized elementary wiper. The vector of nonlinear forces in the temporal domain can be written:

f nl = µ f n tanh( ẋ2 ε t ) (132) 
with:

• µ is the friction coefficient with µN, the sliding limit force.

• x 2 is the second degree of freedom. It corresponds to the displacement of the mass m 2 .

• f n is the normal effort.

• ε t is a regularization coefficient. It is the speed tolerance in the friction phase. The friction law is regularized by an hyperbolic tangent function such that the relation between the nonlinear force and the velocity of the second mass is for different values of this speed tolerance:

-µ f n µ f n Velocity of the second mass ẋ2 (m/s 2 ) Force (N) ε t = 10 -5 ε t = 10 -3 ε t = 10 -2 ε t = 10 -1 ε t = 0.5 ε t = 1.5 ε t = 10 Based on Fig. 60, one can observe that the larger ε, the smoother the relation between the nonlinear force and the velocity of the second mass. The equations governing the motion of this oscillator can be written in the matricial form as: As mentioned, the Jeffcott rotor enables to treat a system with a nonlinearity which depends on ω.

ï m 1 0 0 m 2 ò ß ẍ1 ẍ2 ™ + ñ c 1 0 0 c 2 + µ f n tanh( 1 ε t ) ô ß ẋ1 ẋ2 ™ + ï k 1 + k 2 -k 2 -k 2 k 2 ò ß x 1 x 2 ™ = ß F amp 0 ™ ( 
Based on the Finite Element Method, the general equations governing the dynamics of a simple Jeffcott rotor are :

Mẍ + C(ω) q + K(ω)x + f(x, ẋ, ω) = g(t) (134) 
where

• f nl (x, ẋ, ω) is the vector of nonlinear forces (associated to interaction elements, such as bearings, seals...). In this case, the nonlinearity is a contact nonlinearity. Indeed, the Jeffcott rotor can interact with the stator near the location of the disk. This stator, considered as fixed, has an elastic contact surface modeled by several radial springs with stiffnesses k c . The partitioning of those springs is symmetrical with respect to the horizontal axis passing through the middle of the shaft (the dashed axis in Fig61).

• g(t) is the vector of external excitation forces.

The rotor is here represented by a shaft whose mass is neglected but characterizes by a stiffness k.

The disk which might interact with the stator is located at the middle of the shaft and is characterized by a mass m and a radius R disk . The clearance between this disk and the stator is noted j.

Note that the fact that the mass center and the geometrical center are not located at the same position induces a mass unbalance. The distance between those centers is noted e in Fig. 61. The equations of motion of this system can be written at the disk location as: with:

• v rel = x r ẏ -y r ẋ + R disc ω the relative velocity between the stator and the rotor at the disk location, that is at the contact point.

• r = x 2 + y 2 , the displacement in the radial direction.

• mωe the amplitude of the mass unbalance (resulting from the fact that the geometric center and the mass center are not at the same place).

• The following set of parameters for the simulations: Table 15: Design parameters of the Jeffcott rotor ( [START_REF] Prabel | Bifurcation tracking by Harmonic Balance Method for performance tuning of nonlinear dynamical systems[END_REF]).

Note that when r < 0, there is no contact between the disk and the stator so that k c becomes equal to zero into the equations.

Figure 63: Blade of the rotor 37 discretized according to the finite element method. This is the finite element mesh of the blade ( [START_REF] Colaïtis | The harmonic balance method with arc-length continuation in blade-tip/casing contact problems[END_REF]).

As shown in Fig. 63, the blade is discretized in such a way that the tip is composed of 8 contact nodes with a total of 5745 nodes in the entire mesh. Each contact node which belongs to the contact interface is characterized by 3 degrees of freedom (r,θ and z) for the radial, tangential and axial directions. The model established in this work is based on this article ( [START_REF] Colaïtis | The harmonic balance method with arc-length continuation in blade-tip/casing contact problems[END_REF]), which mentions that a reduced order model was obtained using Craig-Bampton method by considering a reduction parameter η = 10. This Craig-Bampton reduction approach is briefly reminded in section 14.5.

There exists only few studies about experimental blade-tip/casing interactions phenomena. It is mainly resulting from the fact that such interactions damage the rotor, which costs a lot of money. Nevertheless, even though the absence of such experimental results provide only few points of comparison, the few existing studies have succeeded to highlight some interesting behaviors leading to relevant hypotheses that can be made regarding those interactions. For instance, the casing is highly rigid, which does not enable to distinguish any vibration at the macroscopic scale. These small amplitudes of vibration are at the root of the hypothesis of sliding friction. Indeed, this assumption is coherent with the fact that the tangential speed due to rotation is much larger than the vibration amplitudes. As a reminder, this hypothesis is made with Coulomb's law for the computation of the axial and the tangential efforts (in an orthogonal plane to the unilateral contact).

One of the problem encountered when trying to simulate those interactions is that it is not possible to initiate the contact by application of centrifugal effects as it is usually done in the experimental cases.

In order to circumvent this problem, a deformation on the casing enables to initiate this contact even if the casing is highly rigid [START_REF] Millecamps | Numerical-experimental comparison in the simulation of rotor/stator interaction through blade-tip/abradable coating contact[END_REF]. The profile of the casing is presented in Fig. 64: The casing is initially perfectly circular (-) and is then subjected to a distortion (-)(-)which creates the ovalization. This type of ovalization of the casing is in accordance with time methods described in [START_REF] Batailly | Blade/casing rubbing interactions in aircraft engines: Numerical benchmark and design guidelines based on NASA rotor 37[END_REF].

It must be noticed that the presence of abradable material is not considered in this work and the casing can just be seen as a rigid obstacle.

It can be seen that the deformations on the casing used to initialize the contact are symmetrical. There is thus a kind of ovalization of the casing. From the implementation point of view, this symmetrical deformation of the casing is taken into account through a threshold variable contact value. The computation of this threshold value is explained in details in [START_REF] Yann | Stratégie numérique pour l'analyse qualitative des interactions aube/carter[END_REF].

14.4 Hertz-Signorini-Moreau conditions f N defines the surface contact stress density directed in the normal and exterior direction to the contact area of the rigid solid at each instant. The nonlinear efforts come then from the inequality constraints defined by the Hertz-Signorini-Moreau conditions. These conditions are the following [START_REF] Olivier | Comportement d'une discontinuité dans un géomatériau sous sollicitations chemo-mécanique: Expérimentations et modélisations[END_REF] [44]:

• The geometric conditions which states that the matter can not be penetrated. In other words, the rigid solid can deform the flexible solid, but not enter it. Mathematically, if the clearance between the two solids is noted j and the surface contact stress density noted f N , it comes:

j ≤ 0 ⇔ ß j < 0 no contact j = 0 contact (136) 
• The second condition is called the mechanical condition. It states that the two solids are not exerting an attraction on each other.

f n ⩾ 0 ⇔ ß f n = 0 no contact f n > 0 contact ( 137 
)
This second condition implies that the adhesion is not taken into account.

• The last condition is called the energetic condition, also called the condition of complementarity/exclusion. It says basically that without contact, the reaction force is equal to zero. Therefore, there are only two possibilities: contact or not.

f n j = 0 ⇔ ß f n = 0 no contact j = 0 contact (138)

These relations must be verified at each instant and for every point which belongs to a contact area.

Craig-Bampton reduction approach

The aim of a reduction method is to reduce the computation time while maintaining the dynamic characteristics of the initial system. Therefore, If the reduction is made correctly, it enables to solve this problem by reducing the computation time while keeping a similar response. This is done by reducing the given dynamic finite element model to one with fewer degrees of freedom. Several reduction techniques exist to reduce this computation time. For instance, condensation approach such as the Guyan-Irons method could be used as well. This method neglects the inertial and the damping contributions in the equations of motion which is often the source of important discrepancies compared to the full model. Other condensation techniques such as the Improved Reduction System or the Dynamic Reduction may be implemented. However, the Craig-Bampton technique was preferred.

The Craig-Bampton method fill the holes of Guyan-Irons approach. Indeed, it keeps a certain number of internal vibration nodes to complete the representation.

In practice, the Craig-Bampton method switches from physical coordinates composed by boundary and internal degrees of freedom (respectively u boun and u int ) to another set of coordinates made up of the physical boundary coordinates, plus some modal coordinates at the interior, named η. Therefore, the degrees of freedom of the boundary are not reduced. Mathematically, the transformation from the physical coordinates to the new set of coordinates writes [START_REF] Muller | Model order reduction in structural dynamics[END_REF]:

ï u int u boun ò = Φ int Ψ boun ï η u boun ò
where Φ int and Ψ boun are given by following the procedures explained here after.

If one fixes all the boundary nodes and solve the eigenvalue problem for the internal nodes only, that is if one solves:

(K ii -ω 2 j M ii )φ j = 0 ( 139 
)
then it is possible to obtain n int (number of internal degrees of freedom) mode shapes associated to the eigenvectors φ j . These modes are called the fixed interfaced normal modes, referring to the fact that the boundary nodes are fixed here. When collecting these eigenvectors into the internal modal matrix Φ ii , it comes that the fixed innterfaced normal modes for a given substructure is:

Φ int = ï Φ ii 0 bi ò
For the computation of Ψ boun , it requires to apply a unit displacement to one of the boundary degree of freedom, all the other boundary degrees of freedom being restrained. At the same time, the internal degrees of freedom are free to move and there is no force applied on them. In this case, the modes are called the constraint modes and can be derived by solving the following system:

ï K ii K ib K bi K bb ò ï Ψ ib I bb ò = ï 0 ib R bb ò
in such a way that this matrix Ψ boun can be derived after solving this system:

Ψ boun = ï Ψ ib I bb ò
with Ψ ib = -K ii -1 K ib Now that Φ int and Ψ boun have been computed, it comes that:

ï u int u boun ò = ï Φ ii Ψ ib 0 bi I bb ò
The projection matrix which enables to retrieve the physical coordinates from the new subset of coordinates allows to write the equations of motion in this new set of coordinates [START_REF] Muller | Model order reduction in structural dynamics[END_REF]:

Å -ω 2 ï m M jb M b j M bb ò + iω ï c 0 0 0 ò + ï k 0 0 K bb òã ï η u boun ò = ï 0 f b ò
and the reduced system is thus obtained with:

• m = φ T ii M ii φ ii the modal mass of the internal degrees of freedom.

• c = 2mω E the modal damping of the internal degrees of freedom.

•

K bb = K bb -K bi K -1 ii K ib • k = mω 2
E the modal stiffness of the internal degrees of freedom.

•

M bb = M bb + M bi Ψ ib + Ψ T ib M bi + Ψ T ib M ii Ψ ib • M b j = M bi + Ψ T ib M ii Φ ii • M jb = Φ T ii M ib + Ψ T ib M ii with ω E = » k m
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 8 These two systems are represented in Fig.2 (a) and (b): Representation of a Duffing oscillator.

  Representation of the 2dofs Duffing coupled system.

Figure 2 :

 2 Figure 2: Representation of a Duffing oscillator (left) and of the 2dofs system created by the linear coupling between two Duffing oscillators (right).

Figure 3 :

 3 Figure 3: Periodic response of a Duffing oscillator for a value of ω = 0.537 rad/s and an amplitude of the excitation F amp = 1 N.

Figure 4 :

 4 Figure 4: Periodic response of the coupled Duffing system for a value of ω = 1.468 rad/s and an amplitude of the excitation F amp = 2 N. The two systems presented in Fig.2 (a) and (b) are both conservative meaning that the nonlinearity
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Figure 5 :

 5 Figure 5: Newton-Raphson algorithm [27].

  (a) and Fig.7(b) for the Duffing oscillator and the linear coupling between two Duffing oscillators respectively: linear coupling of two Duffing oscillators.

Figure 7 :

 7 Figure 7: Evolution of the execution time with the increasing number of time intervals N within the period of oscillation.

  linear coupling of two Duffing oscillators.

Figure 8 :

 8 Figure 8: Converged displacements. These responses refer to the set of parameters reported in Tab. 7

Figure 9 :

 9 Figure 9: Converged velocities. These responses refer to the set of parameters reported in Tab. 7

  Linear coupling of two Duffing oscillators.
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 1032 Figure 10: Frequency response curves of the Duffing oscillator and the linear coupling of two Duffingoscillators assessed with the set of parameters repeated in Tab.8 and Tab.9 for sake of readiness.

Figure 11 :

 11 Figure 11: Frequency response curves of the Laxalde oscillator equipped with a wiper and the Jeffcott rotor assessed with the set of parameters repeated in Tab.14 and Tab.11 for sake of readiness.

  CRF of the Duffing oscillator with eventual returning points.

  b) CRF of the linear coupling between two Duffing oscillators with eventual returning points.

Figure 14 :

 14 Figure 14: Illustration of the wrong behavior of the natural parameterization in the vicinity of a returning point.

Figure 15 :

 15 Figure 15: Possible solutions missed by the natural parameterization.

  CRF of the Duffing oscillator computed with the arclength parameterization.

  Zoom in the vicinity of a returning point.

Figure 16 :

 16 Figure 16: Behavior of the arc-length parameterization in the vicinity of a returning point.
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  Pulsation ω (rad/s)||x(t) ∞ || (b) Jeffcott rotor.

Figure 17 :

 17 Figure 17: Frequency response curves of the Duffing oscillator and the Jeffcott rotor assessed with the set of parameters repeated in Tab.8 and Tab.11 for sake of readiness.

  linear coupling of two Duffing oscillators.

Figure 19 :

 19 Figure 19: Zoom on the low frequencies of the Duffing oscillator.
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 3 Influence of the number of harmonics H and time samples N9.3 Influence of the number of harmonics H and time samples NThe convergence of the different frequency response curves is checked by considering two important parameters, the number of harmonics and the number of time samples used in the alternating frequency time process. The convergence as a function of the number of harmonics is checked first:
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 20 Figure 20: CRF of the Duffing oscillator obtained using the arc-length parameterization for different number of harmonics H.
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 21 Figure 21: Zoom on the important zones of the CRF of the Duffing oscillator.

Figure 22 :

 22 Figure 22: CRF of the coupled Duffings obtained using the arc-length parameterization for different number of harmonics H and for the first dof.
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 b Zoom on the secondary esonance peak located at ω = 0.47(rad/s).

Figure 23 :

 23 Figure 23: Zoom on the important zones of the CRF of the coupled Duffings system.

Figure 24 :

 24 Figure 24: CRF of the coupled Duffings obtained using the arc-length parameterization for different number of harmonics H and for the second dof.

  Zoom on a secondary resonance at ω = 0.49 (rad/s).
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 25 Figure 25: Zoom on the important zones of the CRF of the coupled Duffings system for the second dof.
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 26 Figure 26: CRF of the Laxalde oscillator (equipped with a wiper) associated to the first dof obtained using the arc-length parameterization for different number of harmonics H.
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 2735103 Figure 27: CRF of the Laxalde oscillator (equipped with a wiper) associated to the second dof obtained using the arc-length parameterization for different number of harmonics H.
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 2829 Figure 28: Zoom on the CRF of the Laxalde oscillator in the zone characterized by the highest relative errors (the resonances here).
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 30 Figure 30: Zoom on the important zones of the CRF of the Jeffcott rotor (zones characterized by the highest relative errors).
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 316 Figure 31: Evolution of the CRF of the Duffing oscillator with the number of time samples.

  Zoom on the first resonance peak.

Figure 32 :

 32 Figure 32: Evolution of the CRF of the coupled Duffings' system with the number of time samples for the first dof.

  Zoom on the first resonance peak.
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 33 Figure 33: Evolution of the CRF of the coupled Duffings' system with the number of time samples for the second dof.
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 34 Figure 34: Evolution of the CRF of Laxalde's system with the number of time samples for the first dof.

Figure 35 :

 35 Figure 35: Evolution of the CRF of Laxalde's system with the number of time samples for the second dof.

Figure 36 :

 36 Figure 36: Evolution of the CRF of the Jeffcott rotor with the number of time samples.

Figure 37 :

 37 Figure 37: Representation of the unilateral contact between the contact area A c of a deformable solid and a rigid solid.

Figure 39 :

 39 Figure 39: Classical and regularized penalty law for different values of the adaptative smoothing parameter ε n .

Figure 40 :

 40 Figure 40: Frequency response curves of the rotor 37 for the radial displacements of the first and second contact nodes.

  a) Third contact node.
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 41 Figure 41: Frequency response curves of the rotor 37 for the radial displacements of the third and fourth contact nodes.
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 42 Figure 42: Frequency response curves of the rotor 37 for the radial displacements of the fifth and sixth contact nodes.

  a) Seventh contact node. Eighth contact node.

Figure 43 :

 43 Figure 43: Frequency response curves of the rotor 37 for the radial displacements of the seventh and eighth contact nodes.
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Figure 44 :

 44 Figure 44: Convergence analysis of the CRF of the NASA rotor 37 as a function of the number of harmonics at the leading edge (first contact node).
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 45 Figure 45: Convergence analysis of the CRF of the NASA rotor 37 as a function of the number of harmonics at the trailing edge (8th contact node).

  Zoom on the resonance peak.
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 46 Figure 46: CRF of the rotor 37 at the leading edge as a function of the number of time samples.
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 47 Figure 47: CRF of the rotor 37 at the trailing edge as a function of the number of time samples.

Figure 48 :

 48 Figure 48: CRF of the Duffing oscillator as a function of the nonlinear stiffness (α = k nl m ).
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 4950 Figure 49: CRF of the linear coupled Duffings system as a function of the nonlinear stiffness (α = k nl m ) for the first dof.

  Pulsation ω (rad/s)||x(t) ∞ || (b) Second dof.
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 51552 Figure 51: CRF of the Laxalde oscillator as a function of the friction coefficient.
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 53545556 Figure 53: Nonlinear normal modes associated to the principal nonlinear resonance for different number of harmonics in the scope of the Duffing system. The CRF are drawn for different values of the external forcing amplitude: F 0 = 0.1N (-), F 0 = 1N (-), F 0 = 2N (-), F 0 = 3N (-), F 0 = 5N (-)

  53 (b), Fig.54 (b), Fig.55 (b), Fig.56(b)) shows that the nonlinear modes computed using H = 10 and H = 20 harmonics are almost overlapping each other meaning that a number of H = 15 harmonics would be largely sufficient to compute the nonlinear modes.

  Zoom on the resonance peak.

Figure 57 :

 57 Figure 57: Nonlinear normal modes associated to a principal nonlinear resonance for different number of harmonics in the scope of the Laxalde system for the first dof. The CRF are drawn for different values of the external forcing amplitude: F 0 = 0.02N (-), F 0 = 0.05N (-), F 0 = 0.1N (-), F 0 = 0.12N (-), F 0 = 0.2N (-)

Figure 58 :

 58 Figure 58: Nonlinear normal modes associated to a principal nonlinear resonance for different number of harmonics in the scope of the Laxalde system for the second dof. The CRF are drawn for different values of the external forcing amplitude: F 0 = 0.02N (-), F 0 = 0.05N (-), F 0 = 0.1N (-), F 0 = 0.12N (-), F 0 = 0.2N (-)

Figure 59 :

 59 Figure 59: Representation of a 2 degrees of freedom Laxalde wiper [9].

Figure 60 :

 60 Figure 60: Evolution of the velocity of the second mass of the Laxalde wiper with the nonlinear force.

  133)In this thesis, the numerical values which are used for this system are reported in Tab.14:m 1 (kg) m 2 (kg) c 1 (Ns/m) c 2 (Ns/m) k 1 (N/m) k 2 (N/m) µ f N (-) F amp (

Figure 61 :

 61 Figure 61: Representation of a 2 degrees of freedom nonlinear Jeffcott rotor with stator contact [33].
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Figure 64 :

 64 Figure64: Deformation of the casing to initiate the contact in the scope of a frequency approach. The casing is initially perfectly circular (-) and is then subjected to a distortion (-)(-)which creates the ovalization. This type of ovalization of the casing is in accordance with time methods described in[START_REF] Batailly | Blade/casing rubbing interactions in aircraft engines: Numerical benchmark and design guidelines based on NASA rotor 37[END_REF].

  

  

Table 3 :

 3 3, Tab.4 and Tab.5: Execution times for different number of retained harmonics for N = 2 10 .

	Harmonics number Execution time (s)
	H = 1	27.51
	H = 12	29.6
	H = 20	30.11

Table 4 :

 4 Execution times for different number of retained harmonics for N = 212 .

	Harmonics number Execution time (s)
	H = 1	39.56
	H = 12	46.43
	H = 20	50.18

Table 5 :

 5 Execution times for different number of retained harmonics for N = 214 . in such a way that the differences in time are respectively for H = 1, H = 12, H = 20 for the Duffing oscillator:

∆ H 20,N=16 -H 20,N=14 = 100.02 s ∆ H 20,N=14 -H 20,N=12 = 16.87 s ∆ H 20,N=12 -H 20,N=10 = 3.2 s (56) ∆ H 12N=16 -H 12N=14 = 71.57 s ∆ H 12,N=14 -H 12,N=12 = 15.9 s ∆ H 12,N=12 -H 12,N=10 = 0.89 s (57)

Table 6 :

 6 These three relations show that when augmenting the number of time intervals by the same amount, the difference in time increases when considering larger value of H. Up to now, it remains logical as increasing H was already shown to result in an execution time increase.

	100.02 > 71.57 > 46.34	(59)
	16.87 > 15.9 > 11.24	(60)
	3.2 > 0.89 > 0.81	(61)

Execution time differences between different number of harmonics obtained for different number N of time samples.

  which considers the case of a Duffing oscillator could be useful:
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Table 14 :

 14 Numerical values of the parameters used for the Laxalde oscillator (equipped with a wiper) 14.2 2-dofs Jeffcott rotor

Blade-tip/casing system

The study of blade-tip/casing interactions require to model correctly the rotor and the interface between the tip of the blade and the casing. The rotor considered here is the NASA rotor 37, an isolated transonic axial compressor rotor made of nickel based alloy. This rotor is represented in Fig. 62, an adaptation from [START_REF] Mouriaux | Tilda (Towards Industrial LES/DNS in Aeronautics)[END_REF]: As observed in Fig. 62, the clearance between the tip of the blade and the shroud might be quite small. In order to deal with the contact between those, it is important to model the blade and to define a contact area which can be discretized into contact nodes by following the finite element method. It has been achieved in [START_REF] Batailly | Blade/casing rubbing interactions in aircraft engines: Numerical benchmark and design guidelines based on NASA rotor 37[END_REF]: