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Introduction
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The study of free-surface water flow in channels has many important applications, one of the
most significant being in the area of river modelling. Using numerical methods to compute
the water surface profile and discharge, for both unsteady and steady open channel flows,
is now very common in civil engineering hydraulics. The Saint-Venant equations, first for-
mulated by De St. Venant (1871), are almost always used to model the flow. Very often in
nature a flow will approach a steady state, that is where the flow is essentially unchanging
in time. The case of steady flow is considered in this report. Under steady conditions the
Saint-Venant equations reduce in complexity yielding a single nonlinear ordinary differential
equation which describles the variation of the free surface. Finding analytical solutions are
very useful to understand model and structure of the equation. It is also useful to construct
test problems for numerical schemes. Using some measure of the difference between the nu-
merical solution and the exact solution, the performance of a particular numerical scheme
can be evaluated.

A simple method for constructing test problems with known analytical solutions to the
steady Saint-Venant equation in 2D is presented in MacDonald [5]. The method is an ”in-
verse method” in that some hypothetical depth profile is chosen and the bed slope that
makes this profile an actual solution of the steady equation is then found. This method can
be used to construct test problems with almost any desired features, including hydraulic
jumps. Hence these test problems can be used to compare the numerical results, for any
algorithm, with an exact solution. In this report, we will consider the ”inverse method” for
the steady Saint-Venant equation in 1D, including friction term and hydraulic jumps. The
results in 1D are compared with the results in MacDonald [3] and [5]. Especially, we will
pay attention to another friction law (Darcy-Weisbach friction) and the case rainfall.



Notation

x Distance along channel(m)

t Time (s)

L Length of channel (m)

g Acceleration due to gravity (m/s?)
h(z,t) Height of water or Depth (m)
u(x,t) Velocity of water (m/s)

z(x) Bed level or Topography (m)
S¢(x, h, Q) Friction slope

So(z) = —dz/dx Bed slope

Q(x, 1) Discharge (m?/s)

A(z, h) Wetted area (m?)

T(x, h) Free surface width (m)

q(w,t) = hu = Q/T Discharge (m?/s)
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1 The Saint - Venant equation

1.1 The Saint - Venant equation in 2D

From the principles of mass and momentum balance, we obtain the Saint - Venant equations
(MacDonald [5])

0A 0Q

2 I 1.1

or " ar (1.1)
0Q Q2 oh B

where z is the distance along the channel, ¢ is the time, h(x, t) is the height of water, Q(z, t)
is the discharge, T'(x, h) is the free surface width, A(z, h) is the wetted area, Sp(x) is the
bed slope, S¢(z, h, Q) is the friction slope, R is the lateral inflow per unit length and g is
the acceleration due to gravity.

The bed slope, Sy, is given by
dz

%7
where z(x) is the bed level, the elevation of the bed above some horizontal datum.
The friction slope, Sy, is given by

So=—

QQIn*PY?

Sy = AL0/3 7

where P(x, h) is the wetted perimeter and n is the Manning friction coefficient.

We only consider the steady flow problem, so it is assumed that h = h(z) and Q = Q(z).
Under these steady conditions equations (1.1) and (1.2) reduce to

d
g — R, (1.3)
2 dh
- (?4 > by Ad— — gA(Sy— Sf) = 0. (1.4)

To simplify, the lateral inflow R is assumed to be zero. So, equation (1.3) becomes trivial
with solution () = constant. Since the discharge can have no jumps it must be constant
throughout the entire channel reach. From now on x will be measured in the direction of
this constant discharge and hence @ > 0.

Differentiating the momentum term in equation (1.4) and dividing by gA then yields the
equation
dh Q% 0A

- X =0. 1.
Qv g5 0x So+Sr=0 (1.5)



1.1 The Saint - Venant equation in 2D 5

Suppose that for some reach 0 < z < L the functions T and P, representing channel width
and wetted perimeter respectively, are arbitrarily defined for 0 < h < Aqq.
We will consider a rectangular channel with A = Th and P = T + 2h. The equation (1.5)

become Q*T\ dh  Q*hOT
(1_ﬁ>%_ﬁ%_50+sf:0' (1.6)
It is convenient to re-write this equation as
So(z) = f1(z, h(z))l(z) + fa(x, h(z)), (L.7)
where 0°T
flzl—ﬁzl—Frz, (1.8)

Fr is the Froude number and
B Q27’L2P4/3 th oT
f2= A0/3  gA3 9z
To have the smooth solution, it will be required that T, P,0T/0x, 0T /dh are continuous.
These requirements are sufficient to ensure that differential equation (1.6) is valid and can
be obtained from the integral form of the steady Saint Venant equation. If the discharge Q

and the Manning friction coefficient n are chosen, then the function f; and f have been
defined by equations (1.8) and (1.9).

(1.9)

We will choose some function h for 0 < z < L, with 0 < it(:n) < hpmae and having a
continuous first derivative. This function will be referred to as the hypothetical depth
profile. Finally, if the bed slope of the channel is given by

So(w) = fu(w, b))l (z) + folz, b)), (1.10)

then it is easy that h satisfies the differential equation (1.7) for the entire reach 0 < z < L.

From the above, a complete test problem can be specified by the length L of the reach, the
functions T, P (and hence A) which define the cross-sectional shape throughout the reach,
values for the discharge Q and manning coefficient n, and the bed slope of the channel given

by equation (1.10). The analytic solution to the steady problem is now given by h = h.

For many computational models, the bed level z is required rather than the bed slope. This
cannot normally be found analytically from Sy, so we can use numerical method to compute
z and a starting value such as z(L) = 0 is required.

bedslope2D := proch, Q, n, g, h)
Q*T\ dh  Q*h 0T
— (1o )8 KT g
50 ( gA3 ) dx  gA3 Ox +of
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Remark: The Froude number, Fr, is a dimensionless value that describes different flow
regimes of open channel flow

QT
Fr = ﬁ’
or u
Fr=——.
vgh
When

Fr = 1: the type of flow is critical flow and occurs when inertial forces and gravitational
forces exactly balance.

Fr < 1: the type of flow is subcritical flow (slow or tranquil flow) and occurs when gravi-
tational forces dominate over inertial forces.

Fr > 1: the type of flow is supercritical flow (fast rapid flow) and occurs when inertial
forces dominate over gravitational forces.

Critical flow is unstable and often sets up standing waves between supercritical and sub-
critical flow. When the actual water depth is below critical depth, it is called supercritical
because it is in a higher energy state. Likewise actual depth above critical depth is called
subcritical because it is in a lower energy state.
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1.2 The Saint - Venant equation in 1D

We only consider the rectangular channel with A =Th, P =T + 2h and Q = Tq.
from equations (1.1) and (1.2), we obtain

oTh) | (T

- 5 =R, (1.11)
o(Tq) 0 (T?*¢? Oh B
ot % < Th + gTh% — gTh(SO — Sf) = 0. (1.12)
Dividing equation (1.11) by T
oh 90q R
5 Ty =7 =R (1.13)
Changing equation (1.12)
dg 0 [(¢* Oh B
(1.12) T [E—i—% <Z> —I—gh%—gh(So—Sf) =0
@@—1—2 q_2+g_hz —gh(So—Sf) =0 (1.14)
ot " ox \n 2 ) ITeTREE '

Finally, the Saint - Venant equation in 1D is obtained from equations (1.13) and (1.14)

Oth + 0y (uh) = R (a)
2
0,(uh) + 0,(uth + T) = gh(sy ~ S)  (b) (1.15)

where ¢ = wh, h(z,t) € RT is the height of water, u(z,t) € R is the velocity of water,
So(x) = —0,z is the bed slope, S¢(x, h, Q) is the friction slope, R is the rainfall intensity
and g is the acceleration due to gravity.

The Manning friction slope in 2D is given by
Q2n2pi/3 B Q%n2(T + 2h)*/3

Sy A10/3 (Th)10/3
op\ 4/3 op\ 4/3
Q2n2T4/3 (1 I _> 2n? (1 I _>
T T
- T10/3},10/3 - 10/3

Because T' >> h, we can approximate
1—|—2h 4/3~1+42h—|—
T 3T

Let

2h\ ¥/? 42h
n? =n? <1+?> = n? <1+§?+...>. (1.16)
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It follows the Manning friction slope in 1D

_ niqlal _ nfulul

Sy = R10/3 — T pa/3
Besides, the Darcy - Weisbach friction is also used

g, - falal _ fulyl
I~ 8gh3 8gh ’

where f is Darcy - Weisbach coefficient.
The value of f can be determined by

2
_ 8gnj

= Bi/3 "
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1.3 Steady state
In this report, we only consider the steady flow problem, so we have
Oh =0 and 0(uh) =0.
Under the steady condition, equation (a) and (b) reduce to
(a) = 0z(uh) = R where R is constant,
h2
(b) = 8, (u?h + 97) = —ghdyz — ghS}. (1.17)
1.3.1 The case no rain R =0
We have
0z (uh) = 0 = g = uh = constant,
(1.17) & udy(uh) + uhdyu + ghO.h = —ghOyz — ghSy
& ghOyz = —ghSy — u0;(uh) — uhOyu — ghoLh
& ghOyz = —ghSy — uhd,u — ghozh
& Opz=-S;— g@mu — 9,h
& 0z=—S;— —40,(L)y—a,h  (u=q/h)
, gh " h
q
We obtain
2
where  fi(z, h(z)) =1— g% and  fo(z, h(z)) = Sf.
For each formula of the friction slope S, equation (1.18) become
el
e Manning friction : I = a3
2 2 2
_ q n-q
where n is Manning friction coefficient.
e Darcy - Weisbach friction: Sy = fulul
8gh
2 2
q fa
—(1- L oh+ 21 1.2

where f is Darcy - Weisbach friction coefficient.
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1.3.2 Rain R#0

We have
Oy(uh) = R = q = uh = Rz + qo,

qo is discharge at x = 0.

2 h?
(1.17) & az(% + gT) = —gh0,z — ghSy

2q ¢

ghOyz = —ghSy — zazq + ﬁarh — ghOzh
B 2qR q2

& &z_—%~1m2+g§R

q q

— —1)0;h — —= — S¢.

gh? ) ghz 77

i3

Ozh — Ozh

We obtain
So(z) = fi(z, h(z))0zh + fo(z, h(x)),

2
q 2qR
where  fi(z,h(z))=1-— —gh3 and  fo(z, h(x)) = W + 5.

We consider the friction slope Sy

nu|ul

e Manning friction: Sy = i
'S 2R n2?

Lo, PR

So=(1-

e Darcy - Weisbach friction: =~ Sy =

1.3.3 Energy and specific charge

For the case R =0, Sy = 0 and steady state (0;h = 0,(uh) = 0).
The equation (1.18) become

q
Oz = (—gh3 —1)0.h
q2
mh_— mh x~ — U.
S 0 gma +0,2=0

Integrate equation (1.24) from x = a to x = b, we obtain

¢*(a) ¢*(b)
2gh*(a) 2gh*(b)

h(a) + + z(a) = h(b) +

+ z(b) = constant.

(1.21)

(1.22)

(1.23)

(1.24)
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Define the energy

Then we have the conservation of energy.

The specific charge is defined by

29 " Sgha0)

:>q:\/2gh2 Hs— h\/_\/Hs— .

Assume that Hg is constant,

2v2g(Hs —h) —\2gh  \/29(2Hs — 3h)
= /29\/Hs — h — _ _
o 2\/ WHs —h WHs —h
dqg 2

The value of ¢ can vary between 0 and ¢,4,, where

2 2 2 1 8gH? 3
Jmax = gHS\/ 2g¢\/Hs — gHS = gHS\/ 2g gHs = o7 Vgh?.

We will consider the case g = constant and 0 < ¢ < ¢maz-
Take again
()

2gh2(z)’

Hg(z) = h(z) +

e Hg — oo as h — 0.

e Hg — oo as h — oc.

OHS (q 1/3_
° h =0at h= <g> = he.

2\ 1/3
Frzloruz«ghathz(q—) = he.
g

Hg obtain a minimum value as h = h, and h, is called critical depth.
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Hs
Hs-h .~ el _
o he
Figure 1: Specific charge
U
For a subcritical flow: Fr = — < 1 with z, < 2.
Vah e

We have H(x) = constant,

H(a) = H(b) = Hs(a) + z(a) = Hs(b) + 2(b)

= Hs(b) = Hs(a) + z(a) — 2(b),

so Hg(a) > Hg(b): the specific charge is decreasing,

and h, > hy.

z+h

h(a)

z(a)

h(b)

z(b)

0 0
Figure 2: Subcritical flow
U
For a supercritical flow: Fr = — > 1 with z, < zp.

Vgh

We have H(x) = constant,

H(a) = H(b) = Hg(a)+ z(a) = Hg(b) + 2(b)

= Hs(b) = Hs(a) + z(a) — 2(b),

so Hg(a) > Hg(b): the specific charge is decreasing,

and h, < hp.
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z+h N
h(b)
L\
h(a)
z z(b)
$ z(a)
0 ha  hb h o X

Figure 3: Supercritical flow

1.3.4 Hydraulic jump

For the case 9,z = 0, steady state and without friction.
2

h
Let ¢g=uh=C; and u?h+ gT = (9, where C1, (5 is constant.
Assume that there is a discontinuity with hq, w1 at upstream and hs, us at downstream.
We should have

urhy = ughs = ¢, (1.25)

h? h3
wlhy + % = w2hy + %. (1.26)

A obvious solution is u; = ug and hy = hs.
The other one isnot obvious, from condition (1.25) we have

U] = 4 and ug = 4.
hy ho
Then condition (1.26) become
2 2 2 2
q hi q h;
—h — == —=
h2 1+g9 5 % +9g 5
= h2 — h1 ( h1 + h2)> =0
= hlhg(hl + h as hy 75 ho.

This is the hydraulic jump relation. It depend on discharge.

2
hiho(hy + ho) = 283 with #3 = L.
g

We also have ) 5
B L S 1; with  u. = /ghe.

w1 + usg 2

| &
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1.3.5 Test problems with smooth solutions

The form of bed slope is given by
So(w) = fi(w, b))k () + falw, h(x)).

If values for the discharge ¢ and the Manning friction coefficient n (or Darcy - Weisbach
coefficient f) are chosen, then the functions f; and fo have been completely defined. The
important problem is to choose a function hfor0<axz< L, with 0 < h < hypae and having
a continuous first derivative. Finally, if the bed slope of the channel is given by

So(x) = f1(z, h(z))B (2) + fa(z, h(z)),

then h will satisfy the differential equation (1.18) for the e{ltire reach 0 < z < L. The
analytic solution to the steady problem is now given by h = h.

bedslopel D := proc(q,n, g, h)
5 -
q dh
So=(1—-—)—+S5
0 ( gh3> daz+ f

bedslopel D Rain := proc(q, R,n, g, h)

) A
q dh  2qR

S: 1_ ~ I -~ _ S

0 ( >d$+gh2+ f

When the bed slope Sy is found, we can compute the bed level z. However this cannot
normally be found analytically from Sy = —0,z. We can approximate z by numerical
method with a starting value such as z(L) = 0. For example, we use a uniform grid,

L
r; =1iAx,i=0,1,..., N, of spacing Ax = N where N € Z". We have
Ziv1 = 2i + Ax0y 2,

i =0..N with zp = 2(L).

1.3.6 Test problems with hydraulic jumps

It is useful if test problems could be constructed where the known solution has a hydraulic
jump. Let the hypothetical depth profile 0 < h(x) < hijae, with a hydraulic jump at some
point z = z*, be given by
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the functions h 1, and h r having continuous derivatives respectively on the intervals 0 < z <
z* and z* < x < L, with the derivatives being one-sided at the end points. The hydraulic
jump must satisfy a jump condition and there cannot be a gain in energy across the jump.
We should have R R

Hs(z*, hp(z*)) > Hs(x", hr(x™)).

The bed slope of the channel is also defined in a piecewise manner by

So(a) = { e (1.27)

| Sor(z) zf <z <L

with
So(x) = fu(@, hi(@)hy(x) + fo(@, hi(z)),

Sor(x) = fi(a, hp(@))hp(@) + fo(z, hr(z)).

We see that h satisfies the equation (1.18) everywhere except at the jump. So the bed slope
is discontinuous at z = x*,

Sor(x") # Sor(z").

At first sight this discontinuity may seem perfectly acceptable, since many valid test prob-
lems have such a feature. However, the hydraulic jump does not often occur at the same
position as the bed slope discontinuity. So we would like to construct problems where the
jump does not coincide with a bed slope discontinuity. For instance, we have chosen values
for hz(z*) and hg(x*), choose values for lAtlL (z*) and lAth(:L"*) satisfying the linear relationship

S(]L(:E*) = fl(in*a}}L(:E*))}:l//L(:E*) ‘|‘f2($*7i}L($*)) (1.28)

= fi(a", hr(2")hp(x”) + fo(z* hr(z®)) = Sor(z").

If the functions are smooth enough, equation (1.27) can be differentiated to find a linear
relationship between hj (*) and hp(z*) in order to make the bed slope differentiable at the
jump , ,
Sor () = Sor(x”).

When the function Ay, is chosen arbitrarily, the bed slope is required to have a continuous
first derivative. We can determine the necessary values BR, lAt/R, lAt/}/z at x = z* from hydraulic
jump relation and equations (1.27), (1.28). In particular hg have to always remain positive.
The obvious choice for hp is a cubic or higher order polynomial in (x — z*). The examples
in MacDonald (1994) use this form. However, the difficulty with polynomials is that they
can be highly oscillatory and hence difficult to control and keep positive. There are many
order possible forms for hz. The examples in MacDonald (1995) [5] use sums of exponential
functions.
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2 Examples

Example 1: A 1km long rectangular channel of width 7" = 10m has a discharge of () =
20m3/s. The flow is subcritical at inflow and is subcritical at outflow with depth 0.748409m.
The Manning roughness coefficient for the channel is 0.03.

We have the depth
. 4\ 13 1 z  1\2
iy N2 1 z  1)\?
= (2) = (= = 16— =2 ).
h(z) <g> 125(1000 2>eXp 6(1000 2>

Then the bed slope with Manning friction is given by

4 Y 4n?
S(](:L') = (1 — m) h (ZL’) + W’

and

or the bed slope with Darcy - Weisbach friction

4
Sot#) = ( - W)

where n = 0.033 and f = 0.093. X
The solution for this problem is given by h(z) = h(z) and is shown in Figures 4 and 5.

4f
8gh(z)3’

/

W (z) +

Example 2: A 1km long rectangular channel of width 7" = 10m has a discharge of () =
20m3/s. The flow is supercritical at inflow with depth 0.741599m and is supercritical at
outflow. The Manning roughness coefficient for the channel is 0.02.

We have the depth
7 4\ 1 T 1\?
h(z) = <§> (1 — 3exp (—36 (m — §> 7
~y 4 1/3 9 T 1 T 1 2
Wa)=(=) =—(—-= 36 (— — =) .
() <g> 625 (1000 2> P (1000 2>

Then the bed slope with Manning friction is given by

4 y 4n?
S(](:L') = (1 — m) h (ZL’) + W’

and
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or the bed slope with Darcy - Weisbach friction

(A Vs S
= (1 gh<x>3> O iy

where n = 0.0218 and f = 0.043. R
The solution for this problem is given by h(z) = h(z) and is shown in Figures 6 and 7.

Example 3: A 1km long rectangular channel of width 7" = 10m has a discharge of () =
20m3/s. The flow is subcritical at inflow and is supercritical at outflow. The Manning
roughness coefficient for the channel is 0.02.

We have the depth

4\ /3 1 r 1
= _ - < <
B() <g> (1 3tanh<3<1000 2>>> 0 <z <500
,:L' _=
4\ /3 1 r 1
il 1—-tanh (6 — — = 500 < = < 1000,
g 6 1000 2

1/3 2
(YT (1 a3 L 0<z <500
Ny g 1000 1000 2
h (,:L') = 4 1/3 1 . 1 9
_( = ——|1—tanh (6 — — = 500 < z < 1000.
g 1000 1000 2

Then the bed slope with Manning friction is given by

4\ o 4n?
So(z) = (1 - m) h (z) + W,

and

or the bed slope with Darcy - Weisbach friction

Y O U VR
= (1 gh<x>3> O

where n = 0.0218 and f = 0.042. R
The solution for this problem is given by h(x) = h(z) and is shown in Figures 8 and 9.

Example 4: A 1km long rectangular channel of width 7" = 10m has a discharge of () =
20m3/s. The flow is supercritical at inflow with depth 0.543853m and is subcritical at
outflow with depth 1.334899m. The Manning roughness coefficient for the channel is 0.02.
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We have the depth

4 1/3 1 o
— g——eXp —_ 0<z<500
g 10 6 250

and

4 1/3 1 o
— ——exp - 0<x<500
g 1500 250

X AN 3 z 1
h(x)= = _ _ -
(z) <g> ( 20 Zk:l k‘akeXp< 20k‘<1000 2>> +

1 T
. 1) <1
+ 555 OXP (1000 > 500 < = < 1000,

with a1 = —0.348427, a9 = 0.552264, a5 = —0.555580.
Then the bed slope with Manning friction is given by

4\ o 4n?
S(](:L') = (1 - m) h (ZL’) + W,

or the bed slope with Darcy - Weisbach friction

4
SO(:L') = (1 - gi‘b(m)3>

where n = 0.0218 and f = 0.0425. R
The solution for this problem is given by h(z) = h(z) and is shown in Figures 10 and 11.

/

f

h .
2gh(z)3

(z) +

Example 5: A rectangular channel, 0 < 2 < 100m, has a discharge ¢ = 2m?/s. The flow
is supercritical at inflow and supercritical at outflow.

We have the depth
A 4\ /3 1 z 1\?
- NP1 e z 1\?
- (2) (X 2 a2 2) ).
h(z) <g> 50(100 2>eXp (100 2>

Then the bed slope with Manning friction is given by

4 by 4n?
S(](:L') = (1 - m) h (ZL’) + W,

and

AN 14 23 aok (=2 — 1)) ;2 ( :'3 1) 500 < 2 < 1000
4 oor (%1 4 o (2 _
g p= R XP 1000~ 2 5 P 1000 =
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where n = 0.0328. A
The solution for this problem is given by h(z) = h(z) and is shown in Figure 12.

Example 6: A rectangular channel, 0 < z < 100m, has a discharge ¢ = 2m?/s. The flow
is subcritical at inflow and supercritical at outflow.

We have the depth
. 4\ V3 (x—50) (z—50)2
h =( = 1—
(z) ( g> ( 200 30000 > :

Then the bed slope with Manning friction is given by

4 Y 4n?
SO(:E) = (1 - gil(:ﬂ)g) h (:L') + il(:L')lO/g’

and

where n = 0.0328. R
The solution for this problem is given by h(x) = h(z) and is shown in Figure 13.

Example 7: A rectangular channel, 0 < x < 100m, has a discharge of ¢ = 2m3/s. The

flow is subcritical at outflow and subcritical at inflow.
We have the depth

N3 g 9 [z 2 _ 200
— —_ — —_— _— — —_— ':L' —_—
g 3100/ 1000 \100 3 =3

_ 1/3 4 3
hz) =4 (4 0.674202 (=X — 2} +o.67a202 (£~ 2)
g 100 3 100 3

r  2\2 r 2 200
Cor7i12 (<2 — 2} 414492 (E —Z) 41.4305 =
(100 3> + (100 3> + ) T3

AN\3 9 [z 1 200
g 100/ 500 \100 3 =73

A A 0.02696808 [ —X _ 2 3—1—002022606 z 2\
P ' 100 3 ' 100 3

T 2 200
—0.434224 ( — — = .14492 —
0.43 (100 3> +0 9 > T > 3

and
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Then the bed slope with Manning friction is given by

~y n2
So(x) = (1_ 4 )h@:)a‘lim,

gh(z)? h(z)

where n = 0.0328. A
The solution for this problem is given by h(z) = h(z) and is shown in Figure 14.
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EXAMPLE 1

0

T T T T 0.0 T T T T 0.0 T T T T
200 400 600 800 1,000 0 200 400 600 800 1,000 0 200 400 600 800 1,000
x x x

[= - = Bed Stope x100 Critical Depth —— Depth | [= - = Bed Stope x100 Critical Depth —— Depth | [= - = Bed Stope x100 Critical Depth —— Depth |

Figure 4: Depth and Bed Slope for Example 1, respectively results in 2D (n = 0.03), in 1D with
Manning friction (n = 0.033) and in 1D with Darcy Weisbach friction (f = 0.093) from left to right.

EXAMPLE 1

T T

T T T T T T T T T T T T T
200 400 600 800 1,000 0 200 400 600 800 1,000 0 200 400 600 800 1,000

= Bed Level Critical Level = Bed Level Critical Level = Bed Level Critical Level
Free Surface Level Free Surface Level Free Surface Level

Figure 5: Surface Level and Bed Level for Example 1, respectively results in 2D (n = 0.03), in 1D
with Manning friction (n = 0.033) and in 1D with Darcy Weisbach friction (f = 0.093) from left to
right.
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EXAMPLE 2

T T T T T T T T T T T T
0 200 400 600 800 1,000 0 200 400 600 800 1,000 0 200 400 600 800 1,000

[= - = Bed Stope x100 Critical Depth —— Depth | [= - = Bed Stope x100 Critical Depth —— Depth | [= - = Bed Stope x100 Critical Depth —— Depth |

Figure 6: Depth and Bed Slope for Example 2, respectively results in 2D (n = 0.02), in 1D with
Manning friction (n = 0.0218) and in 1D with Darcy Weisbach friction (f = 0.043) from left to
right.

EXAMPLE 2
74 74 74
6 6 6
51 5 5
4 4 4]
34 34 3
2] 2 2]
14 14 1
0, . . . . 0 . ~ B | = B . . . . 3
0 200 400 600 800 1,000 100 200 300 400 500 600 700 800 900 1,000 0 200 400 600 800 1,000
= Bed Level Critical Level = Bed Level Critical Level = Bed Level Critical Level

Free Surface Level Free Surface Level Free Surface Level

Figure 7: Surface Level and Bed Level for Example 2, respectively results in 2D (n = 0.02), in 1D
with Manning friction (n = 0.0218) and in 1D with Darcy Weisbach friction (f = 0.043) from left
to right.
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EXAMPLE 3

0.3-] 08

0.6 0.6
R4 Va v
0.4+ - 0.4+ . 0.4+ R4
’ . R
- - 7 - -
—— - - - L ome="

02"~ 02 —"" 0.2
0.0 . . . . 0.0 . . . . 0.0 . . . .

0 200 400 600 800 1,000 0 200 400 600 800 1,000 0 200 400 600 800 1,000

X X X
[= - = Bed Stope x100 Critical Depth —— Depth | [= - = Bed Stope x100 Critical Depth —— Depth | [= - = Bed Stope x100 Critical Depth —— Depth |

Figure 8: Depth and Bed Slope for Example 3, respectively results in 2D (n = 0.02), in 1D with
Manning friction (n = 0.0218) and in 1D with Darcy Weisbach friction (f = 0.042) from left to

right.
EXAMPLE 3
8 8 8
7 7 7
6 6 6
57 5 5
4 4 44
34 34 3
24 24 2]
1 1 1
0 T T T T 0 T T T T 0 T T T T
0 200 400 600 800 1,000 0 200 400 600 800 1,000 0 200 400 600 800 1,000
= Bed Level Critical Level = Bed Level Critical Level = Bed Level Critical Level

Free Surface Level Free Surface Level Free Surface Level

Figure 9: Surface Level and Bed Level for Example 3, respectively results in 2D (n = 0.02), in 1D
with Manning friction (n = 0.0218) and in 1D with Darcy Weisbach friction (f = 0.042) from left
to right.



2 Examples 24

1.5 1.5 1.5
1.0 1.0 1.0
N, N
054 Mo 0.5 054 Sl
\ ] \
\ \ \
S -_— A t o~ ~ -~
0.0 . . . . 0.0 . . . : = 0.0 . . . .
0 200 400 600 800 1,000 0 200 400 600 800 1,000 0 200 400 600 800 1,000
x(m) x (m) x(m)
[= - = Bed Stope x50 Critical Depth Depth | [= - = Bed Stope x50 Critical Depth Depth | [= - = Bed Stope x100 Critical Depth —— Depth |

Figure 10: Depth and Bed Slope for Example 4, respectively results in 2D (n = 0.02), in 1D with
Manning friction (n = 0.0218) and in 1D with Darcy Weisbach friction (f = 0.0425) from left to
right.

EXAMPLE 4
8 8 8
7 7 7
6 6 6]
57 5 5
4 4 44
34 34 3
24 24 2]
1 1 1
0 T T T T 0 T T T T 0 T T T T
0 200 400 600 800 1,000 0 200 400 600 800 1,000 0 200 400 600 800 1,000
= Bed Level Critical Level = Bed Level Critical Level = Bed Level Critical Level

Free Surface Level Free Surface Level Free Surface Level

Figure 11: Surface Level and Bed Level for Example 4, respectively results in 2D (n = 0.02), in 1D
with Manning friction (n = 0.0218) and in 1D with Darcy Weisbach friction (f = 0.0425) from left
to right.
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EXAMPLE 5
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Figure 12: Bed Slope and Bed Level for Example 5, the result is given in 1D with Manning friction

n = 0.0328.

EXAMPLE 6

T T

60 80 100

x (m)

l— - — Bed Slope x50

Critical Depth —— Depth ]
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T T
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T
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T

80

= Bed Level
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Figure 13: Bed Slope and Bed Level for Example 6, the result is given in 1D with Manning friction

n = 0.0328.
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EXAMPLE 7

0 Zb 4I0 6I0 8IO 100
Bed Level ~— — Critical Level
Free Surface Level

[= - = Bed Slope x50 — — Critical Depth —— Depth |

Figure 14: Bed Slope and Bed Level for Example 7, the result is given in 1D with Manning friction
n = 0.0328.
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2.1 Manning friction in 1D and 2D

When we use Manning coefficient n in 1D and in 2D are the same, the result of bed level in
1D is smaller than in 2D. Because formulars of friction slope Sy in 1D and 2D are different.
We can see the solution for example 1, 2, 3 and 4 in Figures 15, 16, 17 and 18. Where the
left figure is bed level in 1D and in 2D, the right figure is the error that compare between
two results of bed level in 1D and 2D.

Besides, Figures 19 and 20 also show error between results of bed level in 1D and 2D for
example 1, 5, 6 and 7 when using some values of n which is approximated from equaton
(1.16). We see that the value n = 0.0333 is better for example 1, but n = 0.0328 is better
for example 5, 6 and 7. Similarly, Figures 21 and 22 show error between results of bed level
in 1D and in 2D for example 2, 3 and 4 . We see that the value n = 0.0217 is better for
example 3, but n = 0.0218 is better for example 2 and 4.

Bed Level for example 1 (n = 0.03) Compare error between Bed Level in 2D and in 1D (n=0.03)
8 T T T T 1.4 T T T T
bedlevel in 2D
— — —bedlevelin 1D| |
7 12
6l
1Lk
N
N
5 ~
N
£ R 08
= ~ o s
54 ~ =
T Sl 0.6
3 S~ 1
T 0.4
2t ~o 4
i TN 02f
N
N
0 . . . . 0 . . . .
0 200 400 600 800 1000 0 200 400 600 800 1000
x/m x/m

Figure 15: Bed Level for Example 1 with Manning coefficient n = 0.03, respectively results in 2D:
z(0) = 7.07287m and in 1D: z(0) = 5.73402m.
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Bed Level for example 2 (n = 0.02)
7 T T T T 1.4
bedlevel in 2D
— — — bedlevelin 1D
6L g 1.2
[ ] 1
£ 41 N ] 08
£ N 8
.% ~ >
T 3+ N 1 0.6
N
N
2r AN ] 0.4
SN N
1t BN 1 0.2
0 L L L L -~ 0
0 200 400 600 800 1000 0
x/m

en Bed Level in 2D and in 1D (n=0.02)

Compare error betwe:
T

200

400

600
x/m

800

1000

Figure 16: Bed Level for Example 2 with Manning coefficient n = 0.02, respectively results in 2D:
2(0) = 6.58152m and in 1D: 2(0) = 5.54832m.

Bed Level for example 3 (n = 0.02)
6 T T T T 1
bedlevel in 2D
— — — bedlevelin 1D 0.9
5F 1
- 0.8
Tl 0.7
4t -~ 1
IR 056
£ N
£ 5l . ] £ 05
g . 5
T N
~N 0.4
2 AN ]
~ 0.3
N
N
0.2
1+ 4
N 0.1
\
0 . . . . 0
0 200 400 600 800 1000

Figure 17: Bed

x/m

en Bed Level in 2D and in 1D (n=0.02)

Compare error betwe:
T

200 400 600 800 1000

x/m

Level for Example 3 with Manning coefficient n = 0.02, respectively results in 2D:
2(0) = 5.6245m and in 1D: 2(0) = 4.71637m.



2.1 Manning friction in 1D and 2D

29

Height /m

Bed Level for example 4 (n = 0.02)

EXAMPLE 4

Compare error betwe:
T

1

en Bed Level in 2D and in 1D (n=0.02)

bedlevel in 2D
— — — bedlevelin 1D 0.9F
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error
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= 0.1F

1000 0
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x/m

Figure 18: Bed Level for Example 4 with Manning coefficient n = 0.02, respectively results in 2D:
2(0) = 5.65672m and in 1D: 2(0) = 4.82113m.

error

Compare error when using different values n for different examples

0.025 T T T T T
¥ —v— n=0.03
—B-n=0.0328
n=0.0329
0.02 — © —n=0.0333| 4
0.015
0.01
0.005 - RS 1
s . T~TD -
0 s s s el el
1 1.5 2 25 3 3.5 4

example 1 — example 5 — example 6 — example 7

Figure 19: Compare errors between the results of bed level in 1D and 2D when using different
Manning coefficients for example 1, 5, 6 and 7.
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Value of bed level at x=0 for different examples
8 T T T T T

—v— 2D: n=0.03
—<5— 1D: n=0.03 .
% - 1D: n=0.0328
— 8 — 1D: n=0.0329
1D: n=0.0333

height /m

0 1 1 1 1
1 1.5 2 2.5 3 3.5 4

example 1 — example 5 — example 6 — example 7

Figure 20: Compare values of bed level at x = 0 when using different Manning coefficients for
example 1, 5, 6 and 7.
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Compare error when using different values n for different examples

0.02 T T T
0.018 1
0.016 1
0.014 1
0.012- =4
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0.008 —0-n=0.0217| 4
n=0.0218
0.006 — © —n=0.0219]| -
0.004 R
R B AL |
o ‘ i ‘ ]
1 15 2 25 3
example2 - example3 - example 4

Figure 21: Compare errors between the results of bed level in 1D and 2D when using different

Manning coefficients for example 2, 3 and 4.

Value of bed level at x=0 for different examples

7 T T T
—v— 2D: n=0.02
—<— 1D: n=0.02
* -+ 1D: n=0.0217
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k=) - e ———
E=
R
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45 : : :
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Figure 22: Compare values of bed level at x = 0 when using different Manning coefficients for

example 2, 3 and 4.
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2.2 Manning and Darcy - Weisbach friction

Now we will compare results when using Manning friction and Darcy - Weisbach friction.
Using the same values of Manning coefficinet n = 0.0328 and Darcy - Weisbach coefficient
f = 0.095 for example 1, 5, 6 and 7. We see that Darcy - Weisbach friction is better for
some examples, but Manning friction is better for another examples. However, when the
value of n is fixed, we can choose some values of f to have smaller error when using Darcy
- Weisbach ftiction. The results are shown in Figures from 23 to 27.

Bed Level for example 1

8 T

bedlevel 2D

— — — bedlevel 1D (Manning friction)| |

bedlevel 1D (DW friction)

Height /m

Bed Level for example 5

25

051

bedlevel 2D

— — — bedlevel 1D (Manning friction)
bedlevel 1D (DW friction)

Figure 23: Bed Level for Example 1 and Example 5 with Manning coefficient n = 0.0328 and Darcy
- Weisbach coefficient f = 0.095.
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Figure 24: Bed Level for Example 6 and Example 7 with Manning coeflicient n = 0.0328 and Darcy
- Weisbach coefficient f = 0.095.
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Figure 25: Check the results when using the same Manning coefficient n = 0.0333 and Darcy -
Weisbach coefficient f = 0.092 for example 1, 5, 6, 7.
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error

Compare error between results in 1D and 2D Value of bed level at x=0
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Figure 26: Check the results when using the same Manning coefficient n = 0.0328 and Darcy
Weisbach coefficient f = 0.092 for example 1, 5, 6, 7.
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Figure 27: Check the results when using the same Manning coefficient n = 0.0328 and Darcy -
Weisbach coefficient f = 0.095 for example 1, 5, 6, 7.
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2.3 Rain

The results of bed slope and bed level will change when it is rain R # 0.
For instance, when R = 0.001m/s, the discharge will be ¢ = Rz + gy with ¢9 = Q/T =
2m?/s. The bed slope in example 1 and 2 are given by

B (Rx +2)%\ 2(Rx+2)R  n%*(Rx +2)?
S(] — (1 - T h (CU) + gh2 + h10/3

The results are shown in Figures 28 and 29.

EXAMPLE 1 (Rain)
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x X /m
|— = Bed Slope x100 Critical Depth —— Depth | | Bed Level m — — Free Surface Level m|

Figure 28: Bed Slope and Bed Level for Example 1 with Rain (R = 0.001m/s), the result is given
in 1D with Manning friction n = 0.033.
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EXAMPLE 2 (Rain)
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Figure 29: Bed Slope and Bed Level for Example 2 with Rain (R = 0.001m/s), the result is given
in 1D with Manning friction n = 0.0217.
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2.4 Depth is periodic functions

Example 8: A 5km long rectangular channel of width 7" = 10m has a discharge of () =
20m3/s. The flow is subcritical at inflow and is subcritical at outflow with depth 1.125m.
The Manning roughness coefficient for the channel is 0.03.

We have the depth

A 9 1 T
=5+ on(55)
(@) =3+ 157 (500

and

o T T
h = — — .
(@) = 5000 (500)
Then the bed slope with Manning friction is given by
4 Ny 4n?
So(@) = (1= ——— | I'(@) + =
gh(z)? h(z)10/3

for the case raining with R = 0.001m/s or R = —0.001m/s

S — 1_(R:U—|—2)2 i $)+2(R:U—|—2)R n?(Rx + 2)*
gh? gh? plo/3

The solution for this problem is given by h(z) = ﬁ(:n) and is shown in Figures 30, 31, 32.
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* = Bed Level Critical Level
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Figure 30: Bed Slope and Bed Level for Example 8, the result is given in 1D with Manning
coefficient n = 0.03.
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l— - — Bed Slope x100 Critical Depth Depth ] l Bed Level — — Free Surface Level ]

Figure 31: Bed Slope and Bed Level for Example 8 with Rain R = 1073 m/s, the result is given in
1D with Manning coeflicient n = 0.03.
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Figure 32: Bed Slope and Bed Level for Example 8 with Rain R = —1073m/s, the result is given
in 1D with Manning coefficient n = 0.03.
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2.5 Example with small depth

Example 9: A rectangular channel of length L = 4m has a discharge ¢ = 4 * 10~°m?/s.
The flow is subcritical at inflow and is subcritical at outflow. The Manning roughness
coefficient for the channel is 0.03.

We have the depth

h(z) = % (%)1/3 (1 + %exp (—16 G - %>2>> ,
B (z) = (g)w ﬁ (=22 + 4) exp (—16 G - %>2> .

Then the bed slope with Manning friction is given by

and

4 < 16.101%2
Sofw) = | 1= =— | (@) + =5
gh(x)? h(a)0/3
for the case raining with R = 107°m/s or R = —10"°m/s

Rz +4%107°)2\ -, 2(Rz+4%107°)R  n?*(Rx+4x107°)2
50:<1—($+A* )>h(:13)—|— ($+A* ) +n($4f i ).
gh3 gh2 h10/3
The solution for this problem is given by h(z) = ﬁ(:n) and is shown in Figures 33, 34 and 35.
Example 10: A rectangular channel of length L = 4m has a discharge ¢ = 4% 107°m?/s.

The flow is supercritical at inflow and is supercritical at outflow. The Manning roughness
coefficient for the channel is 0.02. We have the depth

. 1 [4\'3 1 z 1\?
hir)=—|( - 1—- — - — =
@)= 500 <g> ( 5P ( 50 (4 2> ’
iy AN 9 z 1)?
h =—| - — | —= — - — = .
(z) <g> 1000( 2:L'—|—9> exp | —36 <4 2>
Then the bed slope with Manning friction is given by

4 ) 16.10710p2
So(x) = (1 >h<x>+7”,

and

 gh()? h(a)10/3

for the case raining with R = 107°m/s or R = —10"°m/s

Rz +4%107°)2\ -, 2(Rz +4%107°)R  n?(Rx +4x1075)?
SOZ<1_(:U—|— * )>h(:n)—|— (Rx + - ) +n(:n—A|— * )
gh3 gh2 h10/3
The solution for this problem is given by h(z) = ﬁ(:n) and is shown in Figures 36, 37 and 38.
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EXAMPLE 9 (R = 0)
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Figure 33: Bed Slope and Bed Level for Example 9, the result is given in 1D with Manning friction
n = 0.03.

EXAMPLE 9 (R > 0)
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Figure 34: Bed Slope and Bed Level for Example 9 with Rain R = 10~°m/s, the result is given in
1D with Manning friction n = 0.03.
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EXAMPLE 9 (R < 0)
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Figure 35: Bed Slope and Bed Level for Example 10 with Rain R = —107%m/s, the result is given
in 1D with Manning friction n = 0.03.

EXAMPLE 10 (R = 0)
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Figure 36: Bed Slope and Bed Level for Example 10, the result is given in 1D with Manning friction
n = 0.03.
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EXAMPLE 10 (R > 0)
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Figure 37: Bed Slope and Bed Level for Example 10 with Rain R = 10~°m/s, the result is given

in 1D with Manning friction n = 0.03.

EXAMPLE 10 (R < 0)
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Figure 38: Bed Slope and Bed Level for Example 10 with Rain R = —107%m/s, the result is given

in 1D with Manning friction n = 0.03.
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2.6 Bed Slope is constant

When the bed slope Sy = —0,z is constant, the bed level is a line. If Sy is given, we have
to find a function h(z) such that the value of Sy that is computed from it is a constant. We
can use numerical method to find h(x) from equation (1.19) or (1.20) when ¢, d,z,n or f
and h(0) is given.

L
For example, we use a uniform grid, z; = iAz, i = 0,1, ..., N, of spacing Ax = N’ where

N € Z". From equation (1.20), we have

2 2
g\ hit1 — N faq
( —ghg’) s + Opz + S 0

(3

i =0..N with ho = h(0).

Example 11: A rectangular channel of length L = 4m has a discharge ¢ = 4 * 1075m?/s.
The bed slope is given by Sy = —0,z = 0.05 and the Darcy - Weisbach coefficient f = 0.04.
The flow is subcritical at inflow with depth 0.01m and is subcritical at outflow. We can
approximate a function

h(x) = 0.0098 + 0.05z.

Then, we compute again the values of bed slope Sy and bed level z. The result is shown in
Figures 39 and 40.

Besides, the values of Sy and z don’t depend on choosing values of Manning or Darcy
Weisbach coefficient. If it is rain, the bed level also have no change in this case.
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Figure 39: Bed Slope and Bed Level for Example 11, the result is given in 1D with Darcy Weisbach
coefficient f = 0.04.



2.6 Bed Slope is constant 44

ngiven - szind
1 T T

error

x/m

Figure 40: Comparision between values of 9,z = —0.05 and values of 9,z is computed from h(x).
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